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HOBBIE CBOINCTBA TOIIOJIOTNMYECKUNX IIPOCTPAHCTB,
OBOBIITAIOIINE SKCTPEMAJIbBHYIO HECBA3HOCTD

A.TO. I'po3nosa', O.B. Cunauésa’

BBoasarcst HOBBIE KJIACCHI TOMOJOTMYECKUX MPOCTPAHCTB 1, R, R3, 0obobIaiomme Kirace
F-mpocrpancts. Jloka3aHo, 9T0 BCe OTHOPOTHBIE KOMIIAKTHBIE MOIIIPOCTPAHCTBA, MPOCTPAHCTB
M3 3TUX KJIACCOB W MX HEKOTOPBIX NMPOU3BEIEHUl KOHEUHDI. [10TydeHbl pe3yabTaThbl O CPABHU-
moctu B cmbicie Pynua—Keiicaepa ynbrpaduasrpos, mo KotopsiM B Ro- 1 Rz-mpocrpancTBax
CXOIATCA pa3Hble MOCJIEI0BATEILHOCTH K OJHON U TOU 2Ke TOYKe.

Karuesvie crosa: F-ipocTpancTBo, Sw-TIPOCTPAHCTBO, R1-MpOCTPAaHCTBO, Ro-TIPOCTPAHCTRO,
R3-TIpoCTPaHCTBO, OAHOPOJAHBIN KOMIAKT, yiabTpaduabTp, mopsanok Pyrua—Keiiciepa.

New classes Ry, Ro, R3 of topological spaces generalizing the class of F-spaces are introduced.
It is proved that all homogeneous compact subspaces of spaces in these classes and of some of
their products are finite. Results on the Rudin—Keisler comparability of ultrafilters along which
distinct sequences converge to the same point in Rs- and Rs-spaces are obtained.

Key words: F-space, fw-space, Ri-space, Ro-space, R3-space, homogeneous compact space,
ultrafilter, Rudin—Keisler order.
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Bcerogy mHmke mos mpOCTPAHCTBAME IMOAPA3YMEBAIOTCS BIIOJIHE PEryIApHBIE TOMOJOTHIECKUe IMPO-
CTPAHCTBA.

Mper paccmarpusaeM 0000IIEHNsT K/TACCOB 9KCTPEMAIBLHO HECBSI3HBIX MTPOCTPAHCTB U F-IIPOCTPAHCTE.
IIpoctparcTBo X HA3BIBAECTCS IKCMPEMAALHO HECBAZHIM, €CTV HETEPECEKAIOMINECsT OTKPBITHIE TTOIMHO-
KecTBa X MMEIOT HellepeceKaroIecs 3aMblKanus, u F'-npocmpancmeom, ecnn Hemepeceratonnecss GpyHK-
IMIOHAJBHO OTKPBITHIE MOAMHOKECTBA X (PYHKITHOHAIBLHO OTIEINMbI. Ha TepBhIil BT 3TH MPOCTPAH-
CTBa MOTYT MOKA3ATHCS SK30TUIECKUMHI, OJTHAKO OHU UTPAIOT MEHTPATBLHYIO POJIb B TEOPUN HEITPEPBIBHBIX
oTobpazkeHnii KOMIIAKTHBIX IPOCTPAHCTB [1,2] n B Teopun JBONCTBEHHOCTH MEXK /1y TOHOJIOIMMYECKUMHU TIPO-
crpancrBamu (3|, a Takzke B Teopum Kosier, HernpepbiBHbIX GyHKuuii [4]. B wacrHocTn, F-upocrpaHcTBa
XapaKTEPU3YIOTCS TeM CBOWCTBOM, 9TO KOJIBIIO HEIIPEPBIBHBIX (DYHKINIT HA TAKOM [IPOCTPAHCTBE SABJISIETCS
F-xombIoM, T.e. BCe KOHEUHO TMOPOXKJIEHHBIE UAea bl B HEM SBJSIOTCS TIABHBIMEU. OCHOBHBIE TOTOJIOTH-
YeCKMe CBOMCTBA IKCTPEMATBLHO HECBI3HBIX W F-TIPOCTPAHCTB MOXKHO HAWTH B OCHOBOIMOJIATAONIEH KHUTE
[4] JI. Tuinmana u M. JIkepucoHa 10 T€OpUM KOJIEI, HEIPEPbIBHBIX (DYHKIHIL.

Onnako knace F-npocrpancts (n Tem 6os1ee 3KCTPEMAILHO HECBA3HBIX MPOCTPAHCTB) IOBOJBHO Y30K,
7 BaYKHON 3a/iadeil ABIIeTCa MONCK DOjee MUPOKUX KJIACCOB MPOCTPAHCTB, 00T TAIONINX TEMU WU WHbI-
MU oJe3HbIME cBoiicTBamu F-mpocrpancts. Tak, san laysun B cBoeit muccepramum |5 BBes momaTme
Bw-POCTPAHCTBA. DTOT KJIACC OKA3AJICS BECbMa IOJIE3HBIM [IPU M3y4YeHun CBOCTB yibrpaduisrpos [6]
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U HEMPEepPLIBHBIX OTOOpazKeHWii Ha MOAMpOCTpaHcTBa mpoussenenuii |7]. IIpocrpancrso X na3biBaeTcst
Bw-npocmpancmeom, ecmu u3 Toro, uto D C X, |D| = Vg, MEokecTtBo D AucKpeTHO I D KOMITAKTHO,
caepyer, uro D 22 [fw. U3BecTHo, uTo /11060€ F-IPOCTPAHCTBO SABJISETCH [(W-IIPOCTPAHCTBOM H UTO HEKO-
TOpBIe TOJIe3HbIe YTBEPKaeHusi 00 F-MpOCTPaHCTBAX OCTAIOTCS BepHBbIMU i [Sw-mpocTpancTs. OmxHAKO
MHOTHE Ba)XHbIe PEe3y/IbTaThl MEPEHECTH Ha [Sw-TPOCTPAHCTBA HE YIAETCs, XOTd pa3audus Mmexay F- u
Sw-ipocTpaHCTBAMU JOBOJBHO TOHKUE.

B macrosmeit pabore Mbl BBOuM Kitacchl Ri-, Ro-, R3-TpOCTPAHCTB, JIeXKAIHe CTPOr0 MEXKIy KJIac-
camu F- u Sw-npocrpancre. Ha Hux ynaercst pacupocrpaants pesyiabrarsl K. Kynena [8], 3. ®@posnka
[9] u E. A. Pesnnuenko [10|, cBsi3aHHBIE C OJHOPOJHOCTHIO KOMIAKTHBIX MOAMPOCTPAHCTB KCTPEMATBHO
HECBSI3HBIX MIPOCTPAHCTB, F-TIPOCTPAHCTB U WX MPOU3BEIEHNUN, & TAKXKe MOJyIUTh Pe3y/IbTaThl O CPABHU-
MOCTH y/IbTpacuIbTPOB OTHOCKHTE/IbHO Hopsiika Pynun—Keiiciepa na MHoxkecTBe yabTpaduibTposB.

Bcrony masiee aepes A Mbl 0003HAYAEM 3aMbIKaHUE MHOXKECTBA A B TOMOJOTMYECKOM MPOCTPAHCTBE
u gepe3 |A| — ero momtHOCTH. MBI HCIO/IB3YeM CTaHIAPTHOE 0003HAUEHUE W [T MHOYKECTBA HEOTDHIIA-
TeJIbHBIX MEeAbIX uncea. depe3 fw Mbl 0003HAUAEM CTOYH-YEXOBCKYI0 KOMMIAKTU(MUKAIUIO TUCKPETHOTO
IPOCTPAHCTBA W, a Yepe3 w* — croyH-yexoBckuii Hapoct Sw \ w. Touku npocrpancrsa Sw 0TOXK 1eCTBIISI-
0TCsI ¢ yuIbTpadUIBTPAMU Ha W, & TOYKH w* — ¢ HEMIABHBIMU YJIbTPadUIbTPAMU Ha w. HamoMHUM, 9TO
TOMOJIOTHST TPOCTPAHCTBA Sw MOPOKIeHa Da30ii

B={A:ACuw}, e A={¥€cPw:Ac¥} nna ACuw.

CaM0 MHOYXKECTBO w HAXOJUTCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBUU C MHOXKECTBOM BCEX TJIABHBIX
yJIBTPagUIHTPOB:

ne— U, ={ACw:{n} e A} € fw.

Bce monsTst u 0603HAYEH I, UCIIOIb3yeMble HUXKe 0e3 TOosiCHeHuil, MOXKHO HaiiTun B Kuure [11].

Onpepesienne 1 (cum., nanpumep, [11]). Tonosoruueckoe npocrpancTBo X Ha3bIBAETCS IKCMPEMAAD-
Ho Heceasnvim, ecia U NV = @ 1j1s M06bIX JIBYX HElepeceKaloMIXcs OTKPBIThIX MHoxkects U,V C X.

Onpepesienne 2 (cum., vHanpumep, [11]). Isa muoxkecrsa A 1 B B TOHOJIOrMYeCKOM IIpOCTpaHcTBe X
omdesenw, ecmi ANB=ANB=0.

Ipensoxxkenue 1. Bce cuemmvie nodmHodrcecmea npocmparcmea X oKCMPEMasbHO HEC8A3HbL To-
2da U MOAbKO Mo2da, K020a A00bIE CUETHBIE 0OMOEAEHHDIE TLOOMHONCECTBA NpocmpaHcmea X umerom
HENEPECEKAOULUECS 3AMBIKAGHUS,

Hoka3zaresnbcrBo. Heobxonumvocrs jokaszana B [9, npemioxenne 1.9]. JocrarodHocTsb BbINOIHEHA
B CHJIy TOTO, 9TO JIIOOBIE HEMEPECEKAIONINECsT OTKPBIThIE MHOXKECTBA, OUYEBUJIHO, OTAEIEHBI B JIOOOM MpO-
CTPAHCTBE. ]

CuieacrBue 1 (cum. takxe [4]). JToboe cuemmoe nodnpocmpancmeo sKCmpemaivHo HeceA3H020 NpPo-
CMPAHCMBA IKCMPEMANLHO HECBAZHO.

Hacrosrias pabora mocBsieHa KjaaccaM TOMOJOrudeckux npocrpancts Rp, Ry, R3, KoTopble ompe-
JIEJISIOTCS CJIEIYIONIM 00pa3oM.

Onpenenenne 3. Mbir Oynem roBOpuTh, 9TO TOMOJOTMIECKOE MTPOCTPAHCTBO X ABJISIETCS

R1-npocmpancmeom, eciau BCAKOE CUETHOE TOAMHOYXKECTBO X 3KCTPEMasIbHO HECBSI3HO, T.€. JIOObIe
JIBA CUETHBIX OT/IEJIEHHBIX MOJMHOYKECTBA MPOCTPAHCTBA X WMMEIOT HEIepeCeKarouecs 3aMbIKaHust (CM.
npejyioxkenne 1);

Ro-npocmparcmeom, ecau J0ObIe JIBa, CIETHBIX OTEJIEHHBIX MOAMHOYKECTBA MPOCTPAHCTBA, X, OHO
"3 KOTOPBIX JUCKPETHO, UMEIOT HENEePECECKAIOIMEeCa 3aMbIKaHU I,

Rs-npocmparcmeom, ecim j1o0ble 1Ba, CUETHBIX OTIEIEHHBIX IUCKPETHBIX IOAMHOMKECTBA IIPOCTPAH-
crBa, X MMEIOT HElEePeCeKaIOMMecs 3aMbIKaHUSI.

Knacc Bcex R;-ipoctpancts, ¢ = 1,2, 3, Oyaem 0003HAYATH CUMBOIOM R;.

Cpasy ke 0TMeTHM, YTO KJIACChl R;, B OTJIMYHE OT KJIACCOB SKCTPEMAIbHO HECBI3HBIX IIPOCTPAHCTB
u F-upocrpancTs, 00/1a1a10T OJIE3HLEIM CBOKCTBOM HACJIEICTBEHHOCTH, T.€. BMECTe C KaXKJbIM IIPOCTPaH-
CTBOM COJIEPXKAT BCE €ro MOAIMPOCTPAHCTEA.

OuesBunno, Ry C Re € R3, ogHako obpaTHbIe BKJ/IIOUeHUsT HeBepHBI. Huke MbI MpUBEIEM COOTBET-
CTBYIOIIKE IIPUMEPBI, HO I Hadaja HAIOMHHM, 9TO Takoe cjabble P-TOYKM, U OIPEeIeINM JIUCKPETHO
cinabpre P-Toukm.

Onpepenenne 4 [8]. Touka z € X HazbiBaercs caabol P-moukoti, eciin OHa He siBJISIeTCsI IPeJIesIbHOI
TOYKOI HHKAKOI'O CYETHOrO IOJMHOXKecTBa X .

Onpenenenune 5. Touka r € X HaspiBaercd duckpemno caaboti P-moukot, ecii OHa He sIBJISIETCS
peaebHON TOYKON HMKAKOTO CIETHOTO AUCKPETHOrO TOAMHOXKECTBa X .



BECTH. MOCK. YH-TA. CEP.1l, MATEMATUKA. MEXAHUKA. 2023. Ne 1 21

IIpumep 1. Komnaxmmnoe Ra-npocmpancmeo, ne asaaroweeca Ri-npocmparcmeom. Bozbmem aBa
9K3EMILIIPa HAPOCTa W* CTOYH-YEXOBCKOTO PACITUPEHUsT AUCKPETHOTO MPOCTPAHCTBA W W B KAXKIOM W3
HUX BBIOEPEM IUCKPETHO CAa0yI0 P-TouKy, He aB/IsIonLyocs caabdoit P-roukoii. Takne TOUKM BCerga Cyie-
crBytoT (cM. ompezeserne odurokol mouku B [12]). Ckrenm Konmu w* o sTuM aByM TodkaMm. [lomydaentoe
IpOCTPaHCTBO X aBjdeTcd Ro-IIPOCTPaHCTBOM, HO He Ri-nmpocTpancTBoM. [eiicTBuresnsHo, mycts A u B —
CYETHBIE OTIEJEHHbIE TTOIMHOKECTBA TPOCTPAHCTBA X, U ycTh © € AN B. Ecan x He aBIsteTCsT TOUYKOM
CKJIEMBAHWS, TO OHA MTPUHAIEKAT TOJBKO OTHON M3 KON w* M y Hee HalIeTCsa OKPeCcTHOCTL U, e nKoM
ngexkamas B 31oit kormmu. dcno, uro A = ANU u B’ = BNU — oT/eendble CYeTHBIE T0IITPOCTPaH-

CTBa MpOCTpaHCTBa w* C fw, mpudueM x € AN EI, a 9TO MPOTUBOPEUUT CJAEACTBUIO 1 U SKCTpEeMasbHO
HecBsi3HOCTH npocTpaHcra fw [11, ciaexcrsue 6.2.29]. U3 Toro, uro ob6e TOUYKM HE SIBJSIIOTCS CAaOBIME
P-toukaMu B COOTBETCTBYIOIIMX KOIUSIX MPOCTPAHCTBA, W™, CJIEIyeT, YTO TOYKA CKJICHBAHUS — MPEJIE/Ih-
Hasl JIJIsi CIETHOIO0 MHOXKECTBa, A, IMeJIMKOM JIeXKaIllero B OJHOMW u3 KONuil w*, u [jisi CIeTHONO MHOXKECTBA,
B, nenukom jexariero B JApyroit komuu. 3HauuT, X He Rj-npocrtpaHcTBo. C APYroil CTOpOHBI, TOUYKA
CKJICMBAHUA HE SIBJISIETCT MPEIEeJbHON HU [/Isi KAKOTO0 CYETHOrO JUCKPETHOTO MHOXKECTBa, TaK KaK eC/n
OBl TAKOE MHOXKECTBO CYIIECTBOBAJIO, TO TOYKA CKJAEHBAaHUA ObLIa ObI IpEIeIbHON JjIs ero mepeceveHust
X0Tst OBI C OJHONM Komueil w* B MPOTUBOpPEYNE C TeM, 9TO OHA He SIBJSETCsl IUCKPETHO Caaboit P-Toukoi
HU B OJTHOI M3 KOIIWiA.

IIpumep 2. Komnaxmmnoe Rs-npocmpancmeo, ne asaaroweeca Rg-npocmparcmeom. Bozbmem asa
9K3eMILIgpa w*, CK/eeHHbIe M0 JBYM TOYKaM. B mepBoM BbIbepeM JIUCKPETHO Caabyio P-Touky, He siB-
JIIONLYIOCs C1a00H P-Toukoii (4To6bpl HAPYIUIOCH CBOHCTBO R2), BO BTOPOM — TOYKY, HE SABJSIONLYIOCS
JIMCKPETHO Cc1aboi P-Toukoii (Torga oHa sSIBASETCS NPEJEIBHON [Tt HEKOTOPOrO CYETHOTO JMCKPETHOTO
MHO)KecTBa). [lo/yuenHoe mpocTpaHCTBO ecTh R3-MpoCTpaHCTBO, HO He Ro-TIPOCTPAHCTBO.

Teneps mokaxkeMm, 9To Kjaacchl Ri, Ro, R3 cTporo mmupe kaacca F-mpocTpaHcTs.

Onpenesnienne 6 (cm. [4]). Tononornueckoe npocrpancreo X siBisiercs F-npocmpancmeom, ecin
JiIo0ObIe HelepeceKaIuecs (PyHKITMOHATLHO OTKPBIThIE TOAMHOKeCTBA X (DYHKITMOHATHHO OTAEJIUMBI, U
F'-npocmpancmeom, ecnm mobble TaKUe ITOJMHOKECTBA UMEIOT HEIIEPECEKAIOMMIECs 3aMBIKAHUS.

Hawm nonagobsites caenytonie dakrsl u3 kauru [4].

daxkr 1. Tormomormueckoe mpocTpaHcTBO X ABJIAETCS F-ITPOCTPpaHCTBOM TOTHA M TOJIBKO TOTIA, KOTIA
Kak10e (PYHKIIMOHAJIBHO OTKPBITOE moaMHOKecTBO ¥ C X C*-Binoxkeno B X, T.e. obas orpaHuvYeHHAs
HenpepbiBHAs (DYHKIINS Ha Y MPOJIOIKAETCS Ha BCE MPOCTPAHCTBO X .

®@akT 2. Ecomm X — F-npocrpancrio, 1o SX Toxe aBjsieTcss F-mpocTpaHCTBOM.

®@akT 3. Beakoe C*-BioxKeHHOE MOIIPOCTPAHCTBO F-IIPOCTPAHCTBA sIBJisseTCs F-TIPOCTPAHCTBOM.

Ipensoxkenue 2. Ecau X — nopmasvroe npocmpancmseo, mo daa 4100604 napv. omoesernox Fy-
muooicecme A, B C X natidymea pynryuonasvno omrpomoie nenepecekarousuecs mroocecmsa U u 'V ou3
X, maxue, yumo ACU, BCV uUNV =02.

Hoka3zaresnbcerBo. [lycth A u B — ornesennble HemepeceKaommecs Fy-MHOXKeCTBa B HOPMAaTEHOM
npocrpancrse X. Torma A =, o, An 1 B = {U,,c,, Bn, 11e MuOXecTBa A), 1 B, 3aMKHYTEI 15 10600
n € w. Be3 orpannyennst OOIMHOCTH MOYXKHO canTaTh, 9T0 A, C Ay1q n By, C By41 aia n € w. Henepece-
KAIOIIUECsT 3aMKHYThIE MHOXKECTBA, B HOPMAJIBHOM TTPOCTpaHCTBE X (DYHKIMOHAIBHO OTAEJIUMBI, TOITOMY
CymecTBYIOT (bYHKIMOHATLHO OTKPBITEIE MHOXKecTBa Vo m Wy, Takue, uto Ag C Vp € Vo € X \ B u
By C Wy C Wy C X\ A, u ajis Kax0ro n € w HaiiayTess yHKIMOHATLHO OTKPHITBIE Vg 1 Wi,
Takme, 9T0 Apyq uv, C Vot C Vn+1 C X\ (EUWH) u By uw, C Wit C WnH C X\ (ZUV,L).
Honoxum V = e, Vo 8 W = |U,,co, Wn- DT MHOKECTBA DYHKINOHAIBHO OTKPBITHI KAK CYETHbIE 00D-
e/lMHeHNs (DYHKIMOHAIBHO OTKPBITBIX MHOXKeCTB Vi, 1 W, [11, ¢. 77, 78] n siBAsAIOTCS HEllepeceKalonMMIcs
OKpecTHOCTAMU MHOXKecTB A u B. O

Ipensoxkenue 3. Fcau X — xomnaxmmuoe F-npocmparncmeo, mo 3amwvikanue 4106020 Fy-nodmmo-
oicecmsa Y 6 X asaaemca CmoyH-4exo6ckots Komnarmudurayued BY .

HoxkazareabcTBo. [lomvuaoxkectso Y C X HOpMaibHO, TaK KaK HOPMAJIBHOCTH Hac/emyercd Fi,-
nomvuozkectayu (cM. [11, c. 122]). IlockombKy Y — KOMIAKT, JOCTATOYHO TTOKA3aTh, YTO MPOM3BOILHEIE
HeIrepeceKaIoNecss 3aMKHY ThIe [OMHOXKeCTBa Y HMEIOT HellepeceKalonecs: 3aMbikanust B Y. Ilycrs A
u B — Hemepecekamuecss 3aMKHYTble TOAMHOXKecTBa Y . OHU, OYEBWIHO, OTAEJEHBI U SIBISIOTCS Fi-
MuoxkecTBamu B X. B cuiy mpesjioxenusi 2 y HUX eCTh HelepeceKaroruecss (PyHKITMOHAJIBHO OTKPBITHIE
okpectroctu V u W, kKotopbie B F-tipoctpamnctse X (hyHKIMOHATHHO OTIEIEHBI, U TOSTOMY A n B nMeror
nerepecekarormuecst 3ambikanns 8 X . Cormacuo [11, creacreue 3.6.4], mueem Y = BY. O

BcenomunM, 9T0 B HOpMaJIBHOM IIPOCTPAHCTBE 3aMKHYTOE MHOXKECTBO uMeeT tutt (G5 TOTIA U TOJIBKO
TOr/1a, KOrJa OHO (BbYHKIMOHATLHO 3aMKHYTO |11, c.87]. Bee cuerHble peryssipable MpOCTPAHCTBA HOD-
MaJIbHBI, ¥ B TAKUX MPOCTPAHCTBAX BCE 3AMKHYThIE MHOXKECTBA UMEIOT Tl (G5, & 3HAUUT, BCE OTKPBITHIE
MHOXKECTBa, (DYHKITMOHAIBHO OTKPBITHL. OTCI0/Ia HEMEJIEHHO BBITEKAELT CJIEIYIONIEE MPEJIOKEHHE.

11 BMY, maremaruka, Mexanunka, Ne 1
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IIpennoxxenue 4 (cum. [4, m. 14N, 3amada 5|). Beakoe cuemmnoe F-npocmpancmeo skcmpemaivio
HECBAZHO.

Ilpennoxxxenne 5. Beaxoe F-npocmparncmeo X asasemca Ri-npocmparcmeonm.

HokazarensctBo. Ilycts Y C X — moboe cuerHoe MHOXKecTBO. B cusy dakra 2 mpocTpancTBo
BX — F-npocrpancrso, a B Custy npeioxkenus 3 npocrpanctso Y Bioxeno B fX (mockonbKy Y, Kak u
000€e cueTHoe MHOKECTBO, nMeer tutt F,). Byayun kommakrom, 5Y C*-noxeno 8 SX, aY C*-Bnoxeno
B fY, 3maunt, Y toxe apiserca F-npocrpamncrsom (cm. dakt 3). Ilo mperoxennto 4 moaMuoKecTBO Y
9KCTPEMAJILHO HECBA3HO, a MO CJAEICTBUIO 1 0HO aBjgeTcd [1-mpocTpancTBOM. U

Onpepenenne 7 [8]. Touka x B Tonosornyeckom npocrpascrse X HazbiBaercs P-moukot, ecau Jjist
Jr060#t cuerHoil nocsiegoBaresbHOCTH ee okpectHocrelt Uy, Uy, . .. nepecedenwe | ) U, Toxe sBasercs
ee OKPECTHOCTBIO (HeoOS3aTeIbHO OTKPLITOI).

IIpumep 3. Komnaxmmnoe Ri-npocmparcmso, we asaarouweecs F'-npocmparncmeom. B mpocTpancTse
w* BBIOEPEM TOYKY, KOTOPAs HE SIBISIETCA P-TOYKOIl, HO gBJsieTcst caaboit P-To49Koit; Takast TOYKa, BCErIa
cymecrsyer [8]. Bosbmem zpe kormmu npocrpancra w*. O6o3HadnM BHIOPAHHYIO TOYKY B OZHO U3 3TUX
Komuii 4epes 1, a B IPyroil 4yepes ro 1 CKJICUM TOYKK X1 1 X2. Iloydennoe npocrpancTso X apiagerca -
mpoctpancTBoM. eficTBurenso, eciu A m B — /Ba CUETHBIX OTIEJEHHBIX MoAMHOKecTBa X 1 € ANB,
TO & — TOYKA CKJIEMBAHUS IO TOU Ke MpPUYIUHE, YTO U B IpuMepe 1, OIHAKO TOrJa OHA JIOJKHA OBITH
LpEJIeJIbHOM TOYKO st 1epecederus cuyerHoro Muoxkecrsa A U B ¢ ogHoii u3 Konwit w*, a HU ojHa U3
TOYEK T1 U T9, IO KOTOPHIM TPOU3BOINTCS CKJIEMBAHUE, HE SIBJISIETCS TPEJIebHON TOYKON HU JJIsT KAKOTO
CYETHOTO MHOYKECTBA B CBOeHl Kommu w*, TOCKOJIbKY 00e 9TH TOYKHU ABJSIOTCS caabbiMu P-roukamu.

C apyroit croponsr, X He apiaserca F- u gaxe F'-mpocrpancroM. [IefiCTBUTEIBHO, TOCKOIBKY T —
ne P-touka B X; g 1 = 1,2, y x; cymecrytor okpecruocru Uy, Uy, ..., rakue, uro U,41 C U, u srobast
OKPECTHOCTh TOYKH &; TIePeCeKaeT IOMOIHEHNe 10 3aMKHyToro Gs-muoxectBa Y; = (), Ui B Kommakre
X;. U3 komnakTHOCTH X; C1efiyer, 94TO MHOXKeCTBO Y; DyHKIMOHAIBHO 3aMKHYTO (CM. [11, ¢. 87]). Buaunr,
mHOKecTBO Z; = X; \ Y; dyukrunonansuo otkpeiro B X;. Ilpu ckirenBanun kommakT X; BKIJIbIBACTCI B
X, 1 IpH 9TOM BJIOXKeHHN Z; ocTaeTcs (byHKIMOHAILHO OTKPLITHIM MHOKecTBOoM B X. Meem Z1NZy = &,
OJHAKO & € Z1 N Zo.

Jpyrue npumepbl R1-IPOCTPAHCTB, HE SIBJISIONIUXCS F-TIpoCTpaHCTBaMU, MOXKHO TOJYYUTH, 3aMe-
THUB, YTO CBOWCTBO OBITH [%1-MIPOCTPAHCTBOM HAC/IEIYeTCs JIFOOBIMU MO/ IIPOCTPAHCTBAMU, & CBOMCTBO OBITH
F-mpocTpaHCTBOM He HACIEIYeTCs Jarke 3aMKHYTHIME TIOAIpocTpancTBamu (cm. [13]).

Teneps paccMOTpUM KJIACC Sw-IPOCTPAHCTB, KOTOPbIHA Mupe KaaccoB R, Ra, R3.

Ounpenesienne 8 [5|. Tomosormaeckoe mpocTpancTBO X HA3BIBAETCs [w-TPOCTPAHCTBOM, €CTH Ka-
KOBO OBl HU OBLIO JUCKpeTHOE cueTHOe MHOXKeCTBO D) C X ¢ KOMIIAKTHBIM 3aMbIKAHIEM, 3aMblKaHue D
roMeoMOp@HO CTOYH-YEXOBCKO# KoMnakTudukaium 5D.

3ameuyanue 1. V3 ompesesiennst 7 BBITEKAET, YTO ecjid B MpocTpancTBe X HeT OECKOHEYHBIX KOM-
MAKTOB, TO OHO ABJIAETCs Bw-TPOCTPAHCTBOM.

IIpennoxxxkenune 6. Komnaxmmnoe monoaozuueckoe npocmpancmso X seasemcs Rs-npocmparncmeom
mozda U MoAvko mozda, K020a 0HO ABAAEMCA [wW-NPOCTMPAHCIEOM.

JoxkazarenbcTBo. Heobxrodumocms. BozbMeM mpon3BobHOE CUETHOE MUCKpPETHOE MHOXKecTBO DD C
X ¢ KOMIIAKTHBIM 3aMBIKAHHEM U ero Hermepecekaforuecs noamuoxectsa A u B. Taxk kak D KOMIAKTHO,
10 ¢D = D — nexoropas komnaktudukamus D. ITonsarao, uro ANB = ANB = & (B culy AUCKPETHOCTH
MEOKecTBa D), a 3madut, ANB = @, HOCKOIBKY BBIIOMHEHO cBoiictBo R3. Cormacuo [11, caexcraue 3.6.4],
uveeM D 2 Bw, a 5T0 u o3HA4AET, uT0 X ABIACTCA (W-IPOCTPAHCTBOM.

Hocmamounocms. Ilycre X — xomnakTHOe Sw-pocTpaHCcTBO. Bo3bMeM TUCKpETHBIE CIE€THBIE MHO-
xecra, A u B 8 X, takue, uto AN B = AN B = @. Muoxecrso AU B auckperso. JleficTBure/bHO,
BO3bMEM TPOU3BOJIbHYIO TOuKy * € A U B (mycrs jys onpegenennoctn x € A). Y 310l TOUYKH ecTh
oxpecrrocts U, Takas, ato UNA = {r} u UNB = @, re. UN (AU B) = {z}. Anasornuno y 060t
Touku x € B ecrb okpecrHocth V', Takast, uro V N (AU B) = {x}. Bnauur, oobeunenne A u B juckper-
no. CrenoBarensno, AU B = fw B Cily KOMIAKTHOCTH 3aMBIKAHUA 3TOTO 00beJNHeHHd B KoMmakTe X .
ITycrs x € AN B. TTockoJibKyY TPOCTPAHCTBO Bw IKCTPEMAJIBHO HECBSI3HO, & IKCTPEMaJIbHAS HECBSIZHOCTH
HACJIEyeTCsl CYETHBIMU TOAITPOCTPAHCTBAMEU M0 CaeJAcTBUIO 1, mpoctparcTBo ¢ U A U B T0/XKHO OBITH
9KCTPeMaJIbHO HECBA3HO, OJHAKO 3aMBIKAHUS €ro OTKPBITHIX MOJAMHOXKECTB A 1 B IepeceKaroTcsa B TOUKe
x. DTO TmpoTUBOpeUne MoKa3biBaer, uto A N B = @. Beuay mpoussosbHOCTH BEIOOpPa A 1 B 3aK/I04aeM,
qro X — R3-IpOCTPaHCTBO. ]

3ameuanue 2. JlokazaresbCTBO HEOOXOAMMOCTH B MpPeIoKeHuu 6 He UCIOJIb3yeT KOMITAKTHOCTH
npoctrpancTBa X . [lo3TOMy BBITIOJIHEHO CJIEYIOINEe YTBEPKICHHE.

IIpensoxkenue 7. Beakoe Rs-npocmpancmeo asasemca Bw-npocmpancmeom.

IIpumep 4. Hexomnaxmuoe fw-npocmpancmeso, we asaatoweecs Rs-npocmparncmeom. Bozsmewm cuer-

necw
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HOe IUCKPETHOe MpOCTpaHcTBO X W J00AaBHM K HEMY OJHY HEH30JHPOBAHHYIO TOUYKY, IIPOKOJOTHIMI
OKPECTHOCTIMU KOTOPOH ABJISIIOTCA 3JIEMEHTHI HEKOTOPOro yiabTpaduibrpa Ha muOXkKecTBe X . J[Ba 9K3eM-
IJISIPA, [MOJIyYE€HHOTO TPOCTPAHCTBA, CKJICEHHBIE 110 HEM30JMPOBAHHON TOYKE, HE COJAEpP§KAT OECKOHETHBIX
KOMIIAKTOB, [IO9TOMY IIPEICTABISIOT COD0i Sw-IIPOCTPAHCTBO, KOTOPOE HE ABJISIETCSI R3-IIpOCTPaHCTBOM,
TaK KaK TOYKA CKJIEHBAHWUA MIPeeabHa s 000MX SK3EMILIAPOB JUCKPETHOIO MHOXKECTBa X .

W3 npemioxkennit 5 u 7 u npumepoB 1—4 mosrygaeM CIeIyIONIYI0 TEOPEMY.

Teopema 1. Hmerom mecmo cmpozue 8KAIOYEHUA:

kaacc F-npocmpancme C kaacc R1 C xaace Ro C kaace R3 C xaace Sw-npocmpancms.

Hanovmuaum onpesesienne nopadka Pydun—Keticaepa Ha MHOXKeCTBE yIbTPaUILTPOB HA W.

Onpepesienne 9 (cm. [14]). Ilycre p € fw u ¢: w — w. Torma MoxkHO ompenenTs @i (p) € Pw
cremytomuy obpazom: M € .(p) & ¢ (M) € p. YasrpaduasTphl p,q € Bw CBA3AHBI OTHOIICHHEM
p <RK ¢ TOTJia U TOJBKO TOTJIA, KOTJIa CYIIECTBYeT (DYHKIUS @, Takasd, 910 P = py(q).

Onpepesierne 10 [15]. ToBopsit, 4T0 110C/I€10BATENIBHOCTD TOYEK (Ty,) B TOHOJIOMMYECKOM IIPOCTPAH-
ctBe X crodumca x mouke x € X no yavmpadusebmpy p € fw, ecau fjs aroboit okpectHoctr U ToUK®

& MHOXKeCTBO {n : x, € U} npunasgymexur p. Obozuadenune: r = lim x,, win z, — .
P P

B 1990r. K. Kynen noka3aj TeopeMy O CPABHUMOCTH Y/JIbTPa(UIbTPOB CIENUAILHOTO BHIA, MO KO-
TOPBIM MOTYT CXOJUTHCS K OJHON U TOU YKe TOYKe ITOCJIeI0BATETFHOCTH B KOMIAKTHOM F'-TIPOCTPAHCTBE,
¥ MCIIOJIB30BAJ €e JIJIsi JIOKA3aTeIbCTBA HEOJHOPOIHOCTH GECKOHEYHbIX KOMIAKTHBIX F-nipocrpancrs [16].
Crenyromiast TeopeMa, yCuauBaerT pe3yabrar KyHeHa B HECKOJbKUX HAIIPABICHUSIX: MBI PACITHPSIEM KJIACC
paccMaTpuUBaeMbIX MPOCTPAHCTB J0 KJacca Ro u He TpedbyeM, 9Tobbl 002 yiIbTpaduIbTpa B (DOPMYIHPOBKE
TEOpeMbI SBJISINCH CiabbiMu P-roukamu. Kpome TOro, Mbl SBHO YKa3bIBaeM, KaKOil MMEHHO U3 YIbTPa-
bunbTpoB MeHbIe Ipyroro B cMmbicye mopsaka Pynua-Keiiciepa (310 yToYHEHNE MOXKHO W3BJI€Yb U W3
nokazarenbcrBa Kynena, HO siBHO OHO Hurze He (hopMyanpoBasiocs). Obmas cxema HAIIEro J0Ka3aTeb-
crBa nogobua cxeme Kynena uz [16], HO B ee peanu3zanuy UMeEIOTCs CyIIECTBEHHbIE OTJINYNsI, CBA3aHHbIE,
B JACTHOCTHU, C TEM, YTO OPUTHHAIBHOE JTOKa3aTebCTBO KyHeHa comep:Kkamo mpodesn.

Teopema 2. Ilycmov q € w* — 10600 He2sa8nbili Yyavmpaduivmp Ha W 4 p € W — Heeaasnvil
yavmpapuisvmp, asaaouutics caabol P-moukot. Ipednoaooicum, wmo cywecmeyiom xomnakmuoe Ro-
npocmpancmeo X, mowka x € X u dee nocaedosamervrnocmu (dm)mew U (€n)new movex X, maxue, wmo
{dm : m € w} — duckpemmoe mHo2HICECNBO NONAPHO PABAUNHVT MOYEK U €, F T 0A% 6CET N € W, NPUYEM

r = limd,, =lime,. Tozda p <RK ¢.
P q

Hoxkazareascrso. Honoxkum D = {d,, : m € w}, E = {e, : n € w} u D* = D\ D. Buibepem
OTKPBITBHIE HeIlepeceKaroyecss Muoxectsa U,,, m € w, takue, 910 d,, € U,, u Uy, N D* = & naa Bcex
m € w. Beenem oboznadenne B = {n : e, € U,,co, Un}- Ana P,Q C w monoxum Dp = {d,, : m € P}
u Eg = {e, : n € Q}. Bamernm, uro gist mobbix P € p u Q € ¢ TOYKA & NPUHAIIEKHUT [TEPECETCHHIO
EQ N EP.

Bo3MOXKHBI ClleIyIOIme CIydan.

1. Haiinerca snement () € g, g Koroporo Fg C D.

1.1. Ecntu Eg N D = @, to onpenenum orobpaxenne f:w — D mpasunom f(m) = dy,. Ilo cBoii-
CTBY CTOYH-9YEXOBCKOI1 KOMIAaKTUUKAIIY [ TPOJO/IZKAETCS 10 HEIPEPBHIBHOIO 0TOOpaKeHUst f : Bw — D.
Tak kak X — KOMIakTHOE Ro-TIPOCTPAHCTBO, a MO3TOMY U [(w-TPOCTPAHCTBO (B CHIy TpeaioxKenus 6
u BKmoueHns Ro C R3), Bemongerca D = $D, a 3HaunT, f — romeomopduam. Ilycts g = f —1 Tlo-
ckonbky Eg N D = &, umeem g(e,) € w* mas n € @, a MOCKOIbKY ¢ — roMeoMopdbu3M, BEPHO PABEHCTBO
g(x) =p = lign(g(en))n coo- TO, 4TO yIbTPAdUILTD P AB/IsETCs €10l P-TouKoll, 03HAYAeT, YTO P MO-

XKeT ObITh MpeJebHON TOUKON /st He (oJiee ueM caeTHoro Muoxkecrsa {g(e,) : n € Q} C w* Toabko B
TOM CJlydae, ecii GECKOHEYHOE YUC/I0 3JIEMEHTOB 3TOr0 MHOYKECTBA PABHO P, T.€. €, = T JJId OECKOHETHO
MHOTHX 7, & 9TO IPOTUBOPEIUT YCJAOBUIM TEOPEMBI.

1.2. B cayuae, xorma Eg C D, paccMOTpUM OTOOpazKeHHe (: w — W, OIpeJeeHHOe IPABUIOM
on)=m <= e, =dy, mane€ Q uen)=0 mian ¢ Q. Bo3aMOXKHBI C/ieIyoIue BADHAHTHI:

1.2.1) mgag mo6oro muoxkecta Q' C @, Takoro, uro Q' € ¢, nmeem p(Q') € p. Torna p = p.(q), Tak
9TO P SRK ¢;

1.2.2) cymectsyer amement Q' € g, ns koroporo ¢(Q') € p, re. w\ p(Q') € p. Be3 orpannvenus
OBIIHOCTH MOXKHO cuuTaTh, uto Q' C @Q (unaue paccmorpum Q' N Q). Nmeem

U new\ @)} (WU : nee@)} =2,

12 BMY, maremaruka, Mexannka, Ne 1
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npuvIeM
{dm :m ew\ (@)} C | J{Un:mew\ @)} u Eg c| J{Un: nep@)}

Iosromy Dy, N Eq = @ B IPOTHBOpEd e CO CAETAHHBIM B HAYATE JOKA3ATEILCTBA 3aMETAHIEM, 9TO
xGEQﬂﬁp st 1obbix P € pu Q € q.

2. Ipeanosoxkum, 4ro Hafijercst snement () € ¢, Takoit, uro Eg N D = @. Cuosa paccMoTpum jisa
cIyJad.

2.1. Ilycrs B € q. Oupenennm orobpaxkenne @: w — w npaBuwioMm @(n) = m <= e, € Uy, s
neBupn)=0ysan¢B:

2.1.1) mpeanooxkuM, 4TO JjIg Kaxka0ro nementa B’ € ¢, B’ C B, uMeem

o(B") = {m : e, € Uy, ana nexoroporo n € B'} € p.

Torna p = ¢«(g), Tak 4To p <RK ¢;

2.1.2) npeanonoxkum, 9To Haigerca snement B’ € ¢, B’ C B, Takoit, 4To MHOXKeCTBO {m : e, € Uy,
nuist Hekoroporo n € B’} ne npunasexkut p, rorga ero gonoauerne A = {n : U,NEp = &} npunaiexnt
p. Uneem DaNEp = @, Tak Kak Dy C Unea Un- Hockomeky mo mpeamonoxenmo Eg ND = @, Buanw,
aro quig C' = QNB’ € g muoxkecrBa Dy u E¢ 0T[eIeHsl B IPOTHBOPEYHe € TeM, 9T0 X — Ry-IIpocTpancTBo
(meiicTBurensHo, x € D4 N E¢ u MHOXKeCTBO D4 ITHCKPETHO).

2.2. Eciiu B ¢ g, 1o w\ B € ¢ u, 09eBuHO, Ew\B ND = &, rak 9r0 MHOKecTBa E )\ g 1 D oT/e/1eHbI
U MBI CHOBA MPUXOJAUM K IIPOTUBOPEUHIO ¢ TeM, uTo X — Ry-IpoCTPaHCTBO.

3. Ecin Eg N X\ D # @ jist Bcex Q € g, o w \ {n : e, € D} € ¢, m0cKoAbKY ¢ — yanTpaduibTp,
TaK 9TO B 9TOM CJIydae BBIIOJHEHO yCJIOBHE 2. O

B cratpe [10] E. A. Pesnmdenko moKa3as, 9TO OJHOPOAHBIE MOJIPOCTPAHCTBA TPETheill cTemen: X °
mpou3Bo/IbHOTO F-mipocTpancTBa X HE MOTYT CO/EepKaTh OECKOHEUHBIX KOMIAKTOB. [Ipu 5TOM OH HCMO/IB-
30BaJI MPEIIOIOKeHne 0 ToM, 910 X — F-TpoCcTpaHCTBO, JIWIIL B OJHOM MeCTe — HPHU J0Ka3aTeIbCTBE
npeoxkenns 19 [10], cymecrBenHo onupatomiemcst Ha Teopemy KyHena o cpaBHUMOCTH y/abTpaduIbTPOB,
IO KOTOPBIM CXOOATCA ITOC/IEeJOBATEJIHBHOCTU B fj’-HPOCTpaHCTBe7 BO BCeX OCTaJIbHBIX MeCTaX J0CTaTOYHO
TpeboBaTh, 4T00b! X SBJIsA/IOCH Sw-mpocTpancTBOM. C MOMOIIBIO JTOKA3AHHOTO BBINIE YCUIECHUS TEOPEMbI
Kyunena Mbl mosiygaeM ciefytoriee 0b60bieHne TeopeMbl Pe3HnaeHKo.

Teopema 3. ITycmv Y — Ry-npocmpancmeo u X C Y3 — ezo odnopodnoe noonpocmpancmeo. Tozda
M1060€e KoMNaKmMHoe noonpocmparcmeo npocmparcmeas X Konewro.

Agropsl npurOCST TIybOKyI0 Ostarogapaocts E. A. Pesnumuenko 3a crumynupyromme Oeceabl. B Ha-
CTOSIIIIEH CTaThe MBI BHIOpaan obosuadenns K1, Ro, Rg I BBEIEHHBIX KJIACCOB MTPOCTPAHCTE B €0 UYECTh.
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VIIK 517.938.5

IMTAPABOJINYHOCTDB BBIPOZXK/IEHHBIX OCOBEHHOCTEN
B OCECUMMETPUYHBIX CUCTEMAX SUJIEPA C THPOCTATOM

B. A. Ku6kaJo !

N3yuatorcs BHIPOXKIEHHBIE OCOOEHHOCTH M3BECTHOI'O MHOI'OMAPAMETPUYECKOI0 CeMEeHCTBa
HHTErPUPYEMbIX CHCTEM JUHAMUKH TBEPJOro Tesia — cucreM 2K yKOBCKOro, T.e. BOJTYKOB Diijie-
pa ¢ 100aBJIeHHBIM HNOCTOSHHBIM BEKTOPOM TMPOCTATHYECKOro MomeHTa. [y ocecummerpud-
HOTO TBEPJOrO Teja W OMU3KUX K HEMY CHCTEM JI0KA3aHO, YTO BBIPOXKIEHHBIE JIOKAJbHBIE U
MOJTYJIOKAJIbHBIE OCOOEHHOCTH SIBJISAIOTCS MAapabOIUYECKUMU U KACIUIAJIBHBIMUA OCOOEHHOCTSI-
MU COOTBETCTBEHHO [IJIsi BCEX 3Ha4YeHuil Habopa mapamMeTpoB CHCTEMbI, UCKIII0Yasi HEKOTOPbIE
CUIEPIIOBEPXHOCTH. YCTAHOBJIEHO, 9TO 3TH OCODEHHOCTH, JIeyKAlllue B IPO0Opa3e TOUYKH BO3BPa-
Ta 6u(pypPKAIMOHHON KPHUBOI, yI0BJIETBOPAIOT Kpurepuio mnapadbosmunoctu A.B. Bosicunosa,
JI. Tymsenvmu u E.A. Kynpsierepoit. Kak ciiecTBue OHU SIBJISIOTCS CTPYKTYPHO-YCTONYHUBBIME
[IPU MAJIBIX BO3MYIIEHUSX CUCTEMBI B KJIACCE WHTETPUPYEMBIX CHCTEM, B YACTHOCTHU MIPHU MAJIOM
U3MEHEHUH TJIABHBIX MOMEHTOB WHEPINK, KOMIIOHEHT BEKTOPA TMPOCTATHYECKOTO MOMEHTA U
3HAYEHUS WHTErPAJIa IJIOIa e .

Karouesvie caosa: raMuIbTOHOBA CUCTEMA, HHTETPUPYEMOCTh, TBEP/IOE TEJIO, TUPOCTAT, OCO-
6enHOCTD, cioerne JInyBuws, napaboandecKne 0COOEHHOCTH, CTPYKTYPHAST YCTOHUINBOCTD.

We study degenerate singularities of the well-known multiparametric family of integrable
Zhukovsky cases of rigid body dynamics, i.e., Euler tops with added constant gyrostatic moment.
For an axisymmetric rigid body and systems close to it, it is proved that degenerate local and
semilocal singularities are parabolic and cuspidal singularities, respectively, for all values of the
set of system parameters, excluding some hypersurfaces. It was checked that these singularities
belonging to the preimage of the cusp of the bifurcation curve satisfy the parabolicity criterion
of A.V. Bolsinov, L. Guglielmi, and E. A. Kudryavtseva. Therefore, they are structurally stable
for small perturbations of the system in the class of integrable systems, in particular, for a small
change in the principal moments of inertia, the components of the gyrostatic moment, and the
values of the area integral.

Key words: Hamiltonian system, integrability, rigid body, gyrostat, singularity, Liouville
foliation, parabolic singularity, structural stability.

DOT: 10.55959/MSU0579-9368-1-2023-1-25-32

1. Tonosioruyeckre MHBAPUAHTHI HHTEIPUPYEMbIX CUCTEeM. V3ydeHne raMu/IbTOHOBBIX CHCTEM
[yTeM OIMUCAHUS TOIOJIOIMIECKUX CBOYICTB MX MOBEPXHOCTEH ypoBH# 3Heprum H B dazoBom mpocrpan-
crBe 6b110 Hauaro B nzsectHoil pabore C. Cwmeiina [1]. Kak okazanock, Bonpoc o kiaacce romeoMopdHOCTH
TAKUX M309HEPTETUUECKUX MTOBEPXHOCTEH MPU Pa3HBbIX 3HAUEHUSIX JHEPTUN U APYTUX MapaMeTpPOB CHCTE-
MBI (TaKUM MapaMeTpoOM CHCTEMBI MOXKeT ObITh, HAIIPUMED, 3HAUEHUE ee WHTerpasa ILIoma el fo) TecHo
CBsI3aH C pe3yJbraTaMu u mojxogamu u3 reopun Mopca.

Ecnu cucrema waTerpupyema, T.e. 0bsragaer “aocraroaHo 60bmuM”’ 9UCIOM CKPBITBIX CUMMETPHit, TO
HN309HEPTeTUYECKasT MOBEPXHOCTh CaMa, MOYXKET OBITh PACC/IOeHa Ha COBMECTHBIE YPOBHU JOMOJTHUTETBHBIX
HHTErpajioB cucreMbl. Ha (ha30BOM MpOCTpAHCTBE CHCTEMBI (SIBJISIFOIIEMCST CUMILIEKTHIECKUM MHOT000pa-
31MeM) BO3HHUKAET CTPYKTypa cjoenus JluyBusis (mogpobuee cMm. moHOTpadmio [2]).

! Kubkano Baaducras Anexcarndposuy — acir. kad. muddepeHmaIsHoil TeOMeTPIH I MPIIIOKeHni Mex.-MaT. ¢d-ta MIY;
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