Cuctema akcnom ZFC _

AKcroma CyLLeCTBOBAHNA: MHOXECTBA CYLLECTBYIOT.

(B Buge dopmysbl 3Ta akcnoma MOXET BbIrsAeTh Tak: Ix(x = x).)
Akcrnoma 0bBEMHOCTI: fBa MHOXECTBA PaBHbl TOTAA U TOJIbKO TOrAA, KOT4a OHM
VMEIOT OfHW U Te XKe DNIEMEHTbI, T.e. KaXKAbli 3IEMEHT OfHOr0 MHOXECTBA
NPUHAAIEXNT APYroMy 1 HaobopoT.

Akcroma napbi: st lobbIX MHOXECTB X N y CyLUECTBYET MHOXeCTBO z = {x,y},
COCTOsILLEE N3 [BYX IEMEHTOB — X U y (Heynopsizo4eHHasi napa 3NeMeHTOB X 1 y).

Akcroma obbeauHerns: aas atoboro MHOXECTBA X CyLLECTBYeT MHOXeCTBO y = | Jx —
0bBbeAMHEHNE MHOXKECTB-3/IEMEHTOB X; €r0 3JIEMEHTAMU SIBNISIIOTCS B TOYHOCTU BCE
S/IEMEHTbI SJIEMEHTOB MHOXECTBA X.

Cxema akcnmoMm BbifesieHns: JioboMy MHOXECTBY X U Jto0boMy CBOWCTBY (o OTBEYaeT
MHOXECTBO, COCTOSILLEE B TOYHOCTU N3 TEX JIEMEHTOB MHOXECTBA X, KOTOPbIE
obnagatoT CBOWCTBOM .

V13 cxeMbl aKCOM BbISENEHUS 1 aKCMOMbI CYLLEECTBOBAHMUS BbITEKAET CYLLECTBOBaHNE MyCTOrO
MHOXECTBA, HE MMEIOLLLEro BOOBLLE HIKaKUX 371eMeHTOB (OHO 0603HavaeTcs &): AOCTAaTOYHO
B KadecTBe p(t) B3aTb —(t = t).



MHoxecTBo BCex y € X, obnajatolnx CBONCTBOM ¢, obosHavaetcst {y € x : <p)§y)}. Korpa
PacCMaTpUBaOTCS 3N1EMEHTbI (PUKCMPOBAHHOrO MHOXECTBA X, nHorga nuwyt {y : ¢(y)}.
Cxema akcnom nopacTaHoBku: ecnm o(u, v) — gopmyna ¢ ABymMsi CBOBOAHbLIMM
NepeMeHHbIMI, NMPUYEM A5 J10BOrO MHOXKECTBA a CyLUECTBYET €ANHCTBEHHOE
MHOXECTBO b Takoe, 4To ¢(a, b) — UCTMHHOE BbICKa3blBaHWe, TO A5 NtOOOro faHHOro
MHOXECTBA X OMPefeseHO MHOXECTBO ¥, 3JIEMEHTAMU KOTOPOTO SIBASIOTCS T 1 TOJIbKO
Te MHOXECTBA Z, A/t KOTOPbIX ¢(a,Z) UCTUHHO NMPU HEKOTOPOM a € X.
3peck opMyNly © MOXKHO BOCMPUHMMATL Kak KJ1aCC-OTODparkeHne, KOTOPOe KaXKAoMmy a
CTaBUT B COOTBETCTBNE TO €ANHCTBEHHOE MHO>XXECTBO b, AN KOTOPOro BblCKa3bliBaHNe 80(37 b)
NCTNHHO; TOr4a Yy — HE 4TO MHOE KaK O6pa3 MHO>XECTBa X Npn 3TOM <(OTO6pa)KeHV|VI>>.
Akcroma BeCKOHEHYHOCTN: CYLLECTBYET MHOXECTBO, KOTOPOE COAepXunT (B KadyecTse
3M1eMeHTa) & N BMECTE C KaXXAbIM 3/1EMEHTOM X COAEPXUT 1 snemeHT S(x) = x U {x}
(x U {x} — MHOXeCTBO, 3/1eMEHTaMN KOTOPOTO SIBJSIOTCS BCE S/IEMEHTHI MHOXECTBA X
N CAMO MHOXECTBO X).
AKCrOMa MHOXECTBA MOLMHOXKECTB: AJIs JI0OOr0 MHOXKECTBA X CyLLECTBYET MHOXECTBO
y, COCTOsiLLiee U3 BCEX MOAMHOXKECTB MHOXECTBA X; AJISi HEFO NCMOJb3YOTCS
obosHaueHust Z(x), 2X n exp x.



AKcroma peryisipHOCTU: KaXK[0€e HEeMmyCToe MHOXECTBO X COAEPXKUT 3JIEMEHT Y TaKoOIA,
yto X Ny = .

Akcnoma Bblbopa: AN KaXKA0ro MHOXECTBA X, COCTOALLErO U3 HenepeceKaroLLnxcs
HeMyCTbIX 3JIEMEHTOB, CyLLECTBYET MHOXXECTBO, KOTOPOE MepPecekaeTCs C KakKabliM
3JIEMEHTOM MHOXXECTBA X POBHO MO OfHOMY 3/IEMEHTY.



OTHoweHvs 1 oToBpakeHus s

Akcnombl 0BBEMHOCTY 1 Napbl JatOT BO3MOXHOCTb 0DPa30BbIBaTb OAHOINEMEHTHOE
MHOXeCTBO {x} 13 ntoboro MHOXeCTBa X:

{x} = {xx

OTCIO,D,a N N3 aKCNOMBbI Mapbl BbITEKAET, YTO ANA ntobbIx ABYX MHOXECTB X U y

{{x} {x 1)
OHO Ha3blBaEeTCs YNOPsiA0YEHHON Napoii 3/1EMEHTOB X U y 1 obo3sHavaetcs (x,y). MNpu
5TOM X Ha3blBaeTCsl NEPBLIM JIEMEHTOM, @ y — BTOPbIM 3/1EMEHTOM napbl (X, y).

CyLLeCTBYeT MHOXXeCTBO

3Hakomoe BCeM NOHsATHE AekapToBa npousseneHust X X Y aeyx mHoxectB X un Y
OMPEAENSIETCS KAK MHOXKECTBO BCEX ynopsifiodeHHbix nap (x,y), rae x € X ny € Y.
MoamHOXKeCTBa AeKkapTOBa NPOU3BEAEHUS HA3bIBAKOTCA OMHAPHBIMN OTHOLLIEHUSIMU, UK
npocTto otHoweHusimu, Mexgy X n Y. OtHoweHue mexgy X u X HasbiBaeTcs
oTHoweHneM Ha X. BaxkHeliwunii YacTHbIW cnyYali OTHOLIEHUS! MEXAY MHOXeCTBaMu —
oTODpaXkeHne, a BaXKHENLWMNA YaCTHLIA CyYail OTHOLIEHNST HA MHOXXECTBE — MOPSILOK.



Otobpaxerne mexay MHoxectBamu X n Y (ewwé roBopst «oTobpaxkeHne MHOXKeCTBa
X B Y>» nnu «otobpaxerne nsz X B Y») — 3710 ntoboe NogMHOXKeCTBO f fekapToBa
npoussegerus X X Y co ceBoiicTBamum

e Vx e Xdy e Y((x,y)ef) n
o ((x,y) e f)n((x,2) € ) = (v = 2).
(MogmHoxectBa X X Y, yAoBNETBOPSIOLWME NNLLB BTOPOMY YC/IOBMIO, Ha3bIBAOTCS

HacTU4HbIMU OTObparkeHnsiMn.) MuoxecTBo X HasbiBaeTCst 061aCTbIO ONpeseneHns
oTobpaxkeHnst , a MHOXeCTBO Y — 06/1aCTbio 3HAaYEHWIA.

[ns otobpaxerus f n3 X B Y ¢ pukcmposaHHoii obnacteto 3HaveHnii Y
ucnonbsyercst obozHadeHue f: X — Y.



Obpasom f(x) Toukn x € X npn otobparkeHnu f, nan 3HadeHnem otobpaxkeHus f B
TOYKe X, Ha3bIBAaETCs Ta €ANHCTBEHHAs Touka ¥y € Y, ans kotopoit (x,y) € f. TosopsT
MpM 3TOM, HTO TOYKA X MEPEXOAUT B TOYKY Yy Npu oTobpakeHum f, uan 4To f
nepeBoanT X B y, 1 nuwyT x — y. Onpeaenensl Takxe obpas f(A) mHoxectea A C X
npu oTobpaskenun f n nosHblii npoobpas £ *(B) mHoxecTa B C Y:
f(A)={y e Y:3IxeAllx,y) € f)},

f1(B)={xe X:3ycB((x,y) € f)}.

Obpas f(X) Bcero mHoxecTBa X Ha3biBaeTcsi obpasom otobpaxerusi . [MpocTo

I'IpOO6p33OM MHOXecTBa B HasbiBaeTcst J'IlO60€ MHoxectBo C C X, 413 KOTOpPOro
£(C) = B.



WHorpa (Korpa sicHO U3 KOHTEKCTa, YTO pedb UAET MMEHHO O MOJIHOM npoobpase)
C/IOBO «MOJIHBIA» OMYCKAOT U HA3bIBAKOT MOJIHBIA Npoobpas npocto npoobpasom. Ecnu
MHOXecTBO B ofHoTodeqHo, T.e. B = {y} ans nekotoporo y € Y, emecto f1({y})
obbiuHo nuwyT f~1(y) u rosopsT o (nonHom) npoobpase ToukM y, UMes B BUAY
(nonHbiii) npoobpas ogHoToueuwHOro MHoxecTBa {y}. B cnyuyae, koraa atot npoobpas
TOXe COCTOMT M3 OAHOI To4kM (a TakxKe Korga peyb MAET ob obpaTHOM OTObparkeHMN
— cMm. Hxe), nog f~1(y) yacTo nogpasymesatoT He cam npoobpas, a ero
€VHCTBEHHbI IEMEHT.



OTobpaxetne f: X — Y HasbiBaetcs ciopbektusHbiM, ecnn f(X) = Y (B aTom cnyyae
nHorga nuwyT £: X —» Y), n nHbeKTUBHBIM, ecnn Npoobpas kaxgon Toukn y € Y
coaepXuT He bosee ogHoli Toukn MHoxecTBa X. OTobpakeHune, OAHOBPEMEHHO
SBNSIOLLEECS] CIOPBEKTUBHBIM N UHBEKTUBHbLIM, Ha3bIBAETCA OUEKTUBHbLIM, AN B3aNMHO
opHo3Ha4HbIM. ClopbekTuBHbIE (MHBEKTUBHBIE, ONEKTUBHBIE) OTODpaXkeHUst
Ha3bIBAKOTCS TAKXKE CIOPBLEKLUSIMU UIN HATIOKEHUSMU (MHBEKLUSIMIA UIN BIOXKEHNSIMU,
Buekunsimn).

OTobpaxkeHnsi BO MHOXECTBO R BeLLLECTBEHHBIX YMCEN HA3LIBAKOTCA PYHKLUASMU.
®ynHkunst £: X — R orpannyena, ecnm cywecteyet M € R Takoe, yto |f(x)| < M ans
Bcex x € X.

MpocTeiiwnii npumep oTobpaxkenust — nyctoe otobpaxenne. Oguu n3 npocTemwnx
NPMMEPOB HEMYCTOro OTODPaXkeHUsi — TOXAECTBEHHOE OTODpaXkeHne HEMyCTOro
MHoxecTBa X Ha cebsi; oHo paBHo amaroHanm {(x,x) € X x X : x € X} pekaptosa
npoussegerust X x X (nepeBognT Kakayto Touky mMHoxecTBa X B cebs). [ns Takoro
oTobparkeHusi ucnonbsyercst obozHadeHue idy.



CeoiicTea 0bpa3os 1 npoobpasos oTobpaXkeHuii

Ons nmoboro otobpaxerus f: X — Y un nobbix MHoxecTs A; C Ay C X
f(A1) C f(A2),
f(ALU Az) = (A1) U f(A2),
f(Al N Ag) C f(Al) N f(Az),
n ansa nobeix MHoxecTB By C B, C Y
f1(B1) C F1(By),
H(B1UBy) = f1(B1) Uf(B),

-
fY(B1NBy) =fYB)NFBy).



HacTuyHbIi NopsifoK, WM NPOCTO MOPSIAOK, Ha MHOXeCTBE X — 3TO NMOAMHOXECTBO <
AekapToBa kBagpata X x X, obnagatowee cnegyowumn cBoicteamMu (Mbl nuLuem
x < y BMeCTO (X, y) € <; KPOME TOrO, Mbl UHOFAA MULLIEM Y > X BMECTO X < ¥):

o (x<y)A(y <z))— (x<2z) (TpaH3nTneHOCTL);
@ Vx € X(x < x) (pednekcneHocTb);
o (x<y)A(y<x))— (x=y) (aHTucummeTprn4HOCTb).

MtoxxecTBo X BMecTe C 3afaHHbIM Ha HéM nopsigkom (T.e. napa (X, <)) HasbiBaeTcs
(HacTMYHO) YNOpsiAOHEHHBIM MHOXXECTBOM; MPO MHOXKECTBO X FOBOPSIT, HTO OHO
(4acTnyHo) ynopsifoueHo oTHoLeHeM <. 3anncb X < y HMTAETCH KINIEMEHT X He
Bonblue 3n1eMEHTa y'» AN KINEMEHT X HE MPEBOCXOAUT SIEMEHTA y¥'», @ 3aMNUCb X >
— «DJIEMEHT X He MeHbLLE d/IEMEHTa y'».



Ons kaxporo nopsifka < Ha X OAHO3HAYHO OMpPeAeNeHO COOTBETCTBYHOLLLEE OTHOLLEHNE
< cTpororo nopsifka: x < y, ecim X < y n x # y. [1pn 3TOM roBopsT, 4TO 3/1eMeHT X
MeHbLUE 371eMeHTa y, a y bosbwe x. U HaobopoT, no cTporomy nopsigky < OHeBUAHBIM
0bpa3omM BOCCTaHABAMBAETCS MOPSIZOK <, KOTOPOMY OH COOTBETCTBYET.



[Ba anemeHTa x n y MHOXecTBa X, YNOpSAOYEHHOTO OTHOLLEHNEM <, CPaBHUMbI, €CAN
ambo x < y, nmbo y < x. TosopsiT, uto y € X nexut mexgy x € X n z € X, ecin

x < y < z. DneMeHT x MHOXecTBa Y C X Ha3bIBaeTCs MUHUMaJbHbIM
(MakcumanbHbLIM) 31IEMEHTOM 3TOro MHOXecTBa, echm Vy € Y((y < x) — (v = x))
(cooteetcTBenHo Vy € Y((x < y) — (¥ = x))). DNeMeHT x OrpaHn41BaeT MHOXECTBO
Y C X cBepxy (cHusy), nnm siensietcs BepxHeil (HUKHEN) rpaHblo MHOXeCTBa Y, ecan
Vy € Y(y < x) (cootetctBenHo Vy € Y(x < y)). Ecnu npn stom x npunagnexut
MHOXeCTBY Y, TO OH Ha3blBaeTCst HaumMeHbwnM (Hanbosbwrm) snemeHTom Y 1
obosnauvaetcs min 'Y (max Y). MHOXeCTBO, y KOTOPOro ecTb BepxHsist (HUKHSS,
BEPXHSISt U HUKHSIS) FPaHb HA3bIBAETCS OrPaHNYeHHbIM CBepXy (OrpaHMHeHHbIM CHU3Y,
orpaHunyeHHbiM). Hanmenbwas (Hanbonbluas) BepxHsis (HUXKHSAS) rpaHb MHOXECTBA
Y, ecnn oHa CyLLeCTBYET, Ha3blBAETCsl TaKXXe TOYHOW BepxHel (HMMHeﬁ) rpPaHbiO, Uan
cynpemymom (nHdumymom), MHoxecTBa Y n obosHaqaetcs sup Y (inf Y).



NHTepeanom ynopsigoderHoro muoxectsa (X, <) HasbiBaeTcs ntoboe ero
NOAMHOXeECTBO | C TEM CBOWCTBOM, 4TO Ansi MobbIX x, ¥y € | Bcakmii anement z € X
Mexay x u y npunagnexuT |. VHTepBanbl bbiBatoT BOCbMY TUMOB:

a) {x:x<a}, B) {x:a<x<b}=]ab],
6) {x:x < a}, e) {x:a<x<b}=(ab),
B) {x:a< x}, é) {x:a<x<b}=]ab),
r) {x:a<x}, x) {x:a<x<b}=/a0b],

rae a,b € I. NuTtepBansl TMNOB a), B) 1 4) HAa3bIBAOTCS 3aMKHYTbIMU, NHTEPBAbI
TUNOoB 6), r) U €) — OTKPbLITLIMU, @ UHTEPBAJIbI TUMOB €) N XK) — MOJAYOTKPLITHIMY
NHTEpBasiamMu, a MHOTAA MPOCTO nosyrHTepsanamu. ViHTepsansl Tvnos a)-r) HasbiBatoT
Jly4amu, a WHTEpPBasbl TUMOB A)—K) — OrPaHUYEHHbIMU NHTEpBanamu (XoTs ecnu
MHOXecTBO (X, <) copepuUT HaMMEHbLINI UAN HAaNDOLLLNIA SNIEMEHT, Ny4n TOXKE
MOTyYT ObITb OrpaHnyeHHbIMuN). VIHTepBanbl Tnos a) u 6) Ha3bIBAIOT Takxke
HaYabHbIMU VHTEPBANAMU.



Mopsigok < Ha X Ha3bIBAeTCs NIMHEAHBLIM, eCnu tobble ABa 3IEMEHTA X U ¥ MHOXECTBA
X cpaBHumbl. B aTom cnydae napa (X, <) Ha3blBaeTCs JIMHENHO yNOPsiAOHEHHBIM
MHOXeCTBOM, a napa (X, <) — cTporo NNHERHO yNopsifOYEHHBIM MHOXECTBOM.

Mopsigok < Ha X MoJOH, ecin OH JinHeeH n noboe HenycToe MHoXecTBO Y C X
cogepXut HaumeHbwnii (B Y) anement. Mapa (X, <), rae < — nosHblii Nopsifok,
Ha3bIBAETCS BMOJIHE YNOPSIAOYEHHBIM MHOXECTBOM, a napa (X, <) — ctporo Bnosxe
yMNopsiA0HeEHHbIM MHOXECTBOM. Besikoe HenycToe BMnosiHe ynopsii0HEHHOE MHOXECTBO
NMEET HaNMEHBLUNI 371eMeHT (XOTsi HaMbONbLINI SNEMEHT CyLLECTBOBaTL He 00s3aH),
ANIst BCAKOTO €ro 3/1eMEeHTa, KOTOPbI He SIBASIETCS HanbOoMbLUMM, ONpPefeNnéH 3eMEHT,
HENOCPEACTBEHHO CEAYIOLMIA 32 HUM.



Ha kaxgom nogmuoxectse Y ynopsigodenHoro MHoxectea (X, <) ecrecTBeHHo
BO3HMKAET UHAYLMPOBAHHLIV NMOPSAOK, UK CyXKeHue nopsigka < Ha Y — 370
nepeceyeHne nopsigka < (koTopsblii siBnsietcsi nogmHoxectsom X X X) ¢ Y x Y. Kak
JIErKO BUAETb, MHAYLMUPOBAHHLIV NMOPSAOK JIMHEEH WM MOJIOH, €C/IN TAKOBbIM SIBISIETCS
nopsigok < Ha X. B panbHeiiwem, paccmaTpuBas nOgMHOXECTBA YNOPAAOHEHHbIX
MHOXECTB, Mbl BCerga byaem cumTaTb, Y4TO OHU CHabXeHbl UHAYLMPOBAHHBLIM
MopsIAKOM.

OTobpaxetne f: X — Y mexay ynopsigodenHsiMu MHoxectsamu (X, <) u (Y, x)
Ha3bIBAETCS MOPSIAKOBLIM U30MOPMU3MOM, @ CaMU 3TN YNOPSAOYEHHBIE MHOXECTBA —
MopsiAKOBO U30MOPMHBLIMY, €Cin f B3aUMHO OfHO3HAYHO M ANst MobbIX X,y € X
COOTHOLLEHNE X < y BbIMOJIHEHO TOrAa M TosIbKO Toraa, korga f(x) < f(y). B cayvae
JINHEAHO YNOPSIA0HEHHBIX MHOXECTB JItobasi M30TOHHAs (T.e. COXPaHsIOLLAsH MOPSIAOK,
«MOHOTOHHO HeyDblBatoLasn» ) bruekums SBASETCS NOPSAKOBLIM M30MOPPU3MOM.



Teopema Uepmeno

JIt0boe MHOXKECTBO MOXHO BIOJIHE YNOPSIAOHUTS.

Jlemma LlopHa

Myctb (X, <) — 4acTUYHO ynopsijO4EHHOE MHOXECTBO C TEM CBOWCTBOM, YTO Y
oboro nogmHoxectea Y C X, Ha KOTOPOM WUHAYLMPOBAHHBINA NOPSILOK OKa3bIBAETCS
JINHENHBIM, UMEETCSI BEPXHSIS rpaHb. Torga B X eCTb MakCUMAaJsibHbIi S/IEMEHT.




TpaHCcrHUTHASE UHAYKLUS 11 PEKYPCHS _

MNoHATre BnosiHe ynopsifoHeHHOro MHOXecTBa 1 Teopema Llepmeno nossonsiot
PacnpoCTpaHUTbL METOA MAaTEMATUYECKOR UHAYKLMUN HA MPOU3BOJILHBLIE MHOXECTBA.
Mycte X — ntoboe HenycToe MHOXECTBO 1 p(x) — ntoboe BbicKasbiBaHMe 06
anemenTax X. [Npegnonoxum, 4To HaMm yganocb BBECTW MOJHbIA nopsgok < Ha X Tak,
4TO Mbl YMEEM A0Ka3biBaTh ¢(Xxp) AN HANMEHBLLIETO 3/IEMEHTA Xg U YMEEM BbIBOAUTH
yTBepxgeHue p(x) us yreepxaenus «p(y) BepHO Ans BCex y < X». Toraa mbl CMeso
MOXXEM YTBEPXKAATb, YTO yTBepKAeHMe p(x) BepHO ans Beex x € X. [elictBuTensHo,
€C/IN 3TO HE TaK, T.e. eCAN MHOXKeCTBO {x € X : ¢(Xx) HEBEPHO} HEMYCTO, TO Mbl MOXEM
B351Tb HAMMEHbLLLMNIA 3IEMEHT B STOM MHOXECTBE U CPa3y MOJy4nTb NPOTUBOPEYNE.



Teopema 06 nsomopdusme

Mycts (X, <) u (Y,=<) — nobeie BroHe ynopsifoqeHHble MHOXECTBA. Torga nbo
cywjecTsyet x, € X Takoii, 4To HavanbHbiti uHTepBan {x € X : x < x,} mHoxectBa X
MopsifKOBO M30MOpPCeH BMOJIHE YopsiaoHeHHOMY MHoxecTBy Y, nbo cywjecTsyer

Y« € Y Tako#i, 4To BMOJIHE YNOPsSiZ0HEHHOE MHOXECTBO X MOPsiAKOBO N30MOPHO
HavanbHomy uHTepBany {y € Y 1y < y.} mHoxectBa Y, mbo camu MHOXeCTBa
(X,<) u (Y, <) nopsakoBo n3oMophHbl.




OTHoLUEHME 3KBUBANEHTHOCTY HA MHOXecTBe X — 3TO MOAMHOXECTBO ~ [eKapToBa
kBagpata X x X, obnagatoLiee cnefyowumy CBORCTBaMu:

o (x~y)A(y~2z))— (x~2z) (TpaH3nTMBHOCTL);

@ Vx € X(x ~ x) (pecbnekcneHocTb);

o (x~y)—=(y~x) (cummerpmyHocTs).
3anuch X ~ y YNTAETCS «IJIEMEHT X DKBUBAJIEHTEH 3/IEMEHTY ¥» WM «3JIEMEHT X
~-3KBUBAJIEHTEH DNIEMEHTY Y.

Ons kaxporo anementa x € X MHoxecTBO {y € X : y ~ X} Ha3bIBaeTCs KIaccom
5KBNBAJIEHTHOCTM 371eMeHTa x 1 obosHavaetcs [x] wam [x]~. Muoxecteo Y knaccos
SKBUBAJIEHTHOCTI COCTOUT U3 HEMEPECEKAIOLLNXCS NOLMHOXECTB MHOXecTBa X, 1
UY =X, 1e. Y apnsercs pasbuernem mHoxectBa X. MHOoXecTBO Kjiaccos
SKBMBAJIEHTHOCTN HA3bIBAETCA PaKTOPMHOXKECTBOM MHOXeCTBA X MO OTHOLUEHUIO ~ 1
obosHavaeTcs X /~.



[lns KaXX[Oro OTHOLLEHNST SKBMBANEHTHOCTU ~ Ha MHOXecTBe X npasuio x — [x]
onpepensiet clopbekTnBHoe otobpaxerue q: X — X /~. Ono HasbiBaeTcs
eCTeCTBEHHbIM 0TObpaxkeHnem MHoxecTBa X Ha dakTopmHoxectso X /~. C apyroii
CTOpOHbI, Kaxkaas ctopbekunst f: X — Y nopoxgaeT OTHOLWEHWE SKBUBAJEHTHOCTH
~f, N5 KOTOPOrO OHA SIBJSIETCA €CTECTBEHHLIM OTODPaXKEHNEM: X ~f y, €CAU
f(x) =f(y); npu atom Y = X /~r.

Takum 0bpazoM, Mo CyTU OTHOLLEHNSI SKBUBANEHTHOCTU U CIOPBEKTUBHbIE
oTODpaXKeHUs1 — B3aMMO3aMEHSIEMbIE MOHSTUS, N BbIOOP A3blka 3KBMBANEHTHOCTER MK
oTobpaxkeHnii — He Bonee Yem BoMpocC yaobCcTBa U NpeanoHTEHMiA.



Onepau,mm HaJ MHOXECTBaMU _

BunapHble onepaunn — 310 N (nepeceyetne), U (obbeguHenune), \ (pasHocts) n A
(cummetpuyeckas pasvocts (A A B = (AUB)\ (AN B)). VHapHble onepayun —
nepexod K NOAMHOXECTBY 1 (Npn Hanuynu puKCMpoBaHHOro MHoxecTea U,
COAEpKaLLEero BCe pacCMaTpNUBaEMble MHOXKECTBA B Ka4€CTBE MOLMHOXECTB)
AOMosHeHNe — pa3HOCTb Mexay U n AaHHBIM MHOXECTBOM; LOMOJHEHNE MHOXeCTBA A
obo3HauvaeTcst A unu A. MocnefoBaTeNbHOCTL BbIMONHEHUS OnepaLmii Hag
MHOXXeCTBaMU 3afaéTcs ckobkamu. [pu oTcyTCTBUM CKOBOK CHaYana BbIMOHSETCS
onepauusi JOMONHEHMUS!, 3aTEM OMEPaLM NEPECEHEHUS 1 Pa3HOCTM, KOTOPbIE UMEIOT
OAMHAKOBbI NPUOPUTET, U B MOCNEAHIO OHepeab — Onepaunn obbeanHeHNs ©
CYIMMETPUNYECKON Pa3HOCTN.



OcHoBHble CBOVCTBa Onepawuii

@ Onepauyun N, U n A accoumaTuBHBbI.
@ Onepauyuu N, U n A KOMMYTaTUBHBI.
@ Onepauyuu N v U guctpubyTuBHLI APYr OTHOCUTENLHO Apyra: ANs Jtobbix
MHoxecTB A, B n C BbINOJIHEHbI COOTHOLLEHUS
AN(BUC)=ANBUANC

n

AUBNC=(AuC)n(BUCQC).
@ Onepauusi N gucTpubyTrBHA OTHOCUTENBHO A: AN Nobbix MHoxecTB A, B u C
BbINOJIHEHO PaBEHCTBO

(AAB)NC=(ANC)A(BNC).
o [ns noboro mHoxectea A AN =0 un AUD = A.

@ [lononHeHne MHoxecTBa A 00 hukcuposaHHoro obbematoLlero Muoxectsa U
obnagaeT ceolicTBamm
ANA=0, AUA=U, AAA=U, (A=A,
@¢=U, U°=w.



L aaaaaanan—a————

Ons nobbix mHoxects A, B u C
A\ (BUC)=(A\B)N(A\C)

g A\(BNC)=(A\B)U(A\ C)



HekapToBo npoussegeHne A X B MHOXeCcTB A 1 B — 3TO MHOXECTBO YNoOpsiA0YEHHbIX
nap {(a,b) : a€ A, b € B} (ata onepauus ectecTBeHHbIM 0bpasom obobuyaercs fo
N-apHoOii omepaunn JeKapToBa MPON3BEAEHUS N MHOXECTB).

BosBeaeHue B cTenerb: ast atobbix MHoxecTB A n B mHoxecTo AP («A B cTeneHn
B>») onpenensieTcs kak MHOXECTBO BCex oTobpaxkeHuii us B B A:

AB = {f. B A}.
ITO MHOXECTBO MyCTO TOJILKO B TOM cJiydae, korga A nycto, a B Henycro.

Bcsikoe nogmHoxecTBo A ntoboro MHoxecTBa X OfHO3HAYHO OMPEAENAETCA ero
xapakTepuctuyeckoin yHkumein xa: X — {0, 1}, Tak 4To MHOXeECTBO BCex
MOAMHOXECTB MHOXeCTBa X €CTECTBEHHO OTOXAECTBISIETCS C MHOXECTBOM 2%, 1 gnisi
MHOXECTBA BCEX MOAMHOXECTB Hapsifly ¢ obosHaueHnem F2(X) WMPOKO NCMosb3yeTcs
obosHaueHne 2.



Onepauun Haa cemeiicTeamn mHoxects

[ns cemelicTBa MHOXECTB # €ro obbenHeHe — 3TO MHOXECTBO BCEX 3JIEMEHTOB
BCEX MHOXECTB U3 .F, a nepeceveHne — 3TO MHOXKECTBO TEX X, KOTOpPbIe NMPUHAAIEXaT
KaXKIOMY MHOXXECTBY M3 cemelicTBa % .

Ons obbeanHeHns ceMeicTBa MHOXECTB # UCNOb3YIOTCA Takxe 0b03HaYeHus

WX : XeZ}n |J X. BoamoxHbl Bapnaumnm — Hanpumep, €Cian CEMeRCTBO 3aAaHO
XeF
HekoTopbIM cBoiicTBoM o, muwyT (J{X : ¢(X)}. AHanornyxbie obosHaqeHus

NCNONb3YyHOTCA ON1A nepecequmﬁ.



MycTb 3afaHbl MHOXECTBO A, CEMENCTBO MHOXECTB .# U CIOPBEKTUBHOE OTODpaXkeHue
f:A— Z. Ons a € Anonoxum X, = f(a) (MHOXeCTBa C pasHbIMU MHAEKCAMN
MoryT coBnagath). CemeiicTeo .% BMecTe ¢ oTObparkeHnem f HasbIBAETCS
NHAEKCNPOBaHHLIM CeMelicTBOM n obosHavaetcs { X, : a € A}. MHoxectso A
Ha3bIBAETCS1 MHOXKECTBOM MH/EKCOB WN UHAEKCHBIM MHOXECTBOM, @ €ro 3JIEMEHTbI —
NHAEKCAMUN SN1EMEHTOB UHAEKCMPOBAHHOTO CeMelicTBa. JeMeHTaMN UHAEKCUPOBAHHOIO
cemeiictea {X, : a € A} cuutatorcst mHoxecTsa X,. Ecan f(a) = () pns o # 3, 70
Xa n Xg — OAHO 1 TO >K& MHOXECTBO, HO Pa3Hble 3/IEMEHTbI NHAEKCUPOBAHHOTO
cemeiicTBa.

B nHAekcMpoBaHHbIX CEMERCTBaX MHAEKCaMU CHAabXXeHbI TOJIbKO CaMn MHOXKECTBA U3
5TUX CEMENCTB, HO He NX 371eMeHTbl. [103ToMy 0bbeanHeHNst N nepeceyeHms
NHAEKCUPOBAHHbIX CEMENCTB ONPEAENstOTCS TOYHO TaK XKe, Kak oDbefuHeHs v
rnepeceyeHnsi COOTBETCTBYIOLYMX HEMHAEKCUPOBAHHbBIX CEMENCTB, U HUYEM OT HUX He
OT/NYAIOTCS, 3aTO A0DaBAAOTCA HArNsiAHbIE BapuaHTbl obosHaveHuii | J{X, : o € A} n

U X. (1o xe pns nepeceqenmii).
a€A



[nst obbenuHeHnii n nepeceyeHmnii CEMECTB BbIMOJHEHbI 3aKOHbI 4UCTPUOYTUBHOCTM U
Ae MopraHa B cunbHoii chopme: ans ntoboro muoxxectsa X u ntoboro
nHpekcmposaHHoro (ans ygobcrsa) cemeiictea mHoxecTs { Y, : a € A}
o XN |JYa={JXnV), o X\ |JVYa=[)(X\VYa)
acA acA a€cA a€cA

e XU[)Ya=[)(XUYa), o« X\ [ Ya={JX\Va)

acA a€cA acA acA



[ekapToBo nponssepeHne cemeiictea mHoxects {X, : a € A} onpegensietcs Tak:

[T Xa={f: A= [ Xa:Va € A(f(a) € Xa)}.

a€cA acA
Onement f: A — |J X, npomssegenus [[ X, npuHsTO 3anucbiBaTh He B BUAE
acA a€EA

oTobpaxkeHusi, a B cneyuanbHoM BUAe (Xo)acA, TAE NOAPA3yMEBAETCS, HTO
Xq = f(a) € Xy ans kaxgoro av. pu 3ToM X, Ha3bIBaeTCs (-ii KOOPANHATON
anemeHTa (X )acA-

KaHoHuueckoli npoekuueit nponsseaerns [[ X, Ha comuoxuTens Xs, rae 3 € A,

acA
Ha3blBaeTcst oTobpaxenune mg: [[ X, — Xz, onpenenénHoe ecTeCTBEHHbIM NPABUIOM
acA
Wﬁ((Xa)aeA) = xg Anst BCeX (Xa)acA € [[ Xo. Korpa sicHo n3 koHTekcTa, 4To peyb
acA

UGET UMEHHO O KAHOHWYECKNX MPOEKUMSIX, Mbl Dygem HasbiBaTb WX MPOCTO
NPoeKLNsiMU.



CyxxeHue, nogotobpaxkeHne, NpogoskeHue, obpaTHoe oTobpaxeHue ...

o Komnozuums otobpaxennii f: X — Y n g: Y — Z — 310 oTobpaxeHue
gof: X — Z, onpepenénoe npasunom x — g(f(x)).

o [lekapToBbiM npousseaeHneM otobpaxenuii fi: X1 — Yiun hH: Xo = Y,
HasblBaeTcst oTobpaxenue fi X fr: Xy X Xo — Y1 X Y5, onpefnenénHoe npasuiaom
(x1,x2) = (fi(x1), f2(x2)). Bonee obwo, fekapTOBO NpoM3BeaeHMe CeMelicTBa
oTtobpaxeHnii {f, : X, — Yo} — 310 oTObpaxeHune

H fo: H Xo = H Ya, (Xa)aeca = (fa(xa))aca-

acA acA acA



@ [lnaroHanbHoe nMpousBegeHne, N guaroHans, otobpaxenuit f: X — Y n
g: X — Z, onpeaenéHHbIX Ha OHOM N TOM >Ke MHOXECTBe, — 3TO O0TobpakeHune
fAg: X — Y xZ, zapanvoe npasunom x — (f(x), g(x)), a anaronans
cemeiictBa otobpaxenuin {f,: X — Y, : o« € A} — 310 oTObpareHne

A i X — H Yo, x = (fo(x))acA-
acA acA

Bcesikoe oTobpaxetue f: X — [] Y, siBAsieTCcs anaroHasbHbIM NpoM3BeEHNEM
CBOMX «KOOpAMHATY f, = Ty o f (kaxpgoe f, nepeBogut Touky x € X B (-0
KOOpAMHATY eé obpazsa f(x)).



MowHocTb MHoXecTBa X obosHavaetcst | X|. [lBa mHoxecTBa X n Y HasbiBatoTCs
PaBHOMOLLHbIMW, €CNIN CYLLEeCTBYET 6V|6KL||V|$| MeXxay HUMW; B 3TOM Cny4dae roBopAaT
ewg, yto mowHoct X u Y paeHbl, n nuwyT | X| = |Y|. B HaneHoii (kaHTopoBckoii)
TEOPUN MHOXECTB MOLLHOCTL |X | MHOXecTBa X MOHMMAETCs KaK KNacC BCEX MHOXECTB
Y, ans koTopbIx cywecteyeT buekuus X = Y.

MowyHocTn MHOXecTB MoxHO cpaBHuBaThb: | X| < |Y|, ecnim X paBHomowHO
nogmHoxectsy Y, T.e. ecnn cywiectsyeT nHbekuyust ns X B Y (1an, 4To paBHOCHIBHO,
ctopbekunsi n3 Y Ha X). Xopowo un3ssectHasi Teopema Kantopa—bepHiuTeiina rnacur,
uto ecam | X| < |Y| mn |Y| < |X]|, To |[X]|=]Y].



KaHTOp Ha3biBa/l MOLLHOCTM MHOXECTB KapAuHanaMmu u obosHavan beckoHeuHble
KapanHansl bykeoii X («aned», nepsas byksa eBpeiickoro angasuta) ¢ MHAEKCAMU;
WHAEKCHI Oblny ynopsifoyeHbl Tak, 4To BOMbLWMM UHAEKCAM COOTBETCTBOBANN OOnbLIne
kapauHanbl. Camblli ManeHbkuii aned — 370 Ng (MOLLHOCTE MHOXECTBA HaTypasibHbIX
qucen). Bce mHoxecTBa mMowwHocTn Rg (T.€. HaXOAALWMECS BO B3aMMHO OLHO3HAYHOM
COOTBETCTBUM C MHOXECTBOM HATypaJsibHbIX YMCEN) Ha3bIBAIOTCS CHETHLIMU, @ He
ABNAOLMNECA CHETHBIMUN BECKOHEYHbIE MHOXECTBA Ha3bIBAOTCA HECHETHBLIMU.
HanMeHblLas MOLIHOCTb HECHETHOrO MHOXECTBa 0bo3HavaeTca Ny, HauMeHbLLas
MOLLIHOCTb, bdabwasn N1, obosHayvaeTtcsa No u T.4.



YeM nHaeKcUpoBaTh KapAuHabl?

YT106bI OTBETUTL Ha 3TOT BOMPOC, BAODABOK KO B3aUMHO OAHO3HAYHLIM COOTBETCTBMUSIM
MeXay MHOXecTBaMu KaHTop paccMOTpen nopsifkoBble N30MOPU3MbI MEXIY BMOJIHE
yNopsifoYeHHbIMU MHOXeCTBaMun. Kaccbl NOpsiAKOBO N30MOPMHbIX BMOIHE
YNOpsiLOYEHHBIX MHOXECTB OH Ha3BaJl MOPSIAKOBLIMU TUMAMU, WM OPAVHANAMMN.
Teopema 06 nsomopdunsme st BNOSHE yNOpsALOHEHHBIX MHOXECTB Aa&T NpeKpacHbIi
WHCTPYMEHT [J1i CPAaBHEHUSI OPAVNHANOB — LOCTAaTOYHO 3aMETUTh, YTO HUKAKOE BMOJIHE
ynopsigoHeHHoe MHOXecTBO (X, <) He N30MOPMHO HUKAKOMY CBOEMY COBCTBEHHOMY
HavanbHOMy mHTepBany {x € X : x < x*}, rge x* € X. [Nocne atoro ocraHercs Anwb
0D BSBUTL, YTO MOPSIAKOBLIA TUM BMNOJIHE YNopsigodeHHoro mHoxecTsa (X, <) MeHbLue
NOpsiAKOBOroO TUMa BMOJIHe ynopsigodeHHoro muoxectea (Y, <), ecnm (X, <)
MOPsIfKOBO M30MOPHO HavanbHOMY nHTepBasy MHoxectBa (Y, <). WimeHHo
opauHanamu KaHTop v MHAEKCUPOBaN anedei.



B coBpemeHHOli (aKCMOMaTNYECKOIi) TEOPUN MHOXKECTB TEOPUSI KAPAUHATIOB 1
opauHanos BnosHe cdopmannsosaHa. [log opauHanaMm NOHMMAOTCA He K1accChl
NOPsiAKOBO U30MOPHbLIX BMOJIHE YNOPSBOHEHHBIX MHOXECTB, @ KOHKPETHLIE BMOJIHE
ynopsiio4eHHble MHOXeCTBa. B onpeaeneHun opguHana gpurypupyeT noHstume
TPaH3UTUBHOCTU: MHOXECTBO X TPaH3UTUBHO, eCNU Kaxkablii anemeHT X sIBASIETCA €ro
NOAMHOXECTBOM; UHbIMU CIOBaMU, AN Kaxaoro y € X BCe 3/1eMeHTbl MHOXEeCTBa Y
aensitotes Takxke anementamn X. OpguHan (gpyrue HasBaHUst — NOPSIAKOBLIT TUM 1
MOPsIZLKOBOE HUC0) — 3TO JItobOe TPaH3UTNBHOE MHOXECTBO, CTPOrO BrOJIHE
ynopsigodeHHoe oTHoweHneM €. COOTBETCTBYIOWMIA HECTPOruii Nopsigok obosHavaeTcs
CTaHAAPTHLIM CYMBOJIOM <, @ CaMu OpAuHanbl 0bbI4HO 0b03HaYatOTCS NepBbIMM
bykBaMu rpeveckoro asndasuTa.

V13 onpepenennst BUAHO, YTO KaXKAbIA 3EMEHT OpAMHaNa CaM SIBASIETCA OPAUHAIOM:
ecnim o — opanHan n B € a, 1o B — Toxe opguHan, npudém = {y € a: vy < f}.
NubiMu cnoBamu, ntoboii s1eMeHT opamHana siBASETCA HaYalbHbIM MHTEPBAIOM 3TOro
opAuHana u Haobopor.



N3 Teopembl 06 nzomopcusme anst BrosHe ynopsifoYeHHbIX MHOXECTB BbITEKAET, YTO
ecin a n B — ABa HEM3OMOPMHbLIX OpAnHana, To MMBO OANH U3 HUX N30MOpdEH
Ha4YanbHOMY MHTepBany (= anemeHTy) apyroro, nmbo HaobopoT. Jlerko BuAeTH, 4TO B
JAHHOM Cilydae n3oMopdr3m 03Ha4YaeT PaBeHCTBO: ecam « U 3 — ABa pa3HbiX
opAauvHana, 1o mbo « € 3, nimbo [ € a. Takum obpasom, oTHowehue € (1 <)
YNOPsiA0YNBAET HE TOJIbKO CaMU OPAMHAJbI, HO 1 NO3BOJISIET CPABHMBATL JitODbIE
opAvHanbl APYr C APYroM; JOMyCKasi HEKOTOPYHO BOJILHOCTL, MOXHO CKa3aTb, YTO 3TO
OTHOLLEHNE SBNSIETCS MOPSIAKOM Ha KJlacCe BCEX OPAMHAJIOB.

WTak, gns nobeix gsyx opauHanos o u B nubo o < B, nmnbo S < «, npnyém 3anncu
a < B n « € S 03HaYalOT POBHO OAHO U TOXE, a 3anuck o < [ 03HayaeT, 4yTo Anbo
a € 3, nubo v = B. Kpome Toro, B Cusly akCroMbl PeryasipHOCTM B JIt0BOM HenycTom
MHOXKECTBE OPAVNHAIOB UMEETCS HAUMEHBLUWIA S/IEMEHT, T.€. K1aCcC OPANHANIOB CTPOro
BMOJIHE YNOPSAOYEH OTHOLLUEHNEM €.



N3 Teopembl Llepmeno n Toro, 4To BCsikoe BrnosiHE YNOPsifOYEHHOE MHOXKECTBO
N30MOpPdHO OpAUHay, CleayeT, YTO MOLLHOCTb JIl0BOro MHOXECTBA PaBHA MOLLHOCTY
HEKOTOPOro OPAMHANA, a 3HAYUT, N MOLLHOCTU HEKOTOPOro wy. OTciona HemMeaNneHHO
BbITEKAET CPABHUMOCTb MOLLHOCTEN JIHOBBIX MHOXECTE N CYLLECTBOBAHUE HAaUMEHbLLErO
HecuéTHOro kapamHana Np (a Takxe u CyliecTBOBaHMe BCex npodux anedos). B
COBPEMEHHON TEOPUN MHOXECTB KapAMHabl (MOLLHOCTI MHOXECTB) OMPEeAENsitoTCs Kak
OPAVHANbI BUAA Wq; APYrUMU ClIOBaMu, KapauHan — 3To awoboii opanHan « C TeM
CBOWCTBOM, 4TO MOLLHOCTb BCAKOrO OpAMHana [ < « MeHbLle MOLLHOCTU «, T.€.
HUKaKoW opanHan 8 < « HeJib3si CIOPBEKTUBHO OTODPa3NTb Ha (v MOXHO ELLE CKa3aTb,
YTO OpAMHAN SIBNAETCA KapAWHAAOM, €C/IM OH PaBeH CBOE COBCTBEHHON MOLLHOCTW.



Takum 0bpazoM, CUMBOJIbI W, 1 0DO3HAYAIOT OGHO U TO XKe, U Ceiivac Wy,
NCMONb3YTCs 4151 0D03HAYEHUs KAPANHAIOB JaXxe Halle, YeM N, (XoTs ncnonb3osatb
N, Ans 0bo3HaYEeHUs1 COOTBETCTBYIOLMX OPANHAJIOB, KOr4a OHW PacCMaTpUBalOTCs
NMEHHO KaK OpAWHAJbl, @ He KapAuHabl, He npuHsATo). WTak, kapanHansl — 370
KOHKPETHbIE OpAMHabI, W KNAacC BCEX KapAWHAJIOB BMNOJIHE YNOPAAOYEH TEM XKe
OTHOLLEHNEM <, YTO U opamnHanbl. KapamHanel obbiyHO 06o3HaYatoTCs bykBamu uns
cepeaunHbl rpedeckoro andasuta nam anedom C MHAEKCaAMN.

KapauHanel 0TAMYaloTCs OT OPANHAIOB apudMeTUKONM.



MeTpuueckue npocTpaHcTea s

Onpegenedne
MeTtpukoii Ha MHOXecTBe X HasbiBaeTcst chyHkumst d: X X X — R co ceolicTeamu
Q@ d(x,y) =0 Toraa n Tonbko TOrAa, KOrAa X = y (akcmoma TOXAECTBA);
@ d(x,y) = d(y,x) ans nobeix x,y € X (akcmoma cummetpun);
© d(x,z) < d(x,y)+ d(y,z) ans nobbix x,y,z € X (HepaBeHCTBO TPEYrosibHIKA).

MHoxecTBo X ¢ MeTpukoii d Ha3bIBaeTCS METPUHECKNM MPOCTPAHCTBOM U
obozHauaetcs (X, d) nnm npocto X. Toukamu MeTPUHECKOro NPOCTPaHCTBa
CHMTAOTCS TOUKM MHOXecTBa X. 3Hadenune d(x,y) Ha3bIBAETCS PAacCTOSIHMEM MEXAY
TOYKaMu x 1 y B MeTpuke d unm B meTpuyeckom npoctpatctee (X, d). Paccrositne
Mexay HenycTbiMu MHOxXecTBamu A, B C X onpegensietcs chopmysoii

d(A, B) =inf{d(x,y): x € A,y € B}. Bmecto d({x}, A) nuwyt d(x, A).




/13 onpeneneruns metpukn BoiTekaet, 4To d(x,y) > 0 ans nobbix pasnuutbix x,y € X.

Myctb (X, d) — meTpuueckoe npoctpanctso, x € X n £ > 0. MHoxecTso
Ba(x,e) ={y € X : d(y,x) < e}
Ha3bIBAETCA £-OKPECTHOCTHIO TOYKU X, WAW OTKPbITHIM LLIAPOM Pamyca € C LLeHTPOM B
TOYKE X, @ MHOXEeCTBO
Ba(x,e) ={y €e X : d(y,x) < e}
— 3aMKHYTbIM LUApOM pajunyca € C LLEHTPOM B X.
FoBopaT, 4To MHOXecTBO U C X oTKpbITO, ecnn ans nwboro x € U Haiigércsa Takoe
e >0, yto By(x,e) C U. Besikoe mHoxectso F C X, ans kotoporo X \ F oTKpbITO,
Ha3bIBAETCS 3aMKHYTbIM.
NHaye, mHoxkecTBO U OTKpBLITO, €cn BMECTE C KaXKAOW TOUKO OHO COAEPXKMUT
HEKOTOPYIO £-OKPECTHOCTb 3TOM TOYKM, N F 3amMKkHYTO, ecin y ntoboii He
npuHagnexatleli F Toukyn HalBETCA £-OKPeCTHOCTL, He nepecekatowias F.



B cuny HepaBeHCTBa TpeyronbHIUKa BCe OTKPbITbIE Wapbl By(x, ) AelicTButensHo
OTKpbITbI: ecnun y € By(x,¢€), 1o d(y, x) < €, a 3Ha4nT, Hailgércs 6 > 0, Anst KOTOPOro
d(y,x) < e —§; ans noboii Toukn z € By(y, d) no HepaBeHCTBY TPeyrosibHUKA NMeeM
d(x,z) < d(x,y) +d(y,z) <e—0J+ 9 =¢e, aat0 o3HauaeT, 4T0 By(y,d) C By(x,e).
OueBMAHO TakXe, 4YTO BCe 3aMKHYTble Wwapbl By(x,€) 3aMKHyTHI.

/Tak, oTKpbITbIE MHOXECTBAa — 3TO BCEBO3MOXKHbIE ODBEANHEHNSI MHOXXECTB BMAA
Ba(x,€) (c pasHbimun x u ). WHbiMu cnosamu, mHoxectso U C X oTKpbITo <=
U = J{B4(x,ex) : x € A}, rae A — noboe nogmHoxecteo X un ey, x € A, — nobble
MONOXKNTENbHBIE YNCHa.

HenpepbIBHOCTb 0TOBpaXkeHUiA METPUYECKNX MPOCTPAHCTB, CXOANMOCTb
NOC/NIEfOBATENBLHOCTI B METPUHECKOM MPOCTPAHCTBE 1 T.M. ONPEAENSIOTCS TOYHO TaK
XKe, KaK 1 B CJlyHae YnUCiIoBbIX (PYyHKLMUA — Hanpumep, oTobpaxeHne f HenpepbiBHO B
TOuKe X, ecnn ans noboii e-okpectHocTn U Toukn f(x) Haligércs d-okpecTHocTb V
Toukn x, anst kotopont f(V) C U.



Onpegenerue
Mycte X — MHOXECTBO 1 Kaxkaol Todke x € X NOCTaBAEHO B COOTBETCTBNE CEMENCTBO
U (x) nogMmHoxecTB X Tak, 4TO BbINOJHEHbI CJEAYIOLLNE YCIOBUS-aKCUOMBI:

@ noboe mHoxecTBO U € % (X) COREPXKMT TOUKY X;

@ ans mobbix U, V € % (x) naiipgércs W € % (x) takoe, uto W C UNV;

© ans noboro mHoxectsa U € % (x) n noboii Toukn y € U naiigércs V € % (y)

Takoe, 4to V C U.

Cemeiicto {% (x)}xex Ha3bIBAeTCs CUCTEMON OTKPbITbIX OKpecTHOCTel. MHoXecTBO
X BMecCTe C 3afaHHO Ha HEM CMCTEMOW OTKPbITbIX OKPECTHOCTEW Ha3bIBAETCS

TOMOJIOTNHECKUM MPOCTPAHCTBOM; TOYHKAaMWN TOMOJIOTMHECKOTO NMPOCTPAHCTBA
CUNTAKOTCA TOYKMN MHOXKecTBa X.




MNogmHoxectso U Tononornyeckoro npoctpaHcTea X Ha3blBaeTCs OTKPbITHIM, €C/N
anst noboii Toukn x € U cywectyet V € % (x) Takoe, 4to V' C U. MHoxecTBo

F C X 3amkhyTo, ecnu X \ F otkpbiTo. Jltoboe oTkpbiToe MHoxecTBO U, copepxaluee
TOYKY X € X, Ha3bIBAeTCS OTKPbITON OKPECTHOCTLIO 3TON TOYKMU.

VcnoBue 3 B 3TOM ONpeAesieHnn paBHOCUIILHO TOMy, 4TO ntoboe mHoxecTBo U € % (x),
x € X, oTkpbITO, a ycnosusi 1 n 3 BmecTe — ToMy, 4TO ntoboe mHoxectBo U € % (x)
ABNSETCA OTKPbITON OKPECTHOCTBLIO TOYKM X.



OnpepeneHne TONONOrMYECKOrO NMPOCTPAHCTBA

Tononornyeckoe NPOCTPaHCTBO — 3TO MHOXECTBO X BMeCTe C CeMeiicTBoM .7 ero
MOAMHOXXECTB, YAOBJETBOPSIIOLLUM CNEAYIOWNM YCIOBUSIM-aKCUOMaM:

Q@ ocT, XeT;

Q@ eccm % C 7,70 J% € T (HbIMKM cnoBamu, ecnn A — NpoM3BOJIbHOE

MHAEKCHOE MHOXeCTBO 1 ansi Besikoro « € A U, € 7,10 | U,y € T);
acA

Qem U, VeI, ToUNVeT.

CemelicTBO 7 HasblBaeTcsa Tonosiornei Ha MHoxxecTBe X, ero 31eMeHTbl —
OTKPbITEIMY MHOXECTBAMU, @ UX SOMOJHEHUSI — 3aMKHYTbIMU MHOXXECTBaMMU.
MHoxecTBa, ABAAIOWMECT OLHOBPEMEHHO U OTKPLITBIMU, U 3aMKHYTLIMMN, Ha3blBalOTCS
OTKPbITO-3aMKHYTbIMU.




st Tononoruyeckoro npoctpaHcTea (MHoxecTBa X ¢ Tononorueii .7 ) MCnonb3yercs
obozHauenme (X, 7)) nam X; ero ToukaMu CHNTAOTCS 3eMeHTbI MHOXecTBa X.

Muoxecteo U C X HasbiBaeTcst oTKpbITOl OKpecTHOCTbO Todku x € X, ecam U 3 x
n U e 7. Jlioboe nogMHoxecTBO X, cofiepKalluee OTKPLITYIO OKPECTHOCTL TOYKN X,
Ha3bIBAETCS1 OKPECTHOCTLIO TOYKM X, a toboe nogmHoxecTeo Buga N\ {x}, rae N —
OKPECTHOCTb TOYKM X, Ha3bIBAETCS MPOKOJIOTOV OKPECTHOCTLIO X.

OkpecTHoCTM onpegeneHbl N Anst NOAMHOXECTB X: OTKPLITOW OKPECTHOCTBLIO
mHoxecTBa A C X HasbiBaeTcst ntoboe oTKpbIToe nogmHoxecTso X, cogepxaliee A, a
OKPECTHOCTbIO MHOXECTBA A HasbiBaeTcs Ntoboe nogmHoxxecTso X, comepkallee
HEKOTOPYIO OTKPbITYIO OKPECTHOCTH MHOXECTBA A.



Onpegenexune

Mycts (X, J) — Tononoruyeckoe npoctpaHcTeo. CemelictBo Z C .7 Ha3blBaeTcs
6asoii Tonosoruu 7, nnu 6asoli Tononoruyeckoro npoctpaHctea X, ecnu nroboe
oTKpbIToe MHOXecTBO U B X siBnsieTca obbeanHeHneM an1emMeHToB 4.

OuesngHo, cemelicteo Z C .7 asnsaetca basoin Tononorun 7 Ha mHoxectse X Toraa
1 TOJILKO TOMAA KOrAa Ans Kaxaoi Touku x € X u nwoboii eé okpectHocTn U Haipétcs
V € A, ynoeneteopsitoulee ycnosusim x € V C U.

[Mpeanoxerne

CemericTBo 9B nogMHOXeCTB MHOXeCTBa X sBAsieTcs 6a30ii HEKOTOPOU TOMOIOruY Ha
X Torga v TosbKO Toraa, Korga

QO UX=Xu
Q ana mobeix U,V € B n noboii Toukn x € U NV wHaiiaérca W € & co

cgoiicteom x € W C U NV, T.e. nepecedenne nobbix AByx 371eMeHTOB LB
SBSAETCS1 0O bEAUHEHNEM HEKOTOPOro CEMENiCTBa 3/1eMeHTOB AB.




Onpepenexne

Mycts (X, 7)) — Tononoruyeckoe npoctpatcteo. Cemeiicteo # C .7 HasbiBaeTcs
npenbasoii Tononorun 7, uan npenbasoli TONOJOrMYECKOro npocTpaHcTea X, ecin
CEMENCTBO BCEX KOHEYHbIX NEpeceveHnii aneMeHToB A aenserca basoii Tononorun 7 .

Mpepnoxerne

CemericTBo P nogMHOXECTB MHOXeCTBAa X ABAseTCs npesba3oii HEKOTOPOU TOMOOruy
Ha X Torga u Tonbko Torga, korga | J & = X.




Onpegenexue

CewmeiictBo Z(x) (OTKPbITBIX) OKPECTHOCTEN TOYKM X TOMOJNIOrMHECKOrO NMPOCTPAHCTBA
(X,.7) nasbiBaeTcsi (OTKpbLITON) JIOKabHOM basoii Tononorun .7 B TOHKE X, AN
basoil (OTKpPbITLIX) OKPECTHOCTE ToHYkM X B npocTpaHcTee (X,.7), ecnn ntobas
OKPECTHOCTb TOYKMN X COAEPXKNT OKPECTHOCTb 13 HB(x).

Bcsikasi npepbasa Tononorun 7 Ha MHoxecTBe X OLHO3HAYHO OMPELENsieT HEKOTOPYHO
6asy Toii e TOMosOrMK, a 3Ha4MT, n camy Tonosoruto. CemelicTBO IoKaNbHLIX Ha3
TonoAOrMN Bo BCex Todkax x € X obpasyeT cUCTEMY OKPECTHOCTEl U TOXKE OfHO3HAYHO
onpegensiet Tononornto. OQHAKO OAHA U Ta >Ke TOMONOrUsSt MOXET UMeTb (1 NOYTH
BCErAa NMeET) MHOro pasHbix bas n nokanbHbix 6as. Ecin cemeiictBo A sBnsietcs
6a30ii HekoTopoli Tononorun .7 Ha mHoxecTee X, To ntoboe cemelicteo B’ D A,

B C T, Toxe sasnserca basoii 7.



Onpepenexne

HanMeHbluas MOLWHOCTL NOKasbHOW 6a3bl TONOMIOrMKM TOMOIOMMYECKOrO NPOCTPaHCTBA
X B Touke x € X HasbiBaeTcs xapaktepom X B Touke x u obosHaqaetcs x(x, X):

x(x, X) = min{|%4(x)| :
P(x) — nokanbHas 6asa Tononorun X B TOUKe X }.

Cynpemym kapguHanos x(x, X) no Bcem ToukaMm x € X Ha3bIBAETCS XapaKTEPOM
npoctpanctea X n obosnaqaetcs x(X):

¥(X) = sup{x(x, X) : x € X}.
Ecnn xapakTep npoctpanctea X He bonee yem cuéten, T.e. X umeet He Bonee yem

CYETHYIO NIOKasIbHYO Basy B KaXKAOM TOYKe, TO roBopsiT, 4To X YAOBJETBOPSIET NEPBOIA
AKCMOME CYETHOCTMN.




Onpegenerne
HavmeHblias MowHOCTL 6a3bl TONOMOrMM TOMOMOrMHECKOro npocTpaHcTea X
Ha3bIBAETCS1 BECOM 3TOrO MPOCTpaHCTBa U obosHavaetcs w(X):

w(X) = min{|%| : Z — 6a3a Tononorun X}.
Ecnu Bec npoctpaHctea X He bonee yem cuéTeH, TO roBopsaT, 4To X yAOBIETBOPSIET
BTOPOI aKCMOME CHETHOCTW.

Ins noboro Tononoruyeckoro npoctpaHcTea X MMeeT MeCTO HEPABEHCTBO

X(X) < w(X),
NockoNbKy Nitobas 6asa noboit Tononornm Ha MHoxecTee X COAEPXKUT OTKPbITYHO
NoKanbHyto basy Toil e Tononorun B KaXxkaon touke x € X.



Onpegenexue

Mycte X — meTpudeckoe npoctpancTeo. Cemeiicteo Z = {A(x) : x € X}, rae

HB(x) = {Bqg(x,€) : € > 0} — MHOXECTBO BCEX £-OKPECTHOCTEN TOHYKN X METPUHECKOro
npoctpancTga (X, d), obpasyeT cncremy OTKPbITLIX OKPECTHOCTENR, @ 3HAYWT,
MOPOXKAAET HEKOTOPYIO TOMONOTMIO Ty, HA3bIBAEMYIO METPUYECKON TOMONOMMEN.

Cewmeiicteo £ = |J AB(x) sBnsieTcst 6azoii 370l TOMONOrMN.
xeX

Ecim (X, d) — ntoboe meTpryeckoe npocTpaHCTBO 1 .Jy — TOMONOTUS, NMOPOXKAEHHAS

MeTpUKoi d, To xapakTep npoctpaHcTea (X, y) Bceraa He bonee yem cuéren: nobas
OKPECTHOCTHL Jitoboli Toukn x € X conepxut %—OerCTHOCTb X ONs1 HEKOTOPOrO N;
3HaYUT, CeMelicTBO %—OerCTHOCTeVI x ons Bcex n € N obpasyeT nokasbHyto 6asy
Tononornn Jy B TOHKE X, @ 3TO CEMERCTBO He bonee YeM CHETHO.



PasHble MeTpukn di u do Ha OfHOM U TOM >xe MHOXecTBe X MOryT MOPOXAaTb OfHY W
Ty >e Tononoruto g = Jg, Ha X.

Onpegenedne

[Be MeTpukn di n d, Ha OAHOM M TOM ke MHOXecTBe X SKBUBAJIEHTHbI, €C/IA OHN
MOPOXKAAIOT OAHY 1 Ty K€ METPUYECKYIO TONOJOTMIO, T.e. ecnu Ty, = Ty, .




[Mpumepbl MeTpUYECKNX MPOCTPAHCTB

@ [lpoussonbHoe MHOXecTBO X C auckpeTHoit meTpukoit d: X x X — R, koTopas
OMNpeaensieTcs Tak:

0, ecmx=y,

d(x,y) = x,y € X.

JTa MeTpUKa NopoXAaeT AUCKpeTHyto Tononoruto 7 = P (X), B KOTOpoii BCe
nogMHoxxectsa X OTKpbITbI (1 3aMKHYTbI).

1, ecinm x #y,

o Beuwecteennas npsimasi R ¢ obbiyHolt meTpukoii d: (x,y) — |x — y|.

@ Ha nobom HopMypoBaHHOM BEKTOpPHOM MpocTpaHcTBe V' ¢ HOpMOIi
CTaHAapTHbIM obpasom onpegensieTcst MmeTpuka d(x,y) = ||x — y||. Takum
0bpa3oMm, Ha BEKTOPHOM MPOCTPAHCTBE CO CKaNsipHbIM Npon3sefeHuem (-, )
Bo3HUKaeT MeTpuka d(x,y) = v/(x — y,x — y) — OHa nopoxzeHa HOpPMOIi

X1 = v/ (%, %)



B HYaCTHOCTWN, CTAaHOAPTHOE CKaNApPHOE NMPOU3BEAEHNE Ha €BKJINAOBOM MPOCTPAHCTBE

R", onpepenéntoe npasuiom (X, y) =30 xyi pnsax=(xq,...,X,) ER"n
y = (y1,...Yn) € R", 3apaér eBkingosy Hopmy |X|, = /ZI.<,7XI-2 W €BKANZOBY
MeTpuKy dy, (x,y) = /2 i<n(xi — yi)*. Tononoruio, NopoXxaEHHYIO 3TOl MeTpMKOii Ha

R", Mbl byaeM HasblBaTb €BKINLOBONA TOMONOTNEN.



@ nnbbepToBO NPOCTPAHCTBO YUCIIOBLIX NOCIELOBATENLHOCTENR

2 . 2
e = {x: (Xn)nen : g Xy < oo}
neN
CO ckansipHbIM npoussegeHnem (x,y) = Y. X, -y, 1 HopMmoii [|x|l2 = > /2.
neN neN
MpocTpaHcTBO 2 BXOAUT B CEPUIO HOPMUPOBAHHBIX NPOCTPAHCTB

0P = {x=(xn)nen s D Pal? <00}, lxllo =D &/IxalP,

neN neN
roe p S N; Ctoa Xe€ OTHOCUTCA NPOCTPAaHCTBO /°° BCcex OrPpaHNY€HHbIX YNCNOBbIX

MOCNIeA0BATENILHOCTEN C HOPMOI ||X||0o = SUP | Xp|.
neN



@ lNone Q paunoHaNbHBLIX YNCEN C P-afMHECKON HOPMOIA, KOTOpasi ONpeaensieTcs
Tak: ycts p — npocTtoe yncno. Jlioboe He paBHOE Hy/KO PaLMOHANLHOE YUCHO ¢
MOX>XHO NMpPeACTaBUTb B BUJAE p”%, roe n, a n b — uenvle Ynucna, Npu4ém a n b He
pensitcs Ha p. TMonoxum |r|, = p~" un |0|, = 0. Tak onpepenéxHas dyHKLNS
ABNSieTCS HopMUpoBaHueM nonsi Q, n oHa y[oBNETBOPSIET YCII0BMIO
|r 4+ s|p < max{|r|p, |s|p} a 3HaumT, nopoxpaéHHas eto meTpuka d, ygoBneTBOpSIET
CUIbHOMY HEpPaBEHCTBY TPEYrobHIKA

dp(x,z) < max{dp(x,y), dp(y,2)} Anst obeix x,y,z € Q.
MeTpukn C 3TUM CBOICTBOM Ha3bIBAOTCS HEapXUMEAOBLIMU METPUKAMU, WA

p

ynbTpaMeTpuKamu.



o Mertpuyecknii éx J(k) kontovectn k (rae kK — noboit KapanHan) — 1o
obbeanHeHne K KONWiA eAMHNYHOrO oTpe3ka (1rosiok) ¢ obwmum Havanom 0.
@opmansho: J(k) = {0} U (0,1] x k. PacctosiHue mexgy Toukamu x n y
onpefensieTcs Kak obbl4HOE paccTosiHne |x — y| MexAy TOYKaMu eANHUYHOrO
OTpe3Ka, eCn X U y NPUHAAIEXAT OfHONM NUIONKE, U KaK CYMMa PacCTOsiHWIA OT
3TuX Touek Ao 0, eCN OHM NPUHAANEXAT Pa3HbIM UrOJKaM.

dix,y)=a+b

1
@opmanbHoe onpegenenne:  d(0,0) =0, d(0,(x,a)) = x,

(0. (. 6)) = {'X‘y" o

ans nobbix x,y € (0,1 w a, 8 € k.



HoBble MeTprKy MOXHO CTpouTb U3 yxe umetowmxcs. Ecam d: X x X — R —
MeTpuka Ha MHoxecTee X, To ans awoboro A > 0 oTobpaxeHus
A-d:(x,y) = X-d(x,y) u min(d,A): (x,y) = min{d(x,y),\} (3gecb A: R — R —
(PYHKLMS, TOKAECTBEHHO PaBHAsi A) TOXe SIBASIIOTCS METpuKamu Ha X, 1 OHM
NopoXKAAtOT Ty >xe Tonosoruto. Boobule, ecim f: R — R — HeybbiBatowas dyHkLus
Takasi, 4o f(0) = 0w f(a+ b) < f(a) + f(b) ans nobeix a,b € R, 10
fod:(x,y) — f(d(x,y)) — meTpuka, skBnanenTHasi d. Kpome Toro, cymma

di+ dz: (x,y) = di(x,y) + da(x, y)

N MakCUMyMm
Y max(di, d2): (x,y) — max{di(x,y), da(x,y)}

MOBbIX ABYX METPUK di U do HAa OQHOM U TOM XKE MHOXECTBE TOXKE SABASIOTCS
MeTpuKamu.



[TprMepbl TONONOrMYECKNX MPOCTPAHCTB

Onpepenexne

Tononornyeckoe NpoCTPaHCTBO METPU3YEMO, EC/IM EFO TOMOJIOTMS METPU3YEMA, T.€.
SIBNSIETCSA METPUYECKON TOMOJIOrNel, MOPOXKAEHHON HEKOTOPOW METPUKOIA.

[Mpennoxenne

Bcsikoe mMeTpusyemoe Tonosoru4eckoe npoCcTPaHCTBO YAOBIETBOPSIET NEPBOI akCUoMe
CYETHOCTM.




@ Ha nyctom nnn ogHoTo4e4YHOM MHOXecTBe X CyLLecTBYeT POBHO OAHa TOMOJOrus
T = {@, X}, HO Ha BCAKOM HEMyCTOM HEOAHOTOHEHHOM X €CTb MO MeHbLuell Mepe
ABe pasuble Tonosorun: 7 = {&, X} n .7 = Z(X). Tononorus 7 = {&, X}
Ha3bIBAETCA aHTUMCKPETHOM, N OHa HUKOFJa He METpU3yema Asi HeMmyCTbiX
HeopHoToYeuHbix X. Tononorus .7 = Z?(X) Ha3blBaeTCs ANCKPETHON, U OHa
NOpoOXXAeHa ANCKPETHOW METPUKONA.

@ Bcaknii nuHeiiHblii nopagok < Ha MHoxecTee X NMOpoXAaeT NopsifLKOBYHO, UK

NHTepBasbHYtO, Tonoslornio Ha X; eé npesbasy COCTaBASIIOT BCE OTKPbITbIE JIyHM
{x:x<a}wn{x:a<x}, rae ac X, abazy — Bce OTKPbITbIE MHTEPBAJILI U JYYMW.



o MMnockocTs Hembilikoro. Kak MHOXeCTBO 3T BepxHsAs nosynnockocTs L C R?
BMECTE C rpaHuyHoili npamoii /, a Tononorus Jy Ha Heii 3a8aéTcs Takoli CMCTEMOI
OTKPbITbIX OKPECTHOCTEN: OTKpbITasi oKanbHast basa B Kaaol Touke x & |
COCTONT U3 BCEX COAepKamxcst B L\ / OTKPbITbIX OKPECTHOCTEl TOYKM X B
eBKMAoBOl Tononorun naockoctn R?, a nokanbHas 6asa B Kaxoii Touke X € |
obpasosaHa Bcemu mMHoxecTBamu Buaa Dy U {x}, rae Dy — pacnonoxeHHblii B
BEepXHeli MoMynioCKOCTN OTKPLITLIV KPYr, FpaHnLa KOTOPOro Kacaetcst | B Touke X.

Dy




Twnbl ToYek NO OTHOLLUEHUIO K MHOXXECTBY -

Onpegenexune

Mycte X — Tononoruyeckoe npoctpaHcteo n A C X. Touyka x HasbIBAaETCA TOYKON
MPUKOCHOBEHUSI MHOXECTBa A, eC/in BCsAKasi €€ OKPECTHOCTb nepecekaeT A. Touka x
Ha3bIBAETCA MpeesbHON TOUYKON MHOXKECTBA A, eC/n BCsIKasi €€ OKPECTHOCTb
nepecekaet A\ {x}. Touka x € A usonuposaHa B A, ecnm y He€ eCTb OKPECTHOCTb,
nepeceyeHne kotopoii ¢ A ectb {x}. Eciim HekoTopask OKPeCTHOCTb TOYKM X LENNKOM
copepxuTcs B A, To X Ha3blBaeTCs BHYTPEHHER To4koii MHoxecTBa A. [NpegenbHble
TOYKU MHOXECTBa A, He ABASIOLNECS BHYTPEHHUMM, HA3bIBAKOTCA FPaHNYHbLIMU
Touykamm A. Touyka x € X Ha3bIBAETCA TOYKOW HAKOMJIEHNA MHOXECTBA A, ecnn
nepeceyeHmne BCsIKOU eé OKpecTHOCTU C A BeCKOHEYHO.

[ns Tononoruveckmx NpocTpaHCTB, B KOTOPbIX BCE OJHOTOYEYHbIE MHOXKECTBA
3aMKHYTbI, MOHSATUS TOYKM HAKOMJEHUS U NPEAENbHON TOYKIN COBMNAZAOT, NO3TOMY B
TeopMn MeTPUHECKMX NPOCTPAHCTB TEPMUH KTOYKA HAKOMJIEHNA» HE UCMOJIb3YeTCs.



Onpegenexue

MHOXeCTBO BCEX TOYEK MPUKOCHOBEHUS MHOXECTBA A B TOMOJNOrMYECKOM NPOCTPaHCTBE
X HasblBaeTcs 3amMblkaHueM MHOXecTBa A 1 obosHauaeTcs depes A (BcTpedaroTcs
Takke obosHauenus cl(A), [A] n ap.). Ecan Hy>xHO yka3aTb, B KaKOM MPOCTPaAHCTBE
BepéTcst 3aMbikaHue, ucnonbayetcsi obosuadenme AX (clx(A), [Alx v ap.).

MHo)ecTBO BCeX MpefeNibHbIX TOHEK MHOXeCTBa A B npocTpaHcTeBe X HasbliBaeTCs
NPOM3BOAHBIM MHOXECTBOM MHOXeCTBa A n obosHavaetcss A uam Ad.

MHOXeCTBO BCeX BHYTPEHHUX TOYEK MHOXecTBa A B npocTpaHcTBe X Ha3blBaETCS
BHYTPEHHOCTbIO MHOXXecTBa A 1 obosHavaetcs Int A. Ecam Hy>XHO ykasaTb, B KakoMm
NPOCTpaHCTBe BEPETCA BHYTPEHHOCTb, UCNOb3yeTcst obo3HaueHue Intx A.

MHOXeCTBO BCEX IPpaHNYHbIX TOYeK MHOXecTBa A B npocTpaHcTBe X Ha3biBaeTCs
rpaHuuein MHoxecTBa A n obosHavaetca Fr A nan Bd A. Ecam Hy>XXHO yKasaTb, B KakoM
npocTpaHcTee bepércs rpaHmua, ncnonbsyercs obosHadveHne Frx A nnun Bdx A.

Bce Toukm noboro muoxectsa A C X ABAAIOTCA TOYKAaMU NPUKOCHOBEHUS 3TOrO
MHOXECTBa, U tobas TOYKa NPUKOCHOBEHNA ABAsIETCs AMbo npeaensHol, nnubo
N30/IMPOBaHHON, NPUYEM BCe M30JIMpOoBaHHbIE To4kM npuHagnexaTt A. CnegosaTensHo,
A= AUA'. Kpome Toro, no onpegenenunio Fr A= A\ Int A.



Monoxus A = X, Mbl NONlyHUM onpefeneHne nNnepe4nNCcaneHHbIX Bbille TUNOB TOYEK B
camOM TONOJIOrMYECKOM NPOCTpPaHCTBE X, a HE NO OTHOLUEHUNIO K HEKOTOPOMY €ro
NOAMHOXECTBY. O,D,HaKO npn 3TOM HEKOTOPbIE TUMbl CTAHOBATCA TPUBUANIbHBIMN. TaK,
BCE TOYKM Ntoboro MNPOCTpPaHCTBaA X SBRSAIOTCA TOYKaMu NPUKOCHOBEHUA X, N BCE OHN
BHYTPEHHWNE, TaK 4TO )?X = IntXX = X, d MHOXECTBO FpaHU4YHbIX TOYEK BCErga nycro.
OAHaKO NOHATNA N30JIMPOBAHHbLIX U NpefesibHbIX TOYHEK (a TaKXXE TO4YEK HaKOI'IﬂeHVIﬂ)
TONONOIrN4YEeCKOro NpoCTpaHCTBa BMNOJIHE OCMbICNEHbI N NMONE3HbI.



OnepaTop 3ambikaHus s

Onepauyusi 3aMblkaHWs B TONONOTNYECKOM NPOCTpaHcTBe X COMOCTaBASIET KAaXAOMY
mHoxecTBy A € Z(X) mHoxectBo A € Z(X), npuyém 3TO COOTBETCTBME
YAOBJIETBOPSIET TaKUM YC/IOBUSIM:

© AC A (aKCTeHCMBHOCTB);

@ ACB = AC B (MOHOTOHHOCTb);
QA=A (nAEMNOTEHTHOCTS).

Joboe otobpaxerne F(X) — Z(X) ¢ aTuMu CBOICTBaMI Ha3bIBaETCS ONEPATOPOM
3amblkaHus Ha X. [prMepbl: onepaunmn B3sSTUS JMHEAHOR UK BbINYKIOW 060A04KN
MHO>XECTBA B BEKTOPHOM MPOCTPAHCTBE, onepaunsa nopoxaeHnsa noarpynnbl
MHOXECTBOM B Mpon3BosibHOI rpynne. OnepaTop 3aMblKaHWsi B TOMONOMMYECKOM
NpocTpaHcTBe 0baafaeT ewé n CBONCTBOM

Q@ AUB=AUB

(|/|3 KOTOPOro BbITEKAET MOHOTOHHOCTb). TaKVIe onepaTopbl 3aMblKaHUA Ha3blBAOTCA
onepaTopamMun TONOJIOFrMHYECKOro 3aMblKaHWNA.



Teopema

MHoxecTBo A B TOMOIOrMYECKOM MPOCTPAHCTBE 3aMKHYTO TOrJa U TOJIbKO TOrAa,
Korga A = A, APYrumMu coBamMu, TOrga U TOJILKO TOrga, Korga A COBEpXXUT BCe CBOU
MPEAESIbHBIE TOYKM.

[okazatenscteo. Ecim A 3amkryTo, To X\ A 0TKpbITO, Tak 4TO y Ntoboii Toukn x ¢ A
ecTb okpecTHocTb X\ A, He nepecekatowasi A.

ObpaTHo, ecnin A He 3aMkHYTO, TO X\ A He OTKPbITO; 3HAYMT, Y HEKOTOPOI TOHKM

X ¢ A HeT okpecTHOCTW, LennkoMm nexalein B X\ A, a 370 o3Hayvaert, 4To Ntobast
OKPECTHOCTb X MepecekaeT A, T.e. X — MnpefesibHasi TOHYKAa MHOXeCTBa A. O

Cnepncteune

3ambikaHne A MHOXeCTBa A — 3TO HaUMeHbLUEE 3aMKHYTOE MHOXECTBO, COZEPKaLLee
A, T.e. nepeceqenme Bcex cogepxalynx A 3aMKHYTbIX MHOXECTB.




Ha BCsiKOM TOMOSIOrMYECKOM MPOCTPAHCTBE OMpPeAesiEH OnepaTop, ABOWCTBEHHbINA
onepaTopy 3aMblKaHUsi — 3TO OnepaTop BHYTpeHHOCTHU Int, KOTOpbIA KaXkgomy
MHOXXECTBY CTaBUT B COOTBETCTBUE €r0 BHYTPEHHOCTb; KaK N ONepaTop 3aMblKaHWS, OH
NOEMMNOTEHTEH N MOHOTOHEH, OHAKO 3KCTEHCMBHOCTb 3aMEHSIETCA LBONCTBEHHBIM
CBOICTBOM:

Q@ IntACA;
Q@ ACB — IntAC IntB;
@ Int(IntA) = Int A.

JlononHnTensHoe CBOCTBO onepaTopa TOMOJOMMYECKOrO 3aMbIKaHNSA TOXKE 3aMeHSETCs
OBOMCTBEHHbLIM CBOWCTBOM:

Q@ IntANnB=IntANIntB.



Teopema

MHoxecTBo A B TONONOrMHECKOM MPOCTPAHCTBE OTKPLITO TOMAAa U TOJbKO TOMZa, Korga
A = Int A, gpyrumu cnosamu, Tor4a v TOJbKO TOrAa, KOrj4a BCE TOYKU A BHYTPEHHUE.
v

Cnepctene

BHyTpeHHocTb Int A MHOXecTBa A — 3T0 HanboJibLLIEE OTKPBLITOE MHOXECTBO,
cogepxawyeecs B A, T.e. 0bbeguHeHne BCEX COFZEPKALUNXCS B A OTKPLITBIX MHOXECTB.

J1BOMCTBEHHOCTL MeXAy onepaTopamMun BHYTPEHHOCTW 1 3ambikaHus: Ons A C X
IntA=X\X\A.

[eiicTeuTensHo, ans nboro A C X mHoxectso X \ Int A 3amkHyTo 1 cogepxut X \ A,

nostomy X \ IntA D X\ A 1e. IntAC X\ X\ A C gpyroii CTOPOHbI, MHOXXECTBO

X\ X\ A otkpbito n copepxutcsi 8 A= X \ (X \ A), noatomy IntA D X\ A.

3ambikaHMe 1 BHYTPEHHOCTb B nognpoctpaHcTeax: dns AC Y C X
AY=A%NY, Inty A=Y Intx(X\ YUA).



Onpegenetxne

Mycte X — Tononorudyeckoe npoctpaHcteo u Y C X. MuoxectBo A C Y nnoTtHo B Y/,
ecnm A D Y. MHOXeCTBO, NIOTHOE BO BCEM MpOCTpaHcTBe X, Ha3bIBAETCS MPOCTO
MAOTHbIM, Uan Bctody naoTHbIM. MHoxectBo Y C X Hurge He njioTHO, €Cin €ro
3aMblKaHne Y He COAEPXXMUT HUKAKOTO HEMYCTOrO OTKPLITOrO MHOXECTBA.

@ ecm Yrmnothoe X nY CZC X, toZ Toxke nnoTHo B X;

@ ecnn Y Hurge He niotHo n Z C Y, To Z TOXe HUTLE He MJOTHO;

@ ecim Y C X nnotHo B X, a Z Hurge He nnotHo, To Y\Z nnotHo B X;

eecm ZCYCX,ZnnotHoB Y un Y nnotHo B X, To Z nnotHo B X.
MHoxectBo Y C X Hurge He nnotHo B X <= X \ Y comepXuT OTKpbITOE NNOTHOE
MHOXECTBO.



Mpepnoxerne

Ecnan X — npoctpancteo, U — otkpbiToe nogmuoxectso X n Y — nnotHoe
noamHoxecTso X, TO .
u=uny.

[okazatenscteo. Ecnm x — npegenbHas Touka MHoxecTBa U, To gns nwoboii
OTKpbITOW okpecTHocTK V Toukm x umeem V N U # &.

Mockoneky Y nnotHo B X, umeem Takxke VN UNY # @.

3HauuT, X ABNAETCA NpeaenbHol Toukoii MHoxecTea UNY, otkyga UC UN'Y.

ObpaTHoe BKJIKOYEHME B [OKA3aTENbCTBE HE HY>KAAETCS. EI)




CenapabenbHocTb

Onpepenenne
HavnmenbLias MOLHOCTb NJIOTHOIO NOAMHOXECTBA TOMOJIOrNHYECKOro NpoCTpaHCTBA X
Ha3bIBAETCS MJIOTHOCTLIO 3TOrO NPOCTPaHCTBa M obosHavaetcs d(X):

d(X)=min{]A|: AC X, A= X}.
Ecnu nnotHoctb npoctpaHcTea X He Gonee Yem cuétHa, T.e. X COAepXUT Kakoe-HMbYAb
He Boslee YeM CHETHOE MIOTHOE MOAMHOXKECTBO, TO roBopsT, 4To X cenapabesnbHo.

B oTnn4ne oT MeTpusyemMocTn U CBOCTBA YAOBNETBOPATL NEPBOI UM BTOPOI akcUoMe
CYETHOCTN cenapabenbHOCTb — HeHacnenCcTBeHHoe cBoWCTBO. OfHAKO OTKPbLITHIMY
MOAMNPOCTPAHCTBAMMN OHA Hac/edyeTCs.




Teopema

Bcsikoe cenapabesnbHoe MeTpusyemoe npoCTPaHCTBO YAOBAETBOPSIET BTOPOI aKCUOME
CYETHOCTM.

HokazatenbcTto. [lycTs X — npocTpaHCTBO, TOMOMOMMSI KOTOPOro NOPOXAAETCS
meTpukoli d, n nycte Y — nnoTHoe MHoxecTBO B X. Torga cemeiicTo

1
B = {Bd(y,z) yey, nEN}
— 6aza Tononorun X. Helicteutensho, ecnn U — oTkpbiToe mHoxecTso B X n x € U,
10 By(x,€) C U pns HekoToporo € > 0, n gns noboro HaTypansbHOro n > % nmeem
By(x, 1) C U. Buibepem niobyto Touky y € By(x, )N Y (ona CyLLLeCTBy?T, Tak Kak Y
nnotHo B X). B cuny HepaencTBa Tpeyronshmuka x € By(x, 5-) C By(y, ) C U.

Mbi nokasanu, 4yto Z — 6aza tononorum X. OcTtanock 3aMeTUTb, 4TO €Can
MHOXECTBO Y CYETHO, TO CEMENCTBO A TOXKE CHETHO. O




Teopema

Jlroboe npocTpaHCTBO CO BTOPOU akCMOMOI CHETHOCTM cernapabesibHo.

[HokazaTtenscreo. [JocTtaTouHo B3sATb Nitobyto He HBonee YeM cHéTHyto 6asy n BbibpaTh
Mo TOYKE B KaXKAOM €€ HenycToM anemeHTe. MHOXeCTBO BCex BbIDpaHHbIX TOYeK

MAOTHO 1 He bonee Yem CHETHO. DJ

Cnepncteune

Jlroboe cenapabenbHoe METPU3yeMoe MPOCTPAHCTBO HACIEACTBEHHO cenapabesbHo.

[okasatensctso. CBOMCTBO YAOBNETBOPSITH BTOPOl akCMOMe CHETHOCTH
HacneACTBEHHO. O




Ceoiicteo CycnuHa

Onpegenexue

rOBOpﬂT, YTO CEMENCTBO MHOXECTB AON3BOHKTHO, €CJIN €ro 321EMEHThI NOMapHO He
NepeCceKaroTCA.

CynpemyM MOLLHOCTEl AN3BIOHKTHBIX CEMENCTB HEMYCTbIX OTKPbITHIX MOAMHOXECTB
Tononoruyeckoro npoctpanctea (X, .7) HasbiBaetcst yncnom Cycnuta, nan
KJIETOYHOCTBIO, 3TOrO NMPOCTPaHCTBA 1 obosHavaetcst c(X):

c(X)=sup{|%|: % C T\ {9}, % pn3bloHKTHO}.
Ecan yucno CycanHa npoctpanctea X He bonee 4eM CHETHO, T.e. KaXKAOE CEMEACTBO
HeMyCTbIX MOMAPHO HEMEPECEKAIOLLNXCS OTKPBITLIX MHOXECTB B X He Bonee yem
CY€THO, TO rosopaT, 4To X obnagaet csoiicteom CycnuHa.

Ceoiicteo CycnuHa HacnemyeTcst OTKPbITLIMUA 1 MJIOTHBIMU MOANPOCTPAHCTBAMMU.




Mpepnoxerne

Bcsikoe cenapabenbHoe npocTpaHcTso obnagaet csoiicteom CycanHa.

ﬂ,OKa3aTeJ'IbCTBO. ,ﬂ.emCTBMTeﬂbHO, €CQIn B NPOCTPAHCTBE X ecTb CYETHOE NIOTHOE
NOAMHOXXECTBO Y, TO KaXXA0€ HENYCTOE OTKPbITOE MHOXECTBO B X COOEPXKUT XOTA bl
OOHY TO4YKY N3 Y, a €CJZIN TaKne MHOXECTBA HE NEPECEKAKOTCA, TO OHW COAEpPXKaT
pa3nn4yHblie TOYHKN U3 Y. ﬂo:—)Tomy AN3BIOHKTHOE CeMeincTBo HENYCTbIX OTKPbITbIX
MHOXECTB HE MOXET ObITh HECUETHBIM — HE XBaTUT TOYeK MHOXecTBa Y. O

V.




Teopema

Bcsikoe meTpusyemoe npoctpaHcTBo co ceovictBoM CycinHa y[oBAETBOPSET BTOPOL
aKCUOME CHETHOCTH.

Hokazatensbcteo. [locTaTo4yHO [OKa3aTh, HTO BCSKOE METPU3YEMOE MPOCTPAHCTBO CO
ceoiicteom CycnuHa cenapabenbHo. MMyctb X — MeTpu3yemoe npocTpaHCTBO,
TOMOJIOrNs KOTOPOro nopoXaeHa Metpukoin d. [na kaxgoro n € N paccmoTpum
MaKCUMaJsibHOE AU3BIOHKTHOE CEMENCTBO B, WapoB pagunyca % OHo cyuiecTByeT B
cuny nemmbl LlopHa (npuMeHEHHOR K ynopsifloHeHHOMY MO BKKOHEHNIO MHOXECTBY
AN3BIOHKTHBIX CEMENCTB WapoB paguyca %) Bnarogaps ceoiictey CycnuHa kaxaoe
P, c4éTHO. BribepeM Mo Touke B KaXKLOM LUApe M3 KaXAOro cemMeiicTea n 0bosHauum
MOJIYyHEHHOE MHOXXECTBO TO4YeK Y.

Mycte U — ntoboe HenycToe oTkpbiToe MHoxecTBO B X. OHO copepxuT wap By(x, %)
ansi Hekotopbix x € X u n € N. Lap By(x, 3—1,7) NnepecekaeTcs C KaKUM-TO Wwapom B us
cemeiicTBa A3, (MHaYe 3TO CEMERCTBO He bblNo Bbl MakCUMaNbHBIM).

B cuny HepaBeHcTBa TpeyronsHuka B C By(x, %) 3HaunT, mHOXecTBO U cogepxut
wap B BMecTe ¢ BbibpaHHOl B HEM Toukol n3 Y. O




CxogumocTb
ﬂocnep,OBaTen bHOCTW

Onpegenexue |
MocnenoBaTENBHOCTLIO 31EMEHTOB MHOXECTBA X, UMW NPOCTO NOCIEA0BATENBHOCTBIO B
X, HasbiBaeTcs ntoboe otobpaxerue f: N — X. Touka f(n), n € N, HasbiBaetcs n-m
YJIEHOM, WIN N-M 3N1eMEHTOM, nocnegosaTensHocTn f. OBbIYHO NOCef0BATENBHOCTD
3anuceiBaetcst B Buge (x1,x2, ... ), (Xn)nen nau npocto (x,); npu asTom
nogpasymesaetcsi, 4to x, = f(n). Muoxectso f(N) C X Ha3biBaeTCsi MHOXECTBOM
3HaYeHNii NOCNefO0BaTENBHOCTH.

MocnepoBaTeNbHOCTL TPUBMAbHA, €CAN BCE €€ YEHbl HAYNHAS C HEKOTOPOro
paBHbl. ECnn nocnefoBaTenbHOCTb TPUBMANbHA, TO MHOXKECTBO €€ 3HAYEHMIT KOHEYHO,
HO He HaobopoT.

MopnocneposatensHocTb nocnegosatensHoctn f: N — X — ato
nocnegoeatensHoctb Buga f o g: N — X, rae g: N — N — nrobast crporo
BO3PACTaloLLasi NOCIEA0BATENBHOCTL HaTypasbHbIX HYncen. lNognociesoBaTensHOCTH
0bbI4HO 3anuncbIBatoTCst B BUuAE (Xk,)neN; MPU 3TOM nogpasymesaeTcsi, 4To k, = g(n).



Onpegenetue

MocnenoBaTenbHOCTb (X,)neN TOHEK TOMOMOrMYECKOro NPOCTpaHcTBa X CxopmTes K
Touke x € X, ecnn gns noboii okpectHocTn U Toukm x cywecteyet N € N Takoe, 4to
xn € U pns Bcex n > N (MHbIMM cnoBamu, BCe YsieHbl NOCNEA0BATENBHOCTU, HAYMHAS C
HekoToporo, npuHagnexat U). B aTom ciyvae roBopsit, 4To Touka X siBASiETCS
npesesioM NoCAef0BaTENLHOCTU (Xp)peN M MULWYT X € I|m Xp VN X, — X. B Tex

n—o0
CNyyasix, KOraa nocnefoBaTenbHOCTb (Xp)neN 3aBep,0M0 HE MOXET MMeTb bonblie
OOHOrO Mpepena, BMECTO X € I|m Xp MUWyYT X = lim x,. [NocnegoBaTenbHOCTb

n—oo
Ha3bIBAETCA CXO,EI,FILLI,eVICﬂ, ecnm OHa CXoAnTCAa K HeKOTOpOVI TOYKE.

Toukoli HakoNNEHUS!, UKW NPELENBHO TOYKOM, NOCNeA0BaTENbHOCTI HAa3bIBAETCS
TOYKa, Ntobasi OKPECTHOCTb KOTOPOI COAEPXKNT BECKOHEYHO MHOrO Y41EHOB
nocnefoBaTenbHOCTU (3TU YneHbl MoryT coBnagaTs!).

MpepenbHas Touka (= TOYKa HaKOMIEHNS) NOCIEAOBATENLHOCTI MOXKET He DbiTb
TaKOBOW A1l MHOXKECTBA 3Ha4YeHii 3TON NOCNEfOBATENLHOCTY (€CNN MHOXECTBO
3HAYEHUI KOHEYHO), a MPEeAEsbHAS TOYKA MHOXKECTBA 3Ha4eHuUii He 0bsi3aHa bbITb
npeaenbHOl TOYKOW MOC/NefA0BaTENBHOCTH.



B meTpuyeckom npoctpaHcTee X BCAKasi npefesibHast To4Yka Ntoboro MHOXeCTBa
A C X aBnsieTcst NpefesioM HEKOTOPOI MOCNef0BaTeIbHOCTI TOHEK MHOXECTBa A.
Tononornyeckme NpoOCTPaHCTBA C STUM CBOMCTBOM Ha3blBAKOTCSA NMPOCTPAHCTBaMM
®pewe—YpbicoHa.

Teopema

[lyctb X — Tonosiornyeckoe npoCcTPaHCTBO C NePBOM aKcMoMoii cHETHocTn u A C X.
Torga x € X sBASIeTCA TOYKOM NMPUKOCHOBEHUSI MHOXECTBA A, €C/in U TOJILKO eC/N K
Hell CXOAUTCsl HEKOTOPAasl NOC/AE40BATENbHOCTL TOHEK A.

[Nokazatenscto. Mycte {U, : n € N} — cuérHas 6a3a okpecTHOCTEN TouUKM X.
Monoxus V, = (N;c, Ui ansa n € N, nony4um ybeisatowume (He obssatensHo cTporo)
okpecTHocTn Vi D Vo D ... TOYKM X, KOTOpble ToXe 0bpasytoT basy okpecTHoCTel X.
Ecnn x — npegenbHasn Touka A, TO KaXgas OKpecTHOCTb V), cogepXXunT HekoTopyto
TOuKy a, € A. lNocnepoBaTenbHOCTb (an)pecN CXOAUTCS K X: sitobast okpecTHocTb U
TOYKU X COAEPXKUT HEKOTOPYIO OKPecTHOCTb Vy, a 3HauuT, U copepxut u Bce
okpecTtHocTn V), c n > N, a BMecTe C HUMK 1 BCe TOYKU a, c n > N.

ObpaTHoe yTBEPXAEHNE OHEBUAHO. O




Mpumep: cuétHbli Beep Ppelue—YpbicoHa
1
V(No):{O}U{E:neN} x N
Bce touku (1, k), rae n, k € N, usonuposatbl, a 6asy okpectHocTeii obuyeit Toukm 0

COCTaBAAIOT BCeBO3MOXHbIe MHOXecTea Buaa {0} U { (L. k) : n,k €N, n> ni}, rae
(k) ey — N0Bast Nocnef0BaTENBHOCTE HATYPAsIbHBIX YMCES.

V(Rg) He yROBIETBOPSIET NEPBOI aKCMOME CHETHOCTU, HO SIBJISIETCSI MPOCTPAHCTBOM
®pewe-YpbicoHa: kakoBo bbl Hu Hbl10 MHOXecTBO A C V/(Np), Touka x = (%, k)
ABNAETCs npegensHoli gns A < x € A, a Touka 0 aBnsietca npegensHoin ans A

<= 3k € N, ans kotoporo nepeceuenne AN { (1, k) : n € N} 6eckoneuro.




[Mprmep: opgHoTOYeYHast NUMHAENEDUKALNS UCKPETHOrO MPOCTPAHCTBA

L(D) = DU {x}, roe D — HecuéTHOe MHOXeCTBO,
* — €ANHCTBEHHAsi HEUM30JIMPOBaHHAsS TOYKa

OKpeCTHOCTN TOYKM * — BCEBO3MOXHbIE AOMOJMHEHUS 4O CHETHLIX NOAMHOXECTB
MHoxecTBa D

MpocTparcteo L(D) HeauckpeTHO, HO B HEM HET HU OLHOIA HETPMBNANBHOIA
cxXoAsilencst nocnegoBaTeIbHOCTN.




HanpaeneHHocTn

Onpegenerue

MHoxecTBo X BMecCTe C OTHOLIEHNEM < Ha HEM, YAOBIETBOPSIOLNM YCIOBUSM
@ x < x ans Bcex x € X (pedbnekcBHOCTB),
Q@ eccmx<yuny<z 10x < z (TPaH3UTUBHOCTB) 1
@ ans nobbix x,y € X cywectsyer Takoih z € X, yto x < zn y < Z,

Ha3bIBAETCS HaMpaB/eHHbIM (BBEPX) MHOXKECTBOM.

Onpegenexue

HanpaeneHHocTts B MHOXecTBe X — 370 Ntoboe oTobparkenue f: A — X, roe A —
MHOXXECTBO, HanpassieHHoe BBepx oTHoweHnem <. OBbIYHO HanpaBAeHHOCTU
3anncbIBatoTCs B BUAE (Xo)aca WM npocto (x,) (nogpasymesaercs, 4to x, = f(a)).
HanpaenenHocTb g = (y3)geB, FAe B — MHOXeCTBO, HanpaBneHHoe BBEPX
OTHOLLUEHMEM =<, HA3bIBAETCS MOAHAMPABIEHHOCTHIO HANPaBAEHHOCTN f = (Xu)acAs
ec/n cyuiecteyeT oTobpaxkenue ¢: B — A Takoe, 4TO y3 = X, (3) AN Beex 3 € B (Te.
g=wof)nVag e A 3By € B c tem croiictBoM, 4To g < () npm Beex [ = So.




Onpegenexue

HanpaenenHocTb (Xo)aca B TOMONOrMHeCcKOM npocTpaHcTBe X CXOANTCS K TOYKE
x € X, ecnn gns noboii okpectHocTn U Toukm x cyuiecTByeT oy € A Takoe, 4TO
Xq € U pna Bcex a > ap. B aToM cnyyae roBopsiT, 4TO ToUka X SIBASIETCS Mpefesiom

HanNpPaBAeHHOCTN (Xq)aeca 1 MUWYT X € lim x4 nan x, — x. B Tex cnyvasx, korga
acA A

HaMPaBAEHHOCTb (Xu)acA 3aBEAOMO HE MOXET UMETL Dosiee 0fHOTO Npeaena, BMeCTO

x € lim x, nuwyT x = lim x,. HanpaBaeHHOCTb CXOQMUTCs, UAN ABNSETCS CXoAsLelics,
acA acA
€CJ/IN OHA CXOAUTCS K HEKOTOPOW TOYKE.

Touka x TOMONOrMHECKOrO MPOCTPaHCTBA X Ha3bIBAETCS MPefesibHON TOYKON
HaNpPaBIEHHOCTU (Xu)acA B 3TOM NMPOCTPAHCTBE, ecin ans toboii okpectHocTn U
ToukM X 1 nboro ag € A cyulecTeyeT « € A Takoe, 4To @ > g U X, € U.




Teopema

TO'-IKa X B TOMOJIOTMHE€CKOM IMPOCTPAHCTBE X SABJ/IAETCSA TOYKOM NPUKOCHOBEHUA
mHoxecTBa Y C X Torga To/IbKO TOr4a, KOorga HEKOTOpasi HanpaBAeHHOCTb B Y
CXoANTCS K X.

L[okasaTenbcTBo

Heobxognmocts. Tyctb x — Touka npukocHoBeHnsi Y. OueBugHo, MHOXeCTBO % (X)
BCEX OKPECTHOCTEl X HanpaB/eHO OTHOLWEHNEM <, OBpaTHBIM BKJIOHYEHUIO (U <V,
ecim U D V). Monb3ysicb TeM, 4TO X — TO4Ka NPUKOCHOBEHUSI MHOXeCTBa Y, B

kaxxgoii okpectHoctn U € % (x) Bbibepem Touky yy € Y. o noctpoeHuto yyy ﬁ y.
U (x

Locratourocts. TlycTb (Vo )aca — CXOAALWIAACH K X HAaNPaBIEHHOCTb, NPUYEM Yo € Y
onsa scex a € A, n nycte < — HanpasneHue Ha A. [lo onpegenenunto npegena
HanpaBAeHHOCTW Ans ntoboi okpecTHocTn U ToukM x cyllecTeyeT agp € A Takoe, 4TO
Ya € U pns Bcex a > ag; 3Ha4uT, N10b6asi OKPECTHOCTb TOUKU X COAEPXKUT HEKOTOPYIO
TOYKy 13 Y, a 3TO M eCTb OnpefesieHne TOYKN NPUKOCHOBEHUSI. O




DunbTpbl 1 ynbTpaduabTpPbI

Onpegenetue

LleHTpnpoBaHHoe cemMeiicTBO MHOXECTB — 3TO Jitoboe cemMelicTBO & C TeM CBOCTBOM,
4TO nepecedeHume J'IIO6OFO KOHEHYHOro MHOXECTBa €ro 3JIEMEHTOB HENYCTO: eCcan n eN
mnC,...,h,be€¢, ToGGN---NC, # 3.

Onpegenetue
PunbTpom Ha MHOoXKecTBe X Ha3blBaeTCsl HenycToe cemeiicTBo F C Z(X),
YAOBAETBOPAIOLLEE TPEM YC/IOBUSIM:
Q o¢ .7,
@ ecm A, B € %, 0o AN B € .7 (a 3HaunT, n noboe KOHEHHOE nepeceyeHne
3/1EMEHTOB & NpuUHAANeXuT % );
Q@ ecmAc FunuACBCX, 10B€.Z. BuactHoctu, X € Z.

®Punbtp ¥ HasbiBaeTcs cBobogHbiM, ecin (.7 = &. CemeiictBo A C F snsietcs
6azoii hunbTpa %, ecnn ntoboe MHOXECTBO F € % copepxut mHoxectso B € A.




Onpegenexue

Makcnmanbhbiii (Mo BKAOYEHNIO) PUALTP HA3LIBAETCS YALTPahUILTPOM.
VnbTpacunstp % HasblBaeTCs rnasHbiM, ecnn (% # 9.

Teopema

Jlroboe LeHTprpoBaHHOE CEMENICTBO 6 Ha NMPON3BOJILHOM MHOXECTBE X COAEPKUTCS B
HekoTopoMm ynbTpachmasTpe % Ha X.

Hokazatenbcteo. VYnopsagounm mHoxecTso € BCEX LEHTPUPOBAHHLIX CEMECTB Ha X,
copepxawmx €, oTHoweHneM BratodeHust C. Ecan £ — nuneiino ynopsigoveHHoe
nogmHoxectso €, To | J £ — ueHTpupoBaHHoe cemelicTBo: Ans atobbix n € N u
Fi,...,Fn € UZL naiigytess F1,...,.%, € £ Takne, uto F; € F; pna i < n. £
JINHENHO YNOPSIAOYEHO = MOXHO CHMTaTh, 4TO %1 C - -+ C %, (MHave nepeHymepyem
Fi,...,Fn). 3naunt, F1,...,F, € %, Tak uto (| F; # @.

Mo nemme LlopHa cyLuecTByeT MakcUMaibHOE LEHTPUPOBAHHOE CEMERCTBO % D €.
% UueHTpMpOBaHO = OHO obnagaer ceolicTeoM @ w3 onpegenerus dunstpa. U3
MaKCMMaJIbHOCTN 7%/ cnepytoT cBoiicTBa @ n @ (nMHave MOXHO A0baBUTHL
OTCYTCTBYIOLLIEE MEPECEHEHNE NN HAAMHOXECTBO €3 HapyLUeHWUs LLEHTPUPOBAHHOCTM).
3HaunT, % — dunstp. MakcnmansHocTe = % — ynsTpadunsTp. O




Teopema (0CHOBHOE CBOWCTBO yAbTpacuabTPOB)

®Punbtp F Ha mHoxecTBe X SIBASIETCS yAbTPAUALTPOM TOr[a U TOJIbKO TOrAa, Korga
Ansi moboro A C X nmbo A € .F, ambo X \ A e 7.

HokazaTenscteo. Heobxogumocts. lMycte F — ynbTpadpunetp Ha X, n nycte A C X.
Ecnn F\ A = & gnsa Hekotoporo F € .%, 1o F C A, Tak uto A € % . [pegnonoxum,
4TO Anst noboro F € . umeem F\ A# @. Ecom F,...,F, € %, 10
(AR\NA)N---N(F,\A) =(FnN---NF)\A# 2,
T.e. cemelicteo {F \ A: F € .Z} ueHtpuposaHo. OHO CORepXUTCS B HEKOTOPOM
ynstpacpunstpe % Ha X. Ons kaxgoro F € % nmeem F\ A € % w, 3Haunt, F € % .
CneposaTtensHo, % C %, v N3 MaKCUMaNbLHOCTN % BbITeKaeT, 4To &% = % .
Ocranock 3ametuts, yto X \ A€ %.

Locratoqrocts. lNyctb & — bunbTp € Tem CBOWCTBOM, 4TO A Kaxgoro A C X
nmbo A € .7, nmbo X \ A € %, n nyctb % — ynbTpacunbTp, cogepxaimii 7. Ecan
F # U, 7o naiipgetcs A € % \.F. Mo npepnonoxenunto X \ A € .#, a nockosibky

F C U, nmeem X \ A € % B npotnsopeune c Tem, 4to A € % . 3nawut, .F = U,
Tak 4To .# — ynbTpaduabTp. O

v



Cnepcraue (OCHOBHOE CBOICTBO yAbTPadpuabTPOB)

Ecin U — ynbtpachunbtp Ha mHoxectBe X, m € N, A1, ..., An C X u cywectsyer
A€ Y Ttakoii, yTo AC A1 U---UA,, 10 A; € % pns Hekotoporo i < m. B
yacTtHocTu, ecim Ax, ..., Am — mobble nogmHoxectsa X co CBOWCTBOM
AlU---UAL =X, 10 A; € U pns HekoToporo i < m.

[okazatenscteo. [Mpeanonoxum, uto A; ¢ %/ pns Bcex i < m. Torga no gokasaHHoMm
Teopeme X \ A; € % pnsi i < m. 3HauuT,

(X\NA)N---N(X\An) =X\ (A1U---UAp) € % B npoTuBOpeYMne C T€M, 4TO
AcU n ANX\ (AU ---UAy)) =2. O

y




Onpegenerue

DunbTp F Ha TONOAOrMHYECKOM NMPOCTpaHCcTBe X CXOAUTCS K HEKOTOPOIA Touke x € X,
ecnn ntobasi OKPECTHOCTb 3TOW TOYKM NpUHAANexuT % . Ons cxogumoctu F K X
ncnosib3yetcsi obosHaveHne F — x. QuUabTp CXOLUTCS, WK SBASIETCA CXOLAALLMUMCS,
€C/IN OH CXOANTCS K HEKOTOPOW TOYKE.




Teopema

Lns Tononormdeckoro npoctpaHctea X, mHoxectea A C X u to4ku x € X
CAEAYIOLNE YCIOBUS PABHOCHIIbHBI:

a) X sIBJISIETCS] TOYKOM MPUKOCHOBEHUSI MHOXKECTBA A;
6) cywecryer cpunptp F Ha X, KOTOPbIN COREPKUT A U CXOQUTCA K X;

B) CywyecTByeT ynbTpacpunstp % Ha X, KOTOPbI COREPKUT A 1 CXOBNTCS K X.

[okasatenscto. a)=8): CemelictBo H(x) BCex okpecTHOCTeR ToukM x B X
LeHTpUpoBaHo. MocKobKy X — TOUYKa NMPUKOCHOBEHUSI MHOXeCTBa A, cemMelicTBO
{ANU: U € B(x)} Toxke LEHTPNPOBAHO 1, 3HAYUT, COLEPXKUTCS B HEKOTOPOM
ynsTpacpunstpe % . V3 ceolictea @ BbITEKAET, YTO %/ COQEPKUT Kak BCE OKPECTHOCTM
x (a 3HaunT, % — Xx), Tak 1 MHOXeCTBO A.

B)=-0): TpmBManbHo.

6)=-a): MNockonbky unbTp F CXOQMTCS K TOYKE X, OH COLEPXKMUT BCE OKPECTHOCTU X.
To, 4TO OH COAEPXUT TaKXe N MHOXECTBO A, 03HavaeT, 4To nepecedeHue A ¢ noboli
OKPECTHOCTBIO X HenycTo (B cuny ceoiicTBa @), T.e. X SIBNSIETCA TOYKOMA
MPUKOCHOBEHNS MHOXeCTBa A. O




OT0bpaxkeHUst HanpaBAeHHOCTER 1 UALTPOB

Onpegenexne

Mycts f: X — Y — nioboe otobpaxenune, A — noboe HanpasieHHOE BBEPX MHOXKECTBO
N (Xo)aca — Nobasi HaNpaBAEHHOCTL B MHOXeCTBe X, T.e. ntoboe oTobpaxkeHune

v: A= X, rae o(a) = x, ans a € A. HanpaenenHocts fo@: A — Y, Te.
(f(Xa))aca, Ha3bIBaeTCst 0OPa30M HaMpPaBIEHHOCTU ¢ Npu OTObparkeHun f.

Onpegenetue

Mycts f: X — Y — noboe oTobpaxeHnue u F# — noboii dounebtp Ha X. CemelicTBo
MHOXXECTB

{AcY: f YA eZF}={ACY: 3Fec.Z(f(F)CA)}
Ha3blBaeTCs obpasom unsTpa & npu otobparkeHun f.




Mpepnoxerne

Obpaz noboro punstpa npu obom oTobparkennu sisasercs punstpom. Obpas
J110b0oro ynbTpahnabTpa npu 110bom oTobparkeHuy SIBASETCS YabTPAPUILTPOM.

[HokazaTenscrio. Mycts f: X — Y — ntoboe otobpaxkeHne, n nycts % — uabTp Ha
X. To, uyto obpas .# npu oTobpaxkeHun f ABASETCA PUALTPOM, SICHO: BbIMNOJIHEHUE
ycnosuii @ n @ un3 onpegenennst puabTpa OYEBUAHO, a BbINMONHEHNE YCI0BUS @
BbiTekaeT u3 Toro, uto f (AN B) = f1(A) N f~1(B) ans nobbix MHOXeCTB

A, B C Y. Ecnn npu atom ¥ siBnsieTcs yabTpaduabTPOM, TO N3 OCHOBHOIO CBOICTBA
ynbTpacpunsTpos u ouesnaHoro paserctsa f (Y \ A) = X \ (f1(A)) cneayer, uTto
obpas ¥ Toxe siBAsIETCA YNbTPadUALTPOM. O




HenpepbisHbie oTobpaxerns u romeomopduamel

CHayvana paccMOTpUM HEMPEPLIBHOCTL OTODPaXKeHU METPUHECKUX MPOCTPAHCTE.

Onpepenexne

Otobpaxetne f meTpuyeckoro npoctpancTtea (X, d) B MeTpuyeckoe npoCTpaHCTBO
(Y, p) Ha3biBaeTcs HenpepbiBHBIM B TOuke Xg € X, ecnn ans ntoboro yncna € > 0
cyuiecTeyeT § > 0 Takoe, 4To Ans BCskoro x € By(xp,d) umeem f(x) € B,(f(xp), ).
OTobpaxenue f: X — Y MeTpnyecknx npoCcTpaHCTB HEMPEPLIBHO, €C/IN OHO
HenpepbIBHO BO BCEX TOYKax mpocTpaHcTea X.




Teopema

Ans noboro metpudeckoro npoctparctsa (X, d) u noboro HemycToro MHoxecTsa
A C X ¢pynkyus f: X — R, onpegenénnas npasunom f(x) = d(x, A), x € X,
HenpepbIBHa.

HokazaTtenbcteo. [locTaTouHo npoBepuTh, 4TO
|d(x,A) —d(y,A)| < d(x,y)  pnsBcex x,y € X; (%)

TOrAa B KAa4eCTBe O 13 OMPEAENIEHNS HEMPEPBIBHOCTN MOXHO byaeT B3sATh €.
Hanomuum, uto d(x, A) = inf{d(x,z) : z € A}. [dns noboii Toukn z € A nmeem
d(x,A) < d(x,y)+ d(y, z). Nepexogs k nucpumymy no z € A, nonydaem
d(x,A) < d(x,y)+ d(y,A). Mensis mectamn x u y, BUAUM, 4TO
d(y,A) < d(x,y) + d(x,A). Takum obpaszom,

d(X7A)_d(y7A)<d(X7y) n d(yvA)_d(X7A)<d(X7y)7
OTKYZia BbITEKAET HEPABEHCTBO (), @ C HUM 1 Teopema. O

).
).




Mpepnoxerne

Otobpaxerue f: X — Y MeTpuvecknx npoCcTpaHCTB HEMPEPbIBHO TOr4a u TOJIbKO
Torga, korga npoobpas f~1(U) sBcskoro mHoxectsa U C Y, oTkpbiToro B Y, OTKpbIT
B X.

[okasaTenbcTBo

Heobxogumocts. Hapo nokasaTb, 4to MHoxecTo f1(U) oTKpbITO, T.e. 4TO Kaxzjas
Touka xp € f1(U) comepxutca B f~1(U) BMecTe co cBoeil okpecTHOCTbIO. [MycTb

xp € F71(U). Muoxectso U oTkpbito B Y 1 f(xg) € U = 3e > 0, ans koToporo
B,(f(x0),g) C U. OtobpaxeHue f HenpepbiBHO B Touke X == 30 > 0, Ans KOTOPOro
f(Ba(x0,9)) C By(f(x0),€) C U, Te. Bu(xo,0) C f~1(U), 4o n Tpebosanocs.
Hocratodrocts. [ns ntoboii Toukn xg € X n ntoboro € > 0 mHoxectso B,(f(xp), €)
oTkpbITo B Y. 3Haunt, f~1(B,(f(x0),)) oTkpbiTo B X. Mockonbky Touka xg
npuHagnexut muoxectey f 1(B,(f(xo),€)), HekoTopast eé okpecTHocTb By(xo, §)
COAEPXKNTCS B 3TOM MHOXeCTBe —= [ HenpepbiBHO B Xg. /13 npoussonsHocTy Bbibopa
Xp CNEAYeT HEMpPepbIBHOCTL f. O

v




Onpegenexue

OTvobpaxerue f: X — Y TONOMOrMYeCKMx NPOCTPAHCTB HA3bIBAETCS HEMPEPLIBHLIM,
ecnm npoobpas npu 3TOM OTOBpaxKeHUn 10DOrO MHOXECTBA, OTKPLITOro B Y, OTKPLIT
B X.

OtobparxkeHne f HenpepbiBHO B Touke Xp € X, ecnn npoobpas ntoboii OKpecTHOCTU
Toukm f(xp) B npocTpaHcTBe Y SIBASIETCS OKPECTHOCTBIO TOUKM Xg B nMpocTpaHcTee X,
T.€. COAEPXXUT OTKPBITYIO OKPECTHOCTb TOYKM X(.

Ecan pna Tononornyecknx npoctpaHcte X n Y CyuwlecTBYeT HenpepbiBHAsi CIOPbEKLMS
f: X =Y, To roBopsT, 4To Y ABNAETCS HenpepbiBHbIM 0bpa3om npocTtpaHcTea X.

3 nokazaHHOroO BbilE NPEAJIOKEHNSI BUAHO, YTO OTODpPaXKeHNEe METPUYECKUX
NMPOCTPAHCTB HEMPEPBLIBHO TOrAa 1 TOJbKO TOrAa, KOrAa OHO HEMPEPLIBHO Kak
oTobparkeHne TONOAOrNYECKUX NPOCTPAHCTB OTHOCUTENILHO MOPOXKAEHHBIX METPUKaMU
TOMOJIOTUIA.



Teopema

Lns orobpaxenns f: X — Y Tononorndeckux npocTpaHCTB CAEAytoLyme CBONCTBA
PaBHOCUJIbHBI:

@ f HenpepbiBHo, T.e. Npoobpas npu f 0OOro OTKPLITOrO MHOXECTBA OTKPLIT;

@ npoobpas npu f 11060ro 3aMKHYTOro MHOXECTBA 3aMKHYT;

© orobpaxkeHne f HenpepbIBHO B KaXkoii ToYke npocTpaHcTea X,

Q obpas npu f 3ambikanus aoboro mHoxectea A C X B X copepxutcs B
3ambikaHum obpasa f(A) atoro mHoxectBa B Y ;

© 3sameikanue 8 X npoobpasa f~1(B) nwoboro mHoxecTsa B C Y cogepwutcs B
npoobpase 3amblikaHus MHoxecTBa B B Y .

HokazaTtenscteo. @ < @ oueBngHo, @ < @ [0Ka3bIBAETCHA KaK MPeAsIOKeHNE BbILLE.
©=0: Mycts AC X. B cuny @ mHoxectso f ! (@Y) 3aMKHYTO, N OHO COAEPXWT
A: 3HaunT, A C ffl(@y).

Q=0 cneayer u3 Toro, yto B = f(f~1(B)), Tak uto B D f(f~1(B)).

0=0: ecm F C Y 3amknyTo B Y, T0 B cuny @ umeem F—1(F)X c F~1(F), a
snaunt, F-1(F)X = f~1(F), T.e. mHoxectso f~1(F) 3amkHyTO. O




Teopema

@ Orobpaxenne f: X — Y MeTpuyecknx MpocTpaHCTB HEMPEPLIBHO B ToYke X € X
TOrga v TOJIbKO Torja, Korga obpas npu f ntoboli nociegosaTenbHOCTY,
cxogsLedicsi k x, cxogutces K f(x).

@ Orobpaxenne f: X — Y Tomnomornd4eckmx npocTpaHCTB HEMPEPLIBHO B TOYKE
x € X Torga v To/bKO Torga, korga obpas npu f n0boii HanpasaeHHOCTH,
cxopsierics K x, cxogutcest K f(x).

© Orobpaxenne f: X — Y Tononornd4eckmx npoCcTpaHCTB HEMPEPLIBHO B TOHKE
x € X Torga v Tos1bKO Torga, korga obpas npu f nwoboro ynsTpaghnabTpa,
cxogsierocsi K x, cxogutes K f(x).




Hokasatensctso. @ [Npegnonoxum, 4to obpas npu f noboro cxoaaLLErocs K To4ke
x € X ynbtpacpunstpa cxogutcst K f(x). Mycts V — ntobast okpectHocTb Toukm f(x).
Ecnm eé npoobpas f (V) He siBnsieTcs OKpeCTHOCTbIO (= He COAepXKNT HN OfHOIA
OKPEecTHOCTM) ToukM X B X, TO CEMeNCTBO

F ={X\ FHV)}U{U: U — okpectHocTb To4kn x 8 X}
LLEHTPUPOBAHO, @ 3HAYMT, COAEPXKNTCS B HEKOTOPOM yabTpadpuibTpe % Ha X. ITOT
yNbTPacbuAbLTP CXOAUTCS K TOUKe X, 3HA4NT, ero obpas Sf(% ) BomKeH CXOaNTbCS K
f(x). Ognako X\ F Y (V) e % = F(X\FYV))=FfX)\Ve€pf%) =
V ¢ Bf(%). 7o npoTueopeune nokasbigaet, 4To f (V) — OKpecTHOCTb ToukM X B
X, T.e. f HENpepbIBHO B X.

O6patHo, nyctb f HenpepbieHo B x € X. Paccmotpum ntoboii ynstpacdunstp % Ha
X, cxopswumiics kK x. Ecnn Bf(% ) Ha Y He cxoguTes K f(x), TO y 3TOl TOYKM €CTb
okpectHocTb V' & Sf(% ). Mo ocHOBHOMY CBOIACTBY ylbTPachuALTPOB MMEEM
Y\ V € Bf(%), a no onpegenenunto otobpaxkeHus ynstpacpunstpos 31

FAX\V)=X\FYV)ew
B NMpoTUBOpeYne C TeM, 4To % — x n f1(V) — OKpecTHOCTb ToYKM X. O




Cnenctsue

© OrtobpaxeHne METPUHECKUX NPOCTPAHCTE HEMPEPLIBHO TOMAa U TOJLKO TOrAa,
Korga obpa3s npu 3TomM oTobpaxeHnn 10boi CXOAALLENCS MOCAEA0BATENLHOCTY
cxoanTces k 0bpasy eé€ npegena.

@ OrtobpaxeHne TONONAOrNHECKUX NPOCTPAHCTE HEMPEPBIBHO TOrAa U TOJLKO TOrAa,
Korga obpaz npu 3TomM oTobpaxkeHnu noboli cxoasaLeicss HanpPasaeHHOCTY
cxoanTcsl kK obpasy eé npeaena.

© OrobpaxeHne TONONAOrNHECKNX NPOCTPAHCTE HEMPEPLIBHO TOrAa U TOJbKO TOrAa,
Korga obpaz npu 3ToM oTobpaxeHuu Noboro cxofaLerocs yibTpaguabTpa
cxoanTcsa k 0bpasy ero npegena.




[NMpennoxxeHune

Lns nobeix otobpaxennii : X — Y ng: Y — Z Ton0n0rn4ecknx npocTpaHcTs
BEPHbI CAEAYIOLYNE YTBEPKAEHNS:

ecm f v g HenpepbiBHbI, TO KOMNO3uUnsl g © f Toxke HenpepbIBHA;

ecnn otobpaxkeHue f HenpepbiBHO B Touke x € X, a g HenpepbiBHo B To4ke f(x),
TO KoMno3numsi g o f HermpepbIBHA B TOYKE X;

ecnn otobpaxenune f HenpepbisHo, x € AC X nf(A)C BC Y, 10
nogotobpaxenue f N (A x B): A — B HenpepbisHo. B yacTHocTu, cyxeHune
fla: A— Y HenpepbiBHO;

ecau otobpaxkeHue f HenpepbiBHo B Touke x € X, x EAC X nf(A)C BCY,
10 nogotobpaxerue f N (A x B): A — B HenpepbiBHO B TOHKE X;

ecsn f HenpepbiBHO, To A5 oboro npocTpaHcTea Z, cofepxauiero Y B Ka4ecTse
NoANpPoCTpaHcTBa, Hagotobpaxenne X — Z otobpaxkeHus f HenpepbiBHO;

ecnm f HenpepbiBHO B Todke X € X, To Ans moboro npoctpaHcTea Z,
coaepxatuyero Y B Ka4eCcTBe noAnpocTpaHcTBa, HagoTobpaxeHne X — Z
oTobpaxeHus f HenpepbiBHO B TOYKE X.




OueHb nonesHoe yTBEPXXAEHVE

a) Ecnm f: X — Y — oTobpaxeHne TOMONOrNYECKNX NMPOCTPAHCTB U CyLLEeCTBYET
npegbasa Tonosioruu Y, npoobpasbl BCEX 371EMEHTOB KOTOPOU OTKpbITh B X, TO f
HEMpepbIBHO.

6) Ecim f: X — Y — oTobparkeHne TONoAOrMHecKux npocTpaHcTs, x € X u
CYLLLECTBYET JioKaNbHasi 6a3a Tononorum Y B Touke f(x), npoobpassbl Bcex
3/1IEMEHTOB KOTOPOIi SIBNSIIOTCS OKPeCTHOCTsIMU Todkn x B X (He obsizaTesnbHO
OTKPbITbIMU), TO f HENPEPBLIBHO B TOYKE X.

[okazaTensctso. a) Mycts Z — npepbasa Tononorun Y, npoobpasbl Bcex 31eMEHTOB
koTopoii oTkpbITbl, n nycte % = {UiN---NU,:neN, Uy, ..., U, € B} —
nopoxaéhHas eto 6aza. Mockonbky f~ (U N---NU,) = fHU)N--NFHU,) m
KOHEYHbIE NEPECEeYEHNsI OTKPbITLIX MHOXECTB OTKPbITbI, 3aK/t04aeM, 4TO Npoobpasbi
BCEX 2JIEMEHTOB %/ OTKPbIThI, @ U3 TOro, YTO Jiloboe OTKPLITOE MHOXECTBO B Y eCcTb
obbeamHeHne aeMeHTOB 6asbl 1 nNpoobpas obbeamHeHUs NOBOro ceMeiicTBa MHOXECTB
BCErga paBeH ODbEANHEHNIO MPOODPA30B 3NEMEHTOB 3TOrO CEMENCTBA, CNEAYeT, 4YTO
npoobpas Ntoboro OTKPLITOro NOgMHOXeCTBa Y OTKpLIT, T.e. f HenpepbIBHO. O

v




[MprMepbl HenpepbIBHbLIX OTObpPaXKeHU
@ Jlioboe oTobpakeHne AUCKPETHOrO MPOCTPAHCTBA KYAA YrO4HO HEMpepbIBHO.

@ Otobpaxenune f: X — Y aHTuanckpetHoro npoctpaHcTea X B nNpocTpaHcTBo Y
HenpepblBHO <= f(X) c Tononoruei, nHayuMpoBaHHoli n3 Y, aHTUANCKPETHO.

o lycte 71 n J5 — pBe pasHble TONOAOIUU HA OLHOM N TOM >Xe MHOXecTBe X.
ToxpaectseHHoe oTobpaxetue idx : (X, 71) — (X, Z2) HenpepbiBHO TOrAa un
ToNbKO TOrAa, korga 7 C 73 (T.e. Tononorum 71 n 5 CpaBHUMbI U J; CANbHEE).

o CyliecTByeT HENpepbIBHOE CIOPBEKTUBHOE 0TObparkeHne obbiuHoro otpeska [0, 1]
Ha KBagpaT. Takme OTODpa)keHMsi Ha3bIBAIOTCA KPUBLIMM, 3aMOJHSOLUMY
KBagpaT, uau kpuebimu [eano. MmabbepT npeasoxunn Takoli BapmaHT NOCTPOEHUS]
3TOro oTobpakeHust:




@ [NpocTas npoeepka [OKa3bIBAET HEMPEPLIBHOCTL CefyroLnX oTobparkeHnii
(oTHoCUTeNbHO ObbiuHOl Tononorun Ha R n eekangosoii Tononorun Ha R?):

+:

X

/:

max:
min :
T

T

R? — R,
'R? 5 R,
'R? 5 R,
IfR32—>R,

(. y) = x+y;
(. y) = x—y;
(. y) = x-y;
(x,¥) = x/y

(3pech R2 = {(x,y) € R2 : y # 0});

R? — R,
R? — R,
R? - R,
R? - R,
'R — R,

(x,y) — max{x, y};
(x,y) — mln{x v}
(x,y) =

(x,¥)

x = |x].

=y,



@ [Ins Bcsikoro Tononormyeckoro npoctpaHcTea X n atobbIX HEMPepbIBHBIX
oTobpaxkenuii f,g: X — R anaronans f A g: X — R? (HanoMHuM, 4To 370
oTobpaxkeHue, onpepeneHHoe npasunom x — (f(x), g(x))) HenpepbisHa. YTobbI
ybeanTbCs B 3TOM, B CUJly NOJE3HOTO YTBEPXKAEHMS JOCTAaTOYHO 3aMETUTb, YTO
MHoxecTBa Buga {(x,y):a<x < b, c <y <d}, rae a, b,c,d € R, obpazytor
6a3y Tononorun R? n ux npoobpasel f~1(a, b) N g~ (c, d) oTkpuITbI BBMAY
HenpepbIBHOCTN oTobpaxeHuii f un g.

C nomMoLLbto KOHCTPYKUWIA U3 ABYX MOCNEAHMX MPUMEPOB JIEFKO LOKA3bIBAETCSH Takoe
yTBEpPXXAEHME:

[Mpeanoxxeruve

Ecan X — nroboe Tononorndeckoe npoctpaHctso u f,g: X — R — nenpepbiBHbie
yHkuyum, To caegyrowme pyHkymm X — R Toxxe HenpepbiBHbI:

o x> f(x)+g(x); o x = max{f(x),g(x)};
o x— f(x)—g(x); o x— min{f(x),g(x)};
o x—f(x)-f(y); o x> |f(x)].

Ecsn npu stom 0 ¢ g(X), To HenpepbiBHa ewwyé u yHKLMS X %.




lomeomophusmbl

Onpegenerue

FomeomMOphrU3MOM, MM TOMOJIONMHECKM OTODPaXKEHMEM, MEXAY TOMOJOrMYECKUMY
npoctpaHcTeamn X 1 Y Ha3blBaeTCs HenpepbiBHOE B3aWMHO OAHO3HaYHOE
oTobpaxeHue f: X — Y c TeM CBOWCTBOM, 4TO obpaTHoe oTobpaxenue f~1: Y — X
ToXe HenpepbiBHO. [oBopsT, 4To NpocTpaHcTBa X U Y roMeoMopdHbl, 1 nuwyT

X 2Y, ecnn cywectsyet romeomopcusm f: X — Y. Tononornyeckue cBoiicTea, uin
TOMOJIOrMYECKNE NHBAPUAHTLI, — 3TO T€ CBOCTBA TOMOJIOMMYECKNX NPOCTPAHCTE,
KOTOpble COXpaHsOTCA romeomopdusmamu. [dpyrumu cnosamu, & — TONONOrMHECKOE
CBOWCTBO, €C/IN KaKoBbl Bbl HU BblM roMeoMopdHbIE TONONOrMYECKUE NpocTpaHcTBa X
n Y, X obnapaet cBoiicteom & <= Y obnapgaet coiictBom X,

Korga npoctpaHctBo X romeomMopdHO HEKOTOPOMY MOANPOCTPaHCTBY Z
npoctpaHcTBa Y, roBopsT, 4To X roMeoMOopHO BIOXKEHO, UM MPOCTO BIIOXKEHO, WK
BKJ1a[bIBA€TCsl, B MPOCTPAHCTBO Y, a romeomopchusm mexay X n Z HasblBaeTcst
TOMONOrMYECKM BJIOKEHNEM, WJIN NPOCTO BAOXKEHUEM.

OTtHoweHne = («ObITb rOMEOMOPMHBIMUY ) SABASIETCH OTHOLIEHUEM SKBUBAJIEHTHOCTH
Ha KJacce TONOJIOrMYECKNX NPOCTPAHCTB.



padbukn oTobpaxkeHnii

Onpegenetue

"pachrkom oTobparkeHus f: X — Y HasblBaeTCSA MHOXECTBO
Grf={(x,y): xeX, y=Ff(x)} C X xY.

Onpegenexue

Ha pekaptoBom npoussegerun X X Y ABYyX TOMOJOrMHECKUX MPOCTPAHCTB NMEETCS
€CTECTBEHHAs TOMOJIOrNs NPOU3BEAEHNSI — OHA MopoxaeHa basoi

PB ={Ux V: Uotkpsito B X, V otkpbiTo B Y}.
Tononornyeckum NpomsBeAeHNEM, UN NPOCTO NPOU3BEAEHNEM, ABYX TOMONOMNYECKNX
MPOCTPAHCTB HA3bIBAaETCS UX [EKAPTOBO MPOU3BEAEHNE C STOV TOMOJOrMEN.

Korga rpaduk oTobpa)keHunsi TONONOrMYECKUX MPOCTPAHCTE CaM PacCMaTPUBAETCS Kak
TONOJIOrMYeckoe MPOCTPAHCTBO, BCerga NUMeeTCs B BUAY, YTO ero Tononaormsa
MHAYUMPOBaHa TOMOJIOrNell Npon3seneHuns.




Teopema

pacpuk Gr f noboro HenpepbisHoro otobpaxenns f: X — Y Tononorndeckux
NPOCTPAHCTB roMeoMopgheH npocTpaHcTey X.

[okazaTenscteo. OTobpaxerue ¢: X — Gr f, onpegeneHHoe npasniom
o(x) = (x, f(x)) ans noboro x € X, — romeomopcusm. [leficTBuTeNsHO, OHO,
OYEBUAHO, SIBASIETCS BUeKUneid; HeNPepbIBHOCTL ¢ CIEAYeT U3 TOrO, YTO CEMENCTBO
B={WnNGrf: W e B} =

={(Ux V)NGrf: Uotkpbito 8 X, V oTkpbITo B Y}

ABnsieTcst 6a3oli MHAYLMPOBAHHOR Tononorum Ha rpaduke, n npoobpas
e H((Ux V)NGrf)=Unf (V)

Nt0boro aneMeHTa 3TOro CEMERCTBA OTKPLIT B CUJTY HEMPEPLIBHOCTYN f; HaKOHeL,
OTKPLITOCTb 0TObpaXkeHust ¢ oveBugHa — obpas ¢(U) noboro oTKpLITOro MHOXeCTBa

U C X ectb mHoxecTtBo (U X Y) N Grf, KOTOpoe OTKPLITO B UHAYLMPOBaHHOM
Tonosiorum rpacuka, nockosibky U X Y OTKPbITO B TONOJMIOrMN NPOU3BEAEHNS. O




CoxpaHeHue TOMoJSIOrMYECKUX CBONCTB HEMPEPLIBHLIMU OTODPaXKEHUAMU

Mbl Bygem roBopuTb, 4TO TOMONOrMYECKOE CBOMCTBO & COXpaHseTCst 0TObpaXkeHusaMu
U3 kiacca %, ecnu, Kakoeo bl HU BbINo npocTpaHcTBo X co colicTBOM &2 u
otobpaxetue f: X 2 Y u3 knacca €, obpas Y = f(X) obnagaer coiicteom .
Cpeaun Tex CBOICTB, YTO HaM Yy>Ke U3BECTHbI, TOJLKO TPU COXPAHSIOTCA
MPOU3BOJILHBIMMN HEMPEPLIBHBIMU OTODPaXKEHUSIMN — CBOWCTBO UMETb MOLLHOCTbL < K,
CBOWCTBO MMETb MJIOTHOCTb < K 1 CBOWCTBO UMeTb Yncno CycnunHa < k. Ctéut
OTMETUTbL, YTO MHOMMMUN «XOPOLIMMU> CBOWCTBaAMM 0bnafatloT GUCKPETHbIe
NPOCTPaHCTBa, a Ntoboe OTODpaXKeHMe ANCKPETHOMO MPOCTPAHCTBA HEMPEPbIBHO.

Onpegenetue

OTtobpaxeHune f: X — Y TONONOrMYECKUX NMPOCTPAHCTB HAa3bIBAETCSA OTKPbLITHIM, €C/u
0bpas KaXkJoro MHOXeCTBa, OTKpbITOro B X, OTKpbIT B Y, N 3aMKHYTbIM, ecnu obpas
Ka)k[or0 MHOXeCTBa, 3aMKHYToro B X, 3amkHyT B Y.




Onpegenetue

MoanpocTpaHcTBO Y TOMOMOrMYECKOro NpocTpaHcTBa X Ha3bIBAETCs PETPAKTOM 3TOrO
NPOCTPAHCTBA, €CAN CYLLECTBYET HEMpepbiBHOE oTobpaxerue r: X — Y,
ToXAecTBeHHOE Ha Y (T.e. Takoe, 4to f(y) = y Ans Bcsikoro y € Y). Takoe
OTODpaXkeHNe r Ha3bIBAETCA PeTpaKLein.

Teopema

Tononornyeckoe npoctpaHcTBo Y sBASETCS peTpakTom npocTtpaHcTea X D Y Torga u
TOJILKO TOrga, Korga sitoboe HenpepbiBHoe oTobpaxkeHue Y — Z B moboe
NPOCTPaHCTBO Z MPOAOAXKAETCS [0 HEMpPePbIBHOro otobpaxenns X — Z.

HokasatensctBo. Ecnm r: X — Y — peTpakuus, To ans ntoboro HenpepbIBHOO
f:Y — Z xomnosnuusi f or: X — Z HenpepbiBHa 1 npogoxaer f.

ObpaTHo, ecnn ntoboe HenpepbiBHOe o0TobpaxkeHne Y — Z MOXHO NPOAOIKUTL O
HenpepbIBHOro oTobpaxkeHus X — Z, To 1 ToxaecTseHHoe oTtobpaxeHnue idy: Y — Y
MOXHO MPOJOSIKUTL JO HEMpepbiBHOro otobpaxerus X — Y, noboe Takoe
MPOAOJKEHUNE, OHEBNAHO, SIBNSIETCS peTpakLuuei. O




Teopema o HepeTparmpyemocTu

Hu Ans Kakoro HaTypasibHOTO N He CyLIecTByeT peTpakuum r: D" — S 1,

Teopema Bpayspa 0 HemoaBMXXHOI To4Ke

nst noboro HaTypasbHOrO N BCSIKOE HempepblBHOe oTobpaxeHne D" — D" umeet
HEMOABUXXHYHO TOYKY.

Teopema Bpayspa nerko BbIBOGUTCS U3 TEOPEMbI O HEPETPArvpyeMocTu, n HaobopoT:

npegnonoxum, 4to f: D" — D" — HenpepbiBHOe 0TobpaxkeHune 6e3 HenoABMKHOI
TOYKN, U ANS KaxAol Toukn x € D" paccMoTpum nyy ¢ Hadanom f(x), npoxoasimii
yepes Touky x. Obo3Haumm 4epes r(x) TOuYKy, B KOTOPOIi 3TOT Nyd mepecekaeT cdepy
S"=1. Nlerko npoeepuTsb, 4TO OTOBpaXkeHue r: x ++ r(x) — peTpakums D" Ha S"L.
Mpeanonoxum Tenepsb, 4To r: D" — S"~1 — petpakuums. Mycts i: "1 — S~ 1 —
oTobpareHne x — —x. Torga oTobpaxkenue i o r: D" — S"~1 C D" nenpepbiBHO 1 He
MMEET HEMOABUKHbLIX TOYEK.



ObosHayveHns

D" w S — 3aMKHYTbI eguHnYHbIf uck (wap) u cdepa B €BKINMLOBOM
npoctpanctee R”, n € N:

En:{X:(Xl,.‘.,X,,) ER”;X12_|_..._|_X3 <1},
S" = {x=(x1,...., %)) ER":xZ 4+ x> =1}.
Ouck D" romeomopcber n-mepHomy cumnnexcy A" — sbinyknoii obonouke n + 1

appMHHO He3aBUCUMBIX (T.e. He Nexalynx B ofHoii (n — 1)-MepHOii NNOCKOCTM) ToHek
ag, - - -, ap apdpuHHoro npoctparctea R™, m > n. Jpyrumn cnosamum,

D" A"={x=X-ao+A1-a1+-+Ap-an:Ao,--, Ap =0, A\ +---+ A, =1}

(Mbl MMeem geno ¢ Todkamun npocTpaHcTea R, T.e. m-KaMu BELLECTBEHHbIX YUCES;
OMepaumn CIOXKEHNSI M-0K 1 YMHOXEHUSI NX HA YNCIO OMPEAENSOTCS NOKOOPAUHATHO).
Yucna Ao, ..., \, HasblBatOTCA BaPULEHTPUYECKUMU KOOPAUHATAMU TOYKMN X € A",



Toukn ag, .. .,a, Ha3bIBAOTCS BepWMHaMy cumnnekca A", a cUMNekcsl C BeplwnHaMu
Angs---san., TAe k < nwng,..., N — pasanynble 4ncna ns muoxecrsa {0,..., n},
Ha3bIBAlOTCA k-MepHbIMU rpaHsmu cumnnekca A", BapuyeHTp rpaHn ¢ BeplinHamu

an0+"‘+ank
Angs -+ +,dp, — 3TO TOYKa k¥ 1

Tpuanrynsayms n-mepHoro cumnnekca A" ¢ BepwnHamu ag, . ..,a, — 3TO
npeacraeneHve cumnnekca A” B Buge KOHEYHOrO OOBEAUHEHUST N-MEPHbBIX CUMMIEKCOB
Af, ..., A}, B KOTOpoM nepeceyeHue Ntobbix AByx cumnaekcos Al n A7 = j, nubo
nycTo, NMbO ABNAETCA rPaHbIO KaXAoro n3 cummniekco A7 un AJ’-’. BepLumHei
cumnnekcos Af, ..., AJ Ha3bIBAlOTCA BEPLUMHAMY TPUAHTynayuu. T puaHrynauns,
BEPLUMHAMUN KOTOPOIi ABNstoTCs bapuueHTpbl Bcex rpaHeli cumnnekca A”, HasbiBaeTcs

6apl/IL{eHTpM'-IECKI/IM nogpasgesieHnemM CNMrJiekca A",

MpeanonoXum, 4To BEpLNHbI k-MEpPHOrO CMMIMIEKCA pacKpalleHbl B LBeTa 13
Habopa {0,...,m}, m > k. Mol Bygem roBopuTtb, 4TO packpacka f1oJiHa, eCi Cpeaw
LBETOB BEPLUMH CUMMIEKca BCTpedatoTes Bee ugeta 0, ..., k (Torga Kaxablii us atux
LUBETOB BCTPEYAETCA POBHO MO OAHOMY Pa3y W HU OAMH U3 LBETOB C HOMEPOM > k He
BCTpeYaeTcs).



Jlemma 1

[lycTb Bce BepiumHbl TpuaHrynaymy cumnaekca A", n > 0, packpalueHbl B 4BeTa n3
Habopa {0, ...,n}. Torga 4ucno CMMNNEKCOB TPUAHTYASALNY, PACKPACKA BEPLLUNH
KOTOPbIX MOJIHA, UMEET Ty Xe HETHOCTb, 4TO n 4ncio Tex (n — 1)-mepHbix rpaHei
CUMIJIEKCOB TPUAHTYSIUNM, KOTOPbIE COAEPXKaTCs B rpaHuye cummniekca A" n
pacKpacka BEPLUNH KOTOPbIX MOJIHA.

[Hokasatenbcteo. [lyctb packpacka (n — 1)-MepHOI rpaHn HEKOTOPOro N-MepHOro
cumnnekca nonHa. Ecnm npoTtusononoxHas el BeplMHa packpalleHa B LBET N, TO Y
cuMmniekca poBHO ogHa (n — 1)-mepHas rpaHb C MOHON PaCKPACKOM, MHayYe POBHO ABe.
3HAYUT, HUCNIO N-MEPHbBIX CUMMIEKCOB TPUAHTYAALMUN C NOJMHON PaCcKpackol UMeeT Ty
e YETHOCTb, 4TOo 1 Yncno N nap «n-mepHbiii cumnaekc — ero (n — 1)-mepHasi rpaHb C
MoNIHOM packpackoiiy. Besiknii (n — 1)-MepHbIii CUMMIEKC, SBASIIOWNIACS TPpaHbIO
OfHOIO N3 CUMMJIEKCOB TPUAHTYAALNN, COAEPXKNTCS B POBHO OAHOM N-MEPHOM
CUMMJIEKCE TPUAHTYASLNMN, €CIIN OH NIEXUT Ha rpaHuue A”, 1 poBHO B ABYX TaKux
cumnnekcax nHadve. ostomy N nmMeeT Ty )Ke YETHOCTb, YTO 1 KOJUYECTBO

(n — 1)-rpaHeil ¢ NONHON PaCKPACKOM, COAEPXKALLNXCA B CUMMIEKCAX TPUAHTYASLAN 1
cocTaBasitowmx rpaHugy A" O




Jlemma LLneprepa

[pegnonoxxvm, 410 BepLUMHbI TpUaHryasyum n-mepHoro cumniaekca A", rge n > 0,
PacKpalleHbl Tak, YTO packpacka camoro cummnaekca A" nosiHa v YBeT Kaxkzoli
BEPLUMHBI TPUAHTYAALNUY, NPUHAANEXALLEN Kakoi-HNbYab rpaHn cumnaekca A",
COBMajaeT C LBETOM OJHOM U3 BEPLUUH 3TOM rpaun. Torpa cpesu cUMMAEKCOB
TPUAHTYNIALUN €CTb CUMIIJIEKC C MOJIHONM PaCKPackol (M YUCIO TaKUX CUMIIIEKCOB
HEYETHO).

Hokazatensctso. [ns n = 0 nemma, oueBugHo, sepHa. lNpegnonoxum, 4to k > 0 n
nemma BepHa anst n < k. [okaxxem eé gns n = k.

JocTaTo4Ho [oKasaTb, HTO HUC/IO CUMIIEKCOB TPUAHTYSILMN C MOJHOW PacKpacKoii
HeuéTHo. o nemme 1 370 paBHOCU/ILHO TOMY, 4TO 4ncio (k — 1)-MepHbIX CUMMIEKCOB
C MOJIHOI PaCKPaCKoli, ABASIOWMXCS TPAHAMU CUMMJIEKCOB TPUAHTYAALUN 1
coaepxaluxcs B rpaHue cumnnekca AKX newétro. U3 ycnosus Ha ugeTa BeplunH
TPUAHTYASLMM ChefyeT, 4To Ha rpanuue AKX nioboit (k — 1)-MepHbiii cumnaekc c
MoNIHOM packpackoii copepxutcst B (k — 1)-mepHoii rpaHn cumniekca Ak ¢ nonwoii
packpackoli, NoaToMy cripaBeasnBocTb JieMMbl LLinepHepa ans k-mepHoro cumnnekca
cnepyet n3 eé cnpaseanueoctu gast (k — 1)-mepHoro cummnekca. O




Jlemma 2

Lns nobbix Toqek x n'y cumnnekca A" C R™ (n < m) C BepLIMHAMM aq, . .., ap
dm(x,y) < max{dm(aj,aj) : i,j < n}.

[okasaTenscteo. CHavana nokaxem, 410 dm(x,y) < maxd m(ai,y). TycTb Touka x
<n

IBS

NMeeT BapNLEHTPUYECKME KOOPANHATBI Ag, ..., Ap, T.€. X = Y Aja; € A”; HanoMHuMm,
i<n
4to > Ai=1u X =0 gna i < n. Nmeem
i<n
dnly) = o o N o0 )= [ har = 0| = [Sntai )| <
m

i<n i<n i<n i<n i<n

<) Ailai = ylm < max|aj — y|m = max dm(aj, y).
. i<n i<n
i<n
MoBTOPKB TO Xe pacCy>xaeHne Ans y u a; (roe j — nroboe rkcmpoBaHHoe Hncno < n)
BMECTO X U Y, Mbl NPUXOANM K HY>XHOMY 3aK/HOHEHMIO. O




Jlemma 3

Ecam n € N u d — makcumanbHas gavHa pebpa cumnnekca A" ¢ BepumHamuy
ag, - - -,ap, TO MAaKCUMasbHas ,qm//Ha pebpa bapuLeHTpUHECKOro MogpasseneHus

cumnnekca A" He npesocxoamnT — +1 -d.

HokazatenbctBo. BepuwinHbl cumnniekca bapuueHTpryeckoro nogpasaeneHns UMeroT
ar(o)ta A (o)t++a

BUA ar(0), M, W rae ™ — nepectaHoBka (MHAYKUMS MO n).

Hap,o NOKa3aTb, YTO PAaCCTOAHNE MEXLY J'Ir06bIMI/I TOYKaMWn Bnpga
() T Fan(prg-n) A0 T An(p-1)

p+q p

O ODbIX HaTypasibHbIX P U g Takux, 4To p+ g < n+ 1, He npeBocxoauT nil -d.
Nmeem
az(0) T Fan(ptg-1)  3An(0) F - FAn(p-1)
p+q P
__4q (aw(p) t o an(pig-1) At aw(p—l)) _ 9 (a_p)

p+q q p pP+q '

roe a u b — Hekotopbie Touku A”. Octanock 3ametutsb, 4to dp(a,b) < d (no
q p+g—1 __ 1

nemme2)mm<W_ - ot S




HokazaTenscteo Teopembl bpayspa. lMycts n € N, A" — noboit n-mepHbIii crMmniekc
nf: A" — A" — HenpepblBHOe oTobpaxeHne. Mbl gokaxkem, 4Tto f umeer
HEMOABMXKHYIO TOYKY; 3TOr0 AOCTAaTOYHO, MOCKOLKY Anck D" romeomopdber nobomy
N-MepHOMY CUMIJIEKCY.

Packpacum Toukn cumnnekca. Mycte x € A" u xq, . . ., X, — bapuyeHTpuyeckne
KOOPAMHATBI TOYKM X. Touka f(X) TakKe NPUHAANEXNT CUMMEKCY; MYCTb Y0, ..., Yn —
eé bapuueHTpuyeckue koopguHatel. Mbl nokpacum x B uset j = min{i : y; < x; # 0};
CYLLLECTBOBAHME TaKOro j NIEFKO BbIBOGUTCS M3 TOrO, 4TO » . x; = »_ y; =1un x;,y; =0

i<n i<n
ans i < n. Tpn Takoll packpacke LBeTa BeplvH atoboi TpuaHrynsuum cumniekca A"
YLOBNETBOPSIIOT yCnoBusm sieMmbl LLInepHepa, noTomy 4To Kaxxpas BepluimHa a;
cumnnekca A” nMeeT UBET / N eCn TOYKA NPUHAAJEXNT FPaHn C BEPLUMHAMMU
iy, - - -,dj,, TO Y HE OTIMYHATLCA OT HyNst MOTYT NNLWb bapuLeHTPpUYecKne KoopanHaTbI
C HOMepaMmu fg, . .., I, @ 3HAYUT, OHa MOKpaLleHa B OAVH U3 LIBETOB Iy, ..., k. 1o
nemme LLinepHepa B BGapuueHTpudeckom nogpasgenenun cumniekca A” Haligércs
cumnnekc Af ¢ nonHoili packpackoii. Beibepem B HEM Touky Xj.




Tenepb BO3bMEM DapuLEHTPUYECKOE NMOAPA3AEIeHNe KaXKAOrO CUMIIEKCA
bapuueHTpryeckoro noapasgesnerus cumnnekca A”. B pesynstate Mmbl nonydum Habop
CUMIJIEKCOB, KOTOPbLIE B COBOKYMHOCTM TOXKe 0bpasytoT TpuaHrynsuuto cummiekca A"
— TaK CKa3aTb, BTOPYO UTepauuto bapuueHTpryeckoro nogpasaenenus. B Hém Toxe
HallAETCa cumnnekc ¢ nosHolt packpackoii. ObosHauum ero AJ n Bbibepem B HEM
Touky Xo.

Mpomoskasi B TOM »e Ayxe, Mbl MOJYYUM MOC/IEA0BATENIbHOCTL CUMIIEKCOB

1, A5, ... c nonHoli packpackoili, uamMeTpbl KOTOPbIX CTPEMSITCA K HY/O MO Nemme 3,
1 nocsefoBaTesbHOCTbL Todek Xi, X, ... , KOTOpasi COAEPXKNT CXOASILLYHOCS
nognocnenoBatenbHocTb (X )pen MO M3BECTHONW M3 aHann3a Teopeme
Bonbuano—BeliepwTpacca. lMokaxem, 4to X = lim,_oc X — HenoABmKHas Touka
oTobpaxeHust f.




Myctb (X0, ..., Xn) 1 (Yo, -.,Yn) — DapuueHTpuYeckne koopauHaTbl (OTHOCUTENBLHO

TOYeEK ag, . ..,an — BEPLINH ncxogHoro cummiekca A) Toukn X n eé obpasa f(X), a
(Xi, 05 - - - Xi,,n) — bapuueHTpuyeckue koopanHatel Todek X; . Kpome Toro, ans

/ / I i _
kaxgoro k € N nyctb (X,-ho, o ’Xik,n) " (yik,07 o ’yikm)' rae [ =0,...,n

n
bapuueHTpuyeckne KoopaMHaTLI BEPLIMH cumniekca A7, copepxkallero Touky X, 1 ux
obpasor npu otobparkenun f. Packpacknm BCEX CMMMIEKCOB A} nosnHbl, No3TOMY ANS
BCsikoro ugeta j = 0,...,ny kaxpgoro cumnnekca Af ecTb BEpLINHA LBETA j, T.e.

Haiipércs uncno /(k) € {0,..., n} Takoe, 4To y; (5) < xll(’l;) fcHo, uto gns

BeckoHe4HOro MHOXECTBA MHAEKCOB k BCe /(k) NPUHMMAOT OfHO U TO Xe 3HaueHue /.
Mockonbky AnameTpbl cuMniexkcos AP CTpeMATCA K Hynio, a bapuueHTpudeckme

KOOPAMHATbI HEMPEPBLIBHO 3aBUCAT OT TOYKU, UMEEM I|mk_>OO x,’ J = iMoo X5 j = Xj,
a B CUJIy HEMPEPLIBHOCTU 0T06pa>KeHV|;| f n Toro, 4TO y, S Xlkj Ans BeCKOHEYHO
MHOruX k, nmeem Takxe limy_ yik,j =yjny;<xpanaj=0,.
Mel nokasanu, 4to y; < X; ans cex j = 0,...,n. OpHako ; X_, ; yi =1,
j<n j<n

3HauuT, y; = x; ansa j =0,...,n. O




KakoBbi 661 Hu bblau BE pasnndHble TOYKM, XOTs bbl O4HA U3 HUX UMEET
OKPECTHOCTb, HE COAEPKALLYIO APYryH TOYKY.

Akcuoma Ty paBHOCUJIbHA TakoMy YCJIOBMIO:

@ ecnn x # y, To qmbo x ¢ {y}, nmbo y ¢ {x}.

KakoBbi 661 HU bblan ABE pasAnyHbIe TOYKY, KaX[as U3 HUX MMEET OKPECTHOCTb,
He coAepXaLyyro Apyryto TOUKY.
PaBHochnbHbIE YCNOBMSA TaKOBbI:
@ Bce ogHoTOYEUHbIE (3HAUNT, N KOHEYHBIE) MHOXECTBA 3aMKHYTbI.

Heticteutensho, Ty <= x ¢ {yIwny¢{x} ANA Nobbix x # y =
{x}n{y:y # x} = @ pns noboir Toukn x, Te. {x} = {x}.

@ Bce npegenbHble TOYKN Ntoboro MHOXKECTBA ABNAIOTCA TOYKaMMN HAKOMIEHUS.



HeiicTButencHo, ecnm x # y un x € m, TO X — npefAesibHasi To4ka MHOXeCTBa {y}, HO
He Touka ero Hakonenus. ObpaTHo, ecnu B T1-NPOCTPaHCTBE TOYKA X — HE TOYKa
HaKOMJEHNST MHOXECTBa A, TO y X ecTb okpecTHocTb U, ansa kotopoii F = UN A
KOHEYHO 1 noToMy 3amkHyTo. 3HaunT, U\ F — He nepecekatowasics ¢ A\ {x}
OKPECTHOCTb TOYKW X.

o [lepeceueHne Bcex OKpecTHOCTEl Ntoboi ToUkM X paBHO {x}.
DTO YC/NOBME HAPYLUAETCS TOT4A 1 TOJIbKO TOrAa, KOr4a CyLeCcTBYOT pasHble TOUKM X U
y TaKue, 4TO y NPUHAZNEXNUT NtobO OKPECTHOCTM TOYKM X, T.€. TOrAa U TOJIbKO TOrAa,
KOrga Hapyliaetcs akcmoma T7.

T: Jlrobbie gBe paznndHbie TOYKU UMEIOT HEMNEPECEKAOLMNECS OKPECTHOCTH.

PaBHocunbHoe ycnosue:

@ rnepeceyeHmne 3aMblKaHNA BCEX OKPECTHOCTeN Ntoboil Toukm x paBHo {x}.



HelicTBUTENBHO, TOYKA ¥ NPUHASNEXNT 3aMbIKaHUIO HEKOTOPOro MHoXecTBa U, ecnu
nobast okpecTHOCTL y nepecekaetcst ¢ U, noatomy To, 4TO
y € N{U : U — okpecTHOCTb TOUKM X }, O3Ha4aeT, 4To Ntobasi OKPECTHOCTL TOUKM y
NEpPeceKaeTcs C JitoDO OKPECTHOCTLIO TOYKM X.

MockonbKy KaXkaast OKPECTHOCTL BCSKOW TOYKU COAEPXKUT OKPECTHOCTb U3 JHobo
JIOKasbHOV Ba3bl TONOMOrUK B 3TOW TOYKE, aKCMOMa Ty PaBHOCWIILHA U TaKOMYy
YCJIOBUIO:

@ ans noboii ToYkM x 1 Ntoboil NokanbHOR basbl Z(x) B 3TOI ToUkKe

M{U:Uec %(x)} = {x}.

T3: Y noboii Toukm n 10boro He cogep)Kallero e€ 3aMKHYTOro MHOXECTBA €CTb
HenepeceKkaroLnecsi OKPECTHOCTH.

JTa aKkCUOMa PaBHOCWIIbHA TaKOMy YC/IOBMIO (OYEHb HACTO 3a akcMomy T3 NpUHUMAtOT
NMEHHO 3TO yC/IoBME):
@ ana noboii Toukm x 1 noboii eé okpectHocTn U HaligéTca Takasi okpecTHocTs V/
ToukM x, yto V C U.



[HelicTBUTENEHO, PACCMOTPUM OTKPBITYIO OKPECTHOCTL U TOUKM X B TOMOAOrMHECKOM
npoctpaHcTee X, yAOBNETBOPsitOLLEM akcome T3, u eé gononterne F = X\ U
(koTopoe siBNsieTCst 3aMKHYTbIM MHOXecTBOM). [yctb Vi n VE — Henepecekatowmecs
OKPECTHOCTU TOYKM X U MHOXKECTBA F COOTBETCTBEHHO; MOCKOJIbKY JH0Dasi OKPECTHOCTL
COAEPXKUT OTKPBITYIO, MOXHO cynTaThb, 4To Vi n VE otkpbiTel. Torga X \ Vg
zamkHyTo, 1 Vi C X\ VE. 3naunt, Vo, C X\ VF C X\ F = U. ObpatHo, nycts F —
3aMKHYTOE MHOXECTBO B TOMOJIONMYECKOM NMPOCTPaHCTBE X, YAOBIETBOPSIOLLEM
chopmynmpoBaHHOMY Bbile ycioButo, n nyctb x ¢ F. Torga U = X \ F — oTkpbiTas
OKPECTHOCTb TOYKM X, N MO NPEANONOXKEHNIO CYLLECTBYET OKPECTHOCTL V TOiA e
To4kM co ceoiicteom V' C U. ScHo, yto W = X \ V — oTKpbITas OKpecTHOCTb
MHoxecTBa Fu VN W = 2.

Ta: Y nobbix gByx HEMEPECEKarOLYNXCsl 3aMKHYThIX MHOXECTB €CTb HEMEPECEKALOLYNECS
(oTKpbITbIE) OKpPECTHOCTM.

PaBHocubHbIE ycnoBuns:



o [ns noboro 3amkHyTOro MHoXecTBa F u ntoboii ero okpectHoctu U Haligéres
Takasi okpecTHocTb V' MHoxecTtea F, uyto V C U.

[lokazaTenbCTBO PpaBHOCMILHOCTY 3TOrO YCOBUS aKCMOMe T4 AOCNOBHO MOBTOPSIET
[lOKa3aTeNIbCTBO aHAJIONNYHOTO YTBEPXXAEHNS ANt aKCUOMbI T3.

@ Ecim F u G — niobble Henepecekatowmecsi 3aMKHYTbIE MHOXKeCTBa, TO Yy F
HalipEéTca okpecTHOCTb V Takas, 4To G colepXXNTCs B JOMOJIHEHUMN €€ 3aMbIKaHWS.

Y10bbI YyBUAETH, HTO 3TO YCNIOBME PAaBHOCWIILHO NEPBOMY, [OCTAaTOYHO Noioxuts U
paBHbIM fonosiHeHuto G.

B sToT cnucok He BktoYeHa elig ofHa BaXkHelilas akcMoMma oTaenumocTu, T,1; eé Mol
2
obcyaum nosxe.



Onpegenexne

Tononornyeckne NpocTpaHCTBa, Y40BAETBOPSIOLWME aKCMOMe T, Ha3bIBalOTCS
xaycaopdoBbIMM.

[NpocTpaHcTBa, yaoBneTBopsitowme akcmomMam T3 U T3, Ha3bIBAtOTCS PEryasipHbIMM.
[NpocTpaHcTBa, yaoBneTBopsitowme akcuomam T3 u T4, Ha3bIBAOTCSl HOPMaJIbHbLIMMU.

B Tex ciyuasix, koraa fBa MHOXeCTBa (MM TOYKM) UMEIOT HEMEPECEKAIOLLNECS
OKPECTHOCTU, FOBOPSIT, YTO 3T MHOXXECTBa OTAE/IEHbl OKpecTHOCTMU. Hanpumep,
akcuoma T4 yTBEPXKLAET, HTO Jitobble HEMEpPECEKatOLWMECs 3aMKHYTbIE MHOXECTBA
oTAeNeHbl OKPECTHOCTSIMMU.

Knacc Bcex TOMOMOrMHYECKUX NPOCTPaHCTB, YAOBNETBOPSIOLLNX AAHHOW akCMomMe
oTAENMMOCTU, 0DO3HAYAETCS TEM >XKE€ CUMBOJIOM, Y4TO M CaMa aKCMOMa, TaK YTO 3anuncb
X e T;, rgpe i =1,2 3,4, o3HayaeT, 4TO npocTpaHcTBo X yAOBAETBOPSIET akcuome T;.
BMecTo «Tonosornyeckoe npoCcTpaHCTBO, YAOBIETBOPSIIOLLEE aKCMOME OTAENNMOCTM
Ti», 4acTo NUWYT « T;-NPOCTPaHCTBOY.




XaycnopoBbl NPOCTPaHCTBA

Teopema

Lns tononorudeckoro npoctpaHcTea X caeayroujmne yCaoBusi paBHOCUIbHBI:
© X xaycaopdghoBo;
Q ec/mm hunbTp Ha X cXoQUTCs, TO OH CXOAUTCS K POBHO OAHOM TOYKE;

© ecm ynbTpachunsTp Ha X CXOZUTCS, TO OH CXOZMTCS K POBHO OfHOM TOYKE.

HokazaTenscteo. @ — @: lMycte F — dunbtp Ha X n F — x. BosbMém Touky
y e X, y#x. X € T, = cywecTBytoT Henepecekatowmecsi okpectHoctn U n V
Todek X U y. .F — x => U € .Z. 3nauut, V ¢ .F n .F He cxopntcs K y.
Nmnnnkauns @ —> @ TpusmanbHa.
Q@ — O: Nyctb x,y € X, x # y. lNpegnonoxum, 4To nt0bas 0OKPeCcTHOCTL X
nepecekaetcsi ¢ 1toboii oKpecTHOCTbIO y. PaccmoTpum cemeiicTeo

F ={UNV : U — okpectHocTb X, V — okpecTHOCTb y}.
OHO LeHTPNPOBaHO U COAEPXKNT BCE OKPECTHOCTU X N BCE OKPECTHOCTW TOYKM Yy (B

kavectBe U unn V moxHo bpatb X). . cogepXnTcsi B HEKOTOPOM y/ibTpadpunbTpe % .

NUmeem % — x v % — y. MNpoTnsopeune.

O




Teopema

[pacbuk noboro HenpepeisHoro otobpaxenus f: X — Y nponssosbHoro
TOMOJIOrNYECKOro npocTpaHcTea X B xaycgopghoso npoctpaHcTtBo Y 3amkHyT B X X Y.
v

[okasatensctso. Hapo nokasatb, 4to mHoxecTeo (X X Y) \ Grf oTkpbITO, T.€. 4TO
ecim x € X,y € Y ny # f(x), To HaiigyTcs oTkpbiTble MHOXecTBa U C X B X 1

V C Y B Y Takue, 4to (x,y) € U x V n z # f(t) ans mobeix t € Un z € V. 310
AeNCTBUTENBHO TaK: MOCKOJbKY MPOCTPAHCTBO Y xaycaopdoso, y Todek y u f(x)
HallgyTca Henepecekatolnecss oTkpbiTble okpecTHocT V i W B Y, a nockonbky
oTobpaxkeHue f HenpepbiBHO, MHOXecTBo U = f~1(W) oTkpbiTo B X. SlcHo, 4To
mHoxectBa U n V obnagatoT Hy>KHbIMU CBOWCTBaMM. O

v




Teopema

Tononorndeckoe npoctpaHcTso X xaycqopghoBo TOrha v TOJIbKO TOrha, Koraa
aunaronans A = {(x,x) € X x X : x € X} 3amkHyta B npoctparctse X X X.

[okazaTenscTBo. 3aMKHYTOCTb AMAroHann B NpeanonoxeHnm xaycgopgosoctu X
BbITEKAeT U3 NpeablayLeii Teopembl, nockonbky A = Gr idy, a ToXXAecTBeHHOe
otobparkenue idx Bcerga HempepbiBHO.

ObpaTHO, NMpeanonoXnm, 4To guaroHanb A 3aMKHyTa N pacCMOTPUM Age Jtobble
pasHble Toukn X,y € X. lNockonbky (x,y) ¢ A, y Toukn (x, y) Hallgércs He
nepecekatowas A okpectHocTb B X X X. [Nlockonbky Tononorusi nponssegeHus X x X
nopoxgeHa 6azoii {U x V : U n V oTkpbiTbl B X}, HaligyTcs OTKPbITblE MHOXECTBA
U,V C X takue, uto (x,y) e Ux V (a3naunt, xe Uny e V)n Ux VNA =g,

Te. UNV = &, uto n gokasbieaeT xaycgopdosocTs X. O
o




Teopema

Mycts f,g: X — Y — HenpepbiBHbIe OTOOPAXEHNSI HEKOTOPOro TOMOJIOMMYECKOro
npoctpaHcTea X B xaycaopgoBo npoctpaHcTeo Y. Torga MHOXeCTBO

{x € X : f(x) = g(x)} To4ek ux cosnagexus 3amkHyto B X.

[okasatensctso. Mol nokaxem, 4to mHoxecTeo A = {x € X : f(x) # g(x)} oTkpbITO
B X.

Ons kaxporo x € A nmeem f(x) # g(x); nockonbky Y xaycaopdoBo, CyLiecTByrOT
oTkpbiTble B Y MHoxectBa U n V Takue, yto f(x) € U, g(x) e Vn UNV = 2.

Muoxectso W = f~1(U) N g~ (V) oTkpbiTo B X (Tak Kak f 1 g HenpepbIBHbI),
COAEPXKNT TOYKY X N COBepXunTcs B A.

Mebl nokasanu, 4TO Kaxgasi Touka x € A cofepXxutcst B A BMeCTe C HEKOTOpOIi CBOeik
okpecTHocTbto W; 3HauuT, A oTKpbITO. O




Cnepctene

Muoxectso Fix f = {x € X : f(x) = x} HenogBuxHbIx Toqek 1t060ro oTobpaxeHus
f: X — X xaycgopeposa npoctpanctea X B cebsi 3amkHyTO B X.

[okazaTenscteo. [JocTaTo4HO NpUMEHUTL TeopeMy K oTobpaxeHusm f n g = idx.

u)

Cneacteue

Ecin f,g: X — Y — HenpepsiBHbie 0TOOPaXXeHUs1 NPOU3BOSILHOIO TOMOIOMNYECKOro
npoctparcTea X B xaycaopghoso npoctparcteo Y, AC X, A= X u f(a) = g(a) ans
Bcexa € A, o f =g, Te. f(x) = g(x) gns Bcex x € X.

B wactHocTm, ntobble HenpepbiBHbIE (PYHKLMM HA TOMOOrMHYECKOM MPOCTPAHCTBE,
COBMaAaloLLMe Ha MJIOTHOM NOAMHOXXECTBE 3TOrO0 NPOCTPAHCTBA, COBMNAAAOT N HA BCEM
MPOCTpPaHCTBe.



HopmasnbHblie npocTpaHcTBa

Teopema

Bcskoe METPN3YEMOE NMPOCTPAHCTBO HOPMAJIbHO.

HokaszatensbctBo. [lycte X — MeTpusyemoe NpocTpaHCTBO, U nyctb d — ntobast
MeTpuka Ha npoctpaHcTee X, NOPOXKAAIOLLAs €r0 TOMOJIOTMIO.
3ameTtum, yto X — T1- n gaxe To-NpoCTpaHCTBO, NOCKONILKY ecan X,y € X n
x #y, 70 d(x,y) > € ana Hekotoporo € > 0, u By(x,5) N By(y, 5) = @.
MNokaxem, uto X € Ty4. lMycteb A n B 3amkHyTHl, AN B = &. PaccmoTpum
) = oA (1)
d(x,A) + d(x, B)
Becnomuum: x € Y < d(x, Y) = 0. 3nauut, Vx € A umeem d(x, B) >0, u Vy ¢ A
nmeem d(y,A) > 0, Tak 4To pyHkuus f onpenenena koppekTHo. OHa HenpepbIBHa,
Tak Kak dpyHkumn X — R, onpegenéunbie npasunamu x — d(x, A) n x — d(x, B),
HenpepbiBHbl. HakoHew, sicio, 4To fla=0n flg =1, Tak uto U = f~1([0,1)) u
V= f‘l((%, 1]) — HenepecekatoLmecs OTKpbITbie (B Cuy HenpepbiBHOCTM f)
OKPECTHOCTN MHOXeCTB A n B COOTBETCTBEHHO. O




Jlemma YpbicoHa

[ns kaxxgoli napbl HeNepeceKatoLWMXcst 3aMKHYTbIX MHOXecTB A n B B
Ts-npocTtpanctee X cyuwiecTByeT HenpepbiBHast dyrkums f: X — [0, 1] Takas, yto
f(x)=0pans Bcex x € An f(y) =1 pnsi Bcex y € B.

Hokazatenscteo. CnepBa Mbl NOCTPOUM CEMENCTBO OTKPbIThIX MHOXeCTB V/,
r € [0,1] N Q, yroBneTBOpsitOLLEE YCNOBUSIM

Q@ V., CVepnar<s r,se[0,11NQ, u
Q@ AC Vg, BCX\Vl
Monoxum r; = 0 n rp, = 1 n kak-HNbyab 3aMHAEKCMPYEM BCe paLMOHasbHbIE YMCAA B

nutepsane (0,1) HaTypanbHbIMU Yncnamm, 66abwnmn 2: r3, rq, rs, ... . Beepém
BCMOMOraTelbHOE YC/IoBME

Q, V,iCV,j,ecnm ri<riwni,j<n

n bynem cTponTb MHOXeCTBa V, nHAykuueid no Homepy (MHAEKCY) paunoHanbHOIO
4ymucna r.




Monb3aysicb Tem, 4to X € Ty, Haligém oTKpbITble MHOXecTBa U 1 V' co ceolicTBamu
AcCcU BcVuUnV=g. Monoxum Vo =Un V4 =X\ B. Ouesngo,
ACVCX\V= X\ V C V4; cneposatensho, Vo C V4, T.e. ycnosue @,
BbINOJIHEHO At N = 2 (ycnoBue @ TOXe BbINOJIHEHO).

Honyctum, 4to n > 2 n mHoxecTBa V,, yxe onpegenenbl Ans j < n Tak, 4To
BbINOJIHEHO ycnoBue @,. Haiigém cpenun vucen ry, ra, ... r, Yncna r n ry, banxaiwmne
K rpt1 CNIEBA N CNpaBa COOTBETCTBEHHO. [lockonbky rp < rpm u [, m < n, us @, cneayer,
4yTO V,, C V,,. N3 Toro, uto X € T4, BbITEKAeT CyLLECTBOBAHNE OTKPbITOrO MHOXXECTBA
W Ttakoro, 4to Vr, cWcWc V;,,. Nonoxum V,, ., = W. lNockonbky ntoboe
4WCNO rj # rj C NHAEKCOM | < N, YLOBETBOPSIOLLEE YCAOBUIO Fj < Fpi1, MEHBLUE ], MO
NHAYKTUBHOMY npeanonoxeHnio umeem V, C V,, ans noboro Takoro r;, 1 NOCKONbKY
noboe YNCNO rj # Iy C MHAEKCOM j < N, YAOBNETBOPSIOLLEE YCIOBUKO Fj > rpy1,
bonbLue ry, NO MHAYKTMBHOMY npeanonoxerunto umeem V,, C V,. ans nioboro Takoro
rj. 3Haunt, mHoxecTtBa Vi, Vi, ..., V., V, . = W ynosnetsopsioT ycnosuio @, 1.

B pesynbTate nonyynm nocnefoBaTeNbHOCTb OTKPbITbIX MHOXecTB Vi, Vi, ...,
YOOBNETBOPSOLWLYIO ycioBUsSM @ n @.




Onpegenum dyrkumto f: X — [0, 1] cbopmynoii
Flx) = inf{r: x € V,}, ecmm x € Vi,
1, ecnn x € X\ Vq.

B cuny @ umeem f(x) =0 ans x € An f(x) =1 ansa x € B. lNokaxem, uto f
HenpepbiBHa. [JocTaTo4HO NPOBEpUTHL, 4TO BCe MHOXecTBa Buaa f1([0,a)) n
f=1((b,1]) oTkpbITsl B X,

Onsac(0,]luxeX f(x)<a < Fre[0,1]]NnQr,utor<anxeV,;
sHaunT, F1([0,a)) = {V, : r €[0,a) N Q}, a 3TO MHOXECTBO OTKpBLITO.

Anabel0,l)nxeX f(x)>b < 3rel0,1]NQrT,u4t0r>bux¢V,.
Myctb s € Q, b< s < r. Bcuny @ umeem V¢ C V,; 3HauuT, ecnnm f(x) > b, 10
Haliaétes s € (b, 1] N Q, ans kotoporo x ¢ V. OuesnaHo, BepHo 1 obpaTHoe: ecnu
x ¢ Vs ans nekotoporo s € (b,1]NQ, To x ¢ Vs u f(x) > s > b. 3nauur,
f71((b,1]) = U{X \ Vs:s € (b,1]NQ}, a 3T0 MHOXECTBO OTKPLITO.

Mol foKa3anu HENpPepLIBHOCTL hyHKUMM f, a BMECTE C Hell n nemmy YpbICoHa.




Ha camom pgene nemma VpoicoHa (kak u Teopema Tutue—VpbicoHa) npeacrasasier
coboii xapakTepncTuky T4-NpOCTPaHCTB.

FoBOPAIT, 4TO Henepecekatowmecst MHOXecTBa A u B B Tononornyeckom
npoctpaHcTee X (PyHKLMOHANbHO OTAENNMbI, €CAN CyLIECTBYET HEMPEPbIBHAS (PYHKLMS
f: X —[0,1] Takas, 4yto f(x) =0 ans Bcex x € Awn f(y) =1 pns Bcex y € B. fcHo,
4TO 3TO YC/IOBME PAaBHOCWUJILHO CYLLECTBOBAHUIO HenpepbiBHOM dyHkumn g: X — R,
MPUHUMALOLLEN Pa3Hble NOCTOSIHHBIE 3HA4YeHNs1 Ha MHOXecTBax A u B: ecin g(A) = a
n g(B) = b, To dyHkumto f MOXKHO onpeaennTs npasuiom f(x) = %.

Takum obpasom, nemmy YpbicoHa MOXHO COOPMYINPOBaTL Tak: TOMOJIOMMYECKOE
MPOCTPaHCTBO yAOBAETBOPSIET akcuome T4 Torga u TONbKO TOrjza, Korga B Hém sobble
ABa HEMEepeceKaroLMXCcsi 3aMKHYTbIX MHOXECTBA (PYHKLUOHAIbHO OTHENMEI.



Teopema Tutue—YpbiCOHa O NPOACIKEHUN
Mycte X — T4-npocTpaHcTBO U F — €ro 3amMkHyTOE MOLMHOXECTBO. lTorga

a) y ntoboii HenpepbiBHOW dbyHkuum f: F — [—1, 1] umeeTcs HenpepbiBHOE
npogosxenune f: X — [—1,1];

6) y ntoboit HenpepbiBHOW yHKUMM f: F — R nmeetcs HenpepbiBHOE NPOAOIKEHME
f: X >R

[Hokasatenscteo. a) [dns noboii HenpepbiBHOI yHkuun fy: F — R co ceolicTBom
|fo(x)| < a pnst x € F (rae a > 0) cywectsyeT HenpepbigHast dyHkuus g: X — R co
cBOWCTBaMM

Q [g(x)| < § ansa Beex x € X;

9 |fh(x)—g(x)| < 3aanaxeF.
B camom pene, mHoxectea A = f; 1([~a, —Z)nB= fo_l([g, a]) 3aMKkHyTblI B F, 1
OHVN He nepeceKatoTcst; NockoNbky F 3amkHyTO B X, MHOXecTBa A 1 B 3aMKHYTbI 1 B
X, n no nemme YpbICoHa CyLlecTByeT HenpepbiBHas yHkuus ¢: X — [0, 1] Takas, 4To
©la=0n p|g =1. Pynkyusa g: X — R, onpepenévHas npasuiom

g(x) = 3a- (¢(x) — 1) anss x € X, HenpepbisHa u yaoeneTBOpsieT ycnosusm @ u @.

V.




Tenepb onpegenum no MHAYKLMN NOCIEA0BATENBHOCTb HENPEPbLIBHbIX (OYHKLNIA
gn: X = R, ypoBneTBopsitolnx Takum ycnosusim anas scex n € N:

9 |g(x) <% (%)nfl ANs BCeX X € X;

Q |f(x) = Xich&(x)] < (3)" ana x € F.
DYHKUMIO g1 Mbl ONPeAENM, NPUMEHNE CAENAHHOE BbIlE 3aMedaHne K a =1 u
dbyHKUuN fy, paBHoii HagoTobpaxernto f: F — R otobpaxenus f: F — [—1,1].
Honyctum, 4to yHKLUUN g1, &>, . - ., Gk Y’KE NMOCTPOEHBI TakK, YTO BbIMOJHEHbI YCOBUS
O n @ c n < k. lNpuMeHsas To ke camoe 3aMedaHne K a = (%)k nfy=Ff— Zigkg,-‘F,
Mbl MOYYNUM (DYHKLUMNIO Zk11, YAOBAETBOPSOLWYIO ycnoBusm @ n @ c n = k + 1.
ipykTnBHOE NOCTpOEHME 3aBepLUEHO.

CornacHo nsBectHoMy U3 aHasnm3a npusHaky BeilepwTtpacca B cuny ycnoeus @ psig
cbyHKu,mVl > nen &n(X) paBHoMepHo cxoauTcs Ha R K HekoTopoii dhyHKLun
fiX— [—1, 1], npuyém no Teopeme Kowm f nenpepbiBHa. 3 ycnosus @ crepyer,

yto f(x) = f( ) ans Bcex x € F. 3HaunT, f — CKOMOE HenpepbiBHOE MPOOKEHME
dyHkuun f Ha X.




6) Paccmotpum Tenepb dyrkumio £: F — R. Tycte ¢: R — [—1, 1] — dyHkuus,
onpeaenéHHas npaswiom (x) = 1+|X| Torpa v o f — HenpepbiBHast PyHKLUS
F — [-1,1], npuuém ¥ o f(F) C (—1,1), n K HEA NPUMEHNMO Yy>Ke AOKa3aHHOE
yTBepxaeHue a). lMyctb A X— [—1, 1] — HenpepbiBHOE NPOLJOIKEHNE PYHKLMM
1o f. B cuny ero HenpepbiBHOCTU MHOXKecTBO G = fl_l({—l, 1}) samknyTo B X, 1 oHO
He nepecekaeT F. 3HauuT, no sieMme YpbICOHA CyLLECTBYET HEMPEPLIBHOE OTODpaXxkeHue
©: X —[0,1] Takoe, 4to | =0 n p|r = 1. Jlerko BuAeTb, 4TO O0TObpParkeHme
fo: X — [—1,1], onpepenéntoe dopmynoii f(x) = f(x) - ¢(x), Toxe siBasieTcs
HenpepbIBHEIM npop.onx(eHmeM oTobpaxeHus 1 o f Ha X, npnuém

f(X) C h(R) = (—1,1). @yukuus f = )1 o f — uckomoe HenpepbiBHOE
npoAos/KeHne f Ha X. O

VTBepxaeHue a) Teopembl Tutue—YpbiCOHa OCTAETCs BEPHLIM MPY 3aMeHe OTpPe3Ka
[—1, 1] na ntoboii gpyroii oTpesok [a, b], rae a, b € R, a < b. [eiicTButensHo, ans
f: F — [a, b] poctaTouHo paccmoTpeTsb toboii romeomopcpusm ¢ [a, b] — [—1,1]

(Hanpumep, ¥(x) = ‘”;’ii_fx), MOCTPOUTL HEMPEPLIBHOE MPOJOJIKEHME

1/J/o\f: X — [—1,1] doyrkumm o £z F — [—1,1] n nonowuts f = p~1 om.




TUXOHOBCKME NPOCTPaAHCTBA

Onpeaenexue
Tononornyeckoe npocTpaHcTBo X yLOBNETBOPSET aKCUOME OTAEMMOCTU T3%, ecnm
Anst noboro 3amkHyToro mHoxectsa F C X u ntoboii Touku x ¢ F cywecTsyert
HenpepbiBHas dyHkuus f: X — [0, 1], npuHumarowas 3HadqeHne 0 B Touke X 1
TOXAECTBEHHO paBHas 1 Ha MHoxecTse F.

[MpocTpaHcTBa, yAOBNETBOPsOWME akcuomam T1 1 T3%, Ha3bIBAlOTCS BMOJIHE
PEryasipHbIMU, WIN TUXOHOBCKUMMU.

Wuorna 3a onpegeneHne npuHumMatoT pasHocunsHoe ycnosue: X € T;1, ecan ans
2
noboli Toukn x € X u noboit eé okpectHoctn U cywecTsyeT HenpepbiBHas yHKUUA
f: X —[0,1] Takas, 4to f(x) =0 m fx\y = 1.
T3; — T3:ecm X € T3;, F 3amkHyTO B X 1 x € X \ F, To MHOXecTBa
2 2

U=f1([0,2) u V=r"1((3,1]), rae f: X — [0, 1] — HenpepbisHas cyHKLus,
paBHast 0 B Touke x 1 1 Ha MHOXecTBe F, — HenepecekaloLMecss OKpecTHOCTH X 1 F.



HOPMAaJIbHOCTb ==> TUXOHOBOCTb ==> peryfspHocte — T, =— T; = Ty.

Hu ogHy us 3Tux cTpenok Henb3s obpaTuTs.

[Mprmepsi
] TO 75> T1
CesizHoe fBOETO4ME — MHOXeCTBO {a, b}, cocTosiwee u3 AByx To4ek a u b, ¢
Tononorueii {&,{a},{a, b}}.

e T4 75 T
MuoxecTtso R ¢ Tononorumein 3apucckoro, B KOTOPOU OTKPbITbI BCE AOMOJIHEHUSI A0
KOHEYHbIX MHOXECTB U TOJIbKO OHMW.

("] T2 75 T3
Mpsamasi R ¢ Tononorueii, 6asy KOTOPOi COCTaBAAIOT BCE OTKPbITbIE UHTEPBabI 1
MHoxecTea Buaa (—,e)\ S, raee >0mn S={1,1,1 ...}
MHoxecTBo S 3amkHyTO B HOBOW Tomonoruu n 0 ¢ S, ogHako S n 0 He
OTAENEHbl OKPECTHOCTAMM.



o i+ T3 =~ T3;

2

CnoxHblii npumep.

o i+ Ty = Ty
2

Mnockoctb Hembiukoro L

L € T1: Tononorusi L cunbHee TONonornu, NOPoOXKAEHHON METPUKOIA.

Le T3%: LOCTaTOYHO NPOBEPUTL AJIst TOHEK FPAHNYHONR npsimoli | nnockocTu
Hembliukoro — Bcsikasi OKpecTHOCTb Ntoboii Toukm xg € L\ | copepxuT HekoTopyto
€-OKPECTHOCTb OTHOCUTESIbHO €BKAMAOBOM METPUKN d Ha MJIOCKOCTU, a AJst
€-OKPECTHOCTN Hy>XXHast PYHKLUS U3 OnpefesieHns T3% cywecTyeT (nputom
HEMPEPbLIBHAsSI HE TOJIbKO OTHOCUTENBLHO Tononoruu L, HO n oTHocuTensHo Bonee
cnaboii MeTPMHECKON TOMOIOrMN 3aMKHYTO BEPXHEN MOJYMAOCKOCTU) — MOXHO
nonoxnTb f(x) = min{@, 1}.

Myctb xp € I, U — ntobasi okpecTHocTb Toukmn xp n Dy U {xg} — BasuncHas
OKPEeCTHOCTb Xg, copepxawasics B U. [ns x € Dy, 0bo3Haunm yepes yy TOuKy, B
KOTOPOIA Y4, BbIXOAALWNIA U3 TOYKMN Xg U NPOXOASLLUIA Yepes X, nepecekaeT
rpaHuy kpyra Di,:



®ynkums f: L — [0, 1], onpegenévHas npasuiom

0, ecnm x = Xxp,
f(x) = 1d7( | ecim x € L\ (on U {Xo})7
X0,X

Ty €M x € Dy,

HenpepbiBHa Ha L, f(xg) = 0w f|. \ U=1 (tak kak U D D).

Mebl nokazanu, 4To naockocTe Hembiukoro L BnonHe perynsipHa. Bmecto Toro 4tobsl
[lOKa3bIBaTb, 4TO L He HOpMaJibHa, Mbl JOKaXXEM HECKOJIbKO bonee obuynii dakr.



Mpepnoxerne

Ecnn cenapabenbHoe npocTpaHCTBO COBEPXKUT 3aMKHYTOE AUCKPETHOE

MOANPOCTPAaHCTBO MoLHOCTY = 280, To oHO He ypoBreTBOpsieT akcnome Ty.
o

[okazaTenscteo. MNycts X — cenapabensHoe npoctpancTeo, Y C X — cuéTHoe BCOgyY
NAoTHoe MHOXecTBO B X n D — 3aMkHYyTOe guckpeTHoe nognpocTtpaHcTeo X
MowyHocTn 280 3Haem: ecnn HenpepbiBHble dyHKUMKM £, g: X — R npuxumator
OAMHAKOBbIe 3HAYeHUs B TOYKax Y, TO OHW coBnagatoT. 3HauuT, Ha X CyLecTBYeT He
Bonee uem |R|IYI = (2R0)No = 2Ro paspeix HenpepbIBHBIX dyHKLMI.

Mockonbky D guckpeTHo, ntobasi dyHkumss D — R HenpepblBHA, @ YNCNO pasHbIX
Takux pyHKUNIA paBHO |D|“RI =22 Ecqm 6wl npocTtpaHcTeo X yaOBAETBOPSIIO
akcnome Ty, TO Kaxaast us 3Tux dyHKUUIE Aonyckana bbl HEMpepbLIBHOE NPOLOJIXKEHNE
Ha X, n BCe NpoAo/KeHUs Obin Bbl pasHbiMK (Tak Kak y>ke caMu OyHKLMN pasHbie), a

N,
5TO HEBO3MOXXHO, MOCKOJLKY No Teopeme KanTopa 22 ° > 2%o, O
v




Akcunomsl OTAENNMMOCTN B NOANPOCTPAaHCTBAX

Jlerko BUZETH, YTO CBOWCTBO YLOBNETBOPATL KaXKAOA aKCUOME OTAENMMOCTU, KPOMe
T4, HacneacteeHHo. [Mokaxkem, Hanpumep, 4yToecim X € Tasu Y C X, 10 Y € T;.
Mycte F — 3amkHyTOe nogmHoxectso Y u x € Y \ F. MNonoxum G = FX. Mockonbky
F=GNY, umeem x ¢ G; 3HauuT, B npocTpaHcTBe X CyLUECTBYIOT HEMEpeceKatoLnecs
okpectHocTn U n V Toukm x n MHoxecTBa G cooTeeTcTBeHHO. [lo onpegeneHuto
nHayumpoBaHHoii Tonosiorum UNY n V N'Y — OKpecTHOCTN TOYKU X U MHOXecTBa F
B NpocTpaHCcTBe Y, 1 OHU HE MEepeceKatoTcs.

C akcromoii T4 geno obcTouT MHave, MOCKOJIbKY U3 TOFO, YTO 3aMKHYThIE MHOXECTBA
F v G B nognpocTpaHcTee Y npoctpaHcTBa X He nepecekatoTcsi, BoobLye roBopsi, He
CrefyeT, 4TO nx 3ambikaHusi B X He nepecekatotcs. [1pocToli npumep — npocTpaHCTBO
X ={a, b,c,d} c Tononorneii {Q, {a},{a, b},{a,c},{a,b,c},{a, b,c, d}} n ero
nognpoctpaHcteo Y = {a, b,c}: nomumo @ un X, B X 3aMKHyTbl TOJbKO MHOXECTBA
{b,c,d}, {b,d}, {c,d} n {d}, n BCce oHM nonapHO nepecekatoTCsi, Tak YTO aKCMOMa
T4 Bbinonusietcs 8 X TpusuansHoim obpasom. OpHako B Y ecTb HenepecekatoLmecst
3aMKHyTble MHOXeCTBa {b} u {c}, n oHM He OTAEeNeHbl OKpecTHOCTAMN.



Mpepnoxerne
Ecin X € Ty n' Y — 3amkHyTOe nognpoctpaHcteo X, 10 Y € Ty.

Hokazatenscteo. Ecnm F u G — Henepecekatowmecs 3aMKHyTble MHOXeCTBa B Y, TO
OHU ABNAIOTCS TakoBbiMU 1 B X, NOcKosbky Y 3amkHyTo B X. 3HA4nT, OHU NMEIOT
Henepecekatomnecst okpectHoctn U n V. AcHo, yto UNY nu vy —

HenepecekatoLymecst okpectHocTn Fn G 8 Y. O
v

OAHaKO OTKPBITLIMU MOAMPOCTPAHCTBAMU HOPMAbHOCTL y>Ke He HacneayeTcs. Bonee
TOro, €C/in B HEKOTOPOM MPOCTPAHCTBE BCE OTKPbLIThbIE NOANPOCTPAHCTBA HOPMaJbHbI,
TO B HEM HOpMasibHbI U BOODLLE BCE MOAMPOCTPAHCTEA.



AKCMOMbI OTAEIMMOCTN N HeMpepbiBHblE OTODparkeHUs

$ICHO, YTO BCEMU HEMPEPBLIBHLIMM OTODPaXKEHNSAMI HE COXPaHAETCS HU OfHA aKCMOMa:
AMNCKPETHBIE NPOCTPAHCTBA YAOBNETBOPSIOT BCEM aKCMOMaM OTAENUMOCTH, 1 ntoboe
Tononoruyeckoe npoctpaHcTeo (X, 7)) sensercs obpasom npoctpanctea (X, 7y), rae
Ty — ONCKpeTHasi TOMoJIorns.

OpaHaKo HenpepbIBHBIMU OTOBPaXKEHNSIMI CMELMabHbIX TUMOB HEKOTOPLIE aKCMOMbI
OTAENINMOCTI COXPaHstoTCs (MoKa Mbl 3HaEM TPW TakKWX TUMA — OTKPbITbIE
0TobpaXkeHnsi, 3aMKHyTble 0TObpaXkeHnst U romeomopdunamel). Hanpumep, ovesngHo,
470 0bpas f(X) Ti-npoctpaHcTa X npu 3amkHyTOoM oTobpaxkeHun f: X — Y Toxe
ssnsietcst Ti-npoctpaHcTeom (Vx € X mHoxecTeo {x} 3amkHyto B X = Vy € f(X)
MHOXecTBO {y} 3amkHnyTo B f(X).



Teopema

Ecan f: X — Y — 3aMKHYTOE CIOPBEKTUBHOE HENPEPbLIBHOE OTObpaxeHne
HopmasibHoro fnpoctpaHcTea X Ha HeKOTopoe npocTpaHcTso Y, 10 Y HOpMasibHO.

HokazaTtenbcteo. Mbl yxxe nokasanu, 4to Y € T1. lyctb F u G —
HenepecekatoLLnecs 3aMkHyTble MHoxecTBa B Y. Torga f~1(F) n f~1(G) —
HenepecekatoLecs 3aMKHyTble MHOXecTBa B X. B cuny HopmanbHocTn X
CYLLECTBYIOT Henepecekatowmecst oTkpbiTole B X MHoxectBa U, V C X Takue, 4To

fYF)c U, fY(G)cVuUNV =ga. Muoxectsa X\ Un X\ V 3amkHyTsl B X, 0

X\ UUX\ V = X. 3naunt, muoxectsa f(X \ U) n f(X\ V) 3amkHyTbl B Y, 1
F(X\U)UFf(X\ V)=Y. CnegosatensHo, mHoxectea W = Y \ f(X \ U) n

O =Y\ f(X\ V) otkpuiTbl B Y 1 He nepecekatotcsi. Mockonbky f~H(F) C U n
f1(G) C V, umeem FC W u G C O.

O

v




Onepau,mvl Hag TOMONOrM4YeCKNMIM NMPOCTPaAHCTBAMMN _

Cymma

Onpepenexne

Myctb 3agaHo cemeiicTeo {(Xu, Ja) : @ € A} nonapHoO HemepeceKatoLXCs

Tononornyeckux npoctparcte. Nonoxum X = |J X,. Obosnauum yepes 7
acA
cemelicTBo Bcex MHoxecTB U C X Takux, 4to U N X, oTKpbITO B X, 4151 KaXKA0ro

a € A. Jlerko Bugetb, 4to .7 — Tononorusi Ha X (nopoxaénnas basoin |J 7).
acA
MHoxecTtso X c aToii Tonosiorneli Ha3biBaeTCs CyMMOi NMpocTpaHcTe Xy, a € A, 1
obosHaqaetcs P X,. B cnyuqae, korga mHoxecTBo A koHeuHo (T.e.
acA
A={aa,...,an}), ncnonbayercs Takxe obosHaueHne Xy, G-+ B Xy,




@ Mhuoxecteo F C X = @aeA X, 3amMkHyTO B X TOrga u TONbKO TOrga, Korga
F N X, 3amkHyTO B X, ANs BCskoro a € A.

© Kaxpoe cnaraemoe X, oTkpbiTo-3aMkHyTO B X = P 4 Xa

© ecnm npocTpaHcTBa X, v € A NONAPHO HE NEPECEKAOTCs 1 Ya C Xo AN BCex
a € A, To Tonoaorust cymmbl Y = @aeA Y, coBnajaeTt c TOMOJIOrunei,
nHayunposaHHoii ns cymmbl X = @ 4 Xa-

Mpepnoxerune
Otobpaxenne f: @, cpXa — Y cyMmbl TOMOSOrNYECKNX NPOCTPAHCTE X, B
NPON3BOJIbHOE TOMOIOrNYECKOE MPOCTPAHCTBO Y HEMPEPLIBHO TOMAa U TOJILKO TOrAa,
korga cyxeuus f ‘ x. Xa = Y HenpepbiBHbI A1 Bcex o € A.

{e3




Mpepnoxerne

Ecan Tononornyveckoe npoctpancteo X sBAS€TCA 06beANHEHNEM CBOMX MONapHO
HernepeceKaroLUxcs OTKPbITbIX NOAMHOXECTE Xy, ot € A, To X = P cp Xa-

Mpepnoxerne

1. Cymma @ae A Xo yAosneTeopser akcuome otgenumoctn T;, i < 4, Torga v TonbKO
Torga, korga Xo € T; ans Bcex a € A.

2. Bec, XapakKTep, NJ1O0THOCTb U YUCJIO CyCﬂMHa CyMMbI CBs13aHbI C COOTBeTCTByI'OLL{I/IMI/I
XAPAKTEPUCTUKAMU CJ/1araeMblX pPaBEHCTBAMU

W Daenka) = max{sup w(Xa), |Al}, X @ pepXa) = sup x(Xa),

€A acA
d@ociXa) = max{zgg‘ d(Xa) |}, c@@aeXa) = max{zgg‘ c(Xa); |A[}-

Mpumepsi

1. JuckpeTHoe NpoCTpaHCTBO.
2. Crpenka 3opreHdpes.
3. MNpsmas R.




®DakTopnpocTpaHCcTBa

Onpegenexue

PakTopTononorus Ha akTopMHoxecTBe X/~ Tononormyeckoro npoctpancrea X no
OTHOLLEHNIO SKBUBANIEHTHOCTI COCTONT N3 BCex MHOXecTB U C X /~, anst koTOpbIX
MHoxecTBo {x € X : [x] € U} (1.e. obbeamnHeHmne Bcex Tex NogMHOXeCTB X, KOTOpbIE
sBasitoTcs npuHagnexawmmn U knaccamm 5KBMBaNEHTHOCTU) OTKPBLITO B X.
MtoxecTBo X/~ c 3Toll Tononorneid HasblBaeTcst haKTOPNPOCTPAHCTEOM
npocTpaHcTBa X MO OTHOLIEHWIO SKBUBaNEHTHOCTM ~. EcTecTBenHoe oTobpaxkenue
q: X — X/~ HenpepbiBHO OTHOCUTE/ILHO TaK OMPEeAENEHHON TONONOTM, U OHO
Ha3blBaeTCs (ECTECTBEHHBIM) (PaKTOPHBIM OTOBPaXKEHNEM.

Bceskas ctopbekuus f: X — Y aBnseTcs ecTeCTBEHHbIM oTobpakeHneM mHoxectsa X
Ha oToXAecTBAsieMoe C Y (haKTOPMHOXKECTBO MHOXeCTBa X MO OTHOLLUEHMIO
SKBUMBAJIEHTHOCTU ~ ¢, OMPEAENEHHOMY MPaBUIOM X ~f y <= f(x) = f(y), oaHako
BOBCE He BCAKasi HenpepbiBHas clopbekuus f: X — Y saensetcs dhakTopHbIM
oTobparkeHnem: TOMOJOrMs NPOCTPAHCTBA Y MOXET HE COBMaAaTh C TOMOJIOrueid
cakTopnpocTpaHcTBa X /~f, x0Tst kKak MHOXecTBa Y n X/~ coBnagator.



Teopema

Ans cropvexkTnsHoro otobpaxenus f: X — Y Tonosorndeckux npocTpaHCTs
CAeAYIOLNE YCIOBUSI PABHOCUJIbHBI:

Q f cpaktopHo (n Y = X /~¢ — ¢hakTOpnpocTpaHcTBO);

@ wmHoxecteo U C Y otkpbiTo B Y TOrga v TosbKo Torga, Korga f _1(U) OTKPbITO
B X;

© wmHoxectso F C Y 3amkHyTO B 'Y Torga un Tto/ibko Torga, korga f _1(F ) 3aMKHYTO
B X;

Q f HenpepbiBHO n Tonosorus npocTpaHcTea Y He cnabee Tononorun
chakTOpnpocTpaHcTBa npocTpaHcTBa X N0 OTHOLIEHUIO SKBUBAJIEHTHOCTY ~f.

[Nokazatenscteo. [nsi nobbix U, F C X/~ nmeem
fYU)=U{Ix]c X:[x] e U} ={xe X:[x] € U}

FHF) = X\ F X/~ \ F).




Onpepnenenne’

OTtobpaxeHue f: X — Y TONONOrMYECKUX NMPOCTPAHCTB HA3bIBAETCS (PAKTOPHBLIM, EC/N
OHO COpBEKTUBHO 1 MHOXecTBO U C Y oTkpbiTo B Y TOrga v TONbKO TOraa, Korga
f~1(U) otkpbiTo B X.

Otobpaxerue f: X — Y hakTOpHO TOrga u TONBLKO TOTAA, KOrga f CIOPBLEKTUBHO U
TONOAOrNs NPOCTpaHCTBa Y camasi CuibHasi N3 BCEX TOMOJOrNiA, OTHOCUTENBHO
KOTOpbIX f HenpepbIBHO.




Cnepctene
Komnosnums ¢hbakTopHbIx 0TOOpaXKeHnii ABASETCS (haKTOPHLIM OTOBPAXKEHUEM.

Cnepnctene

Ecan komnosuuymnsi g o f HenpepbiBHbIx oTobpaxennii F: X — Y ng: Y - Z
¢pakTOpHa, TO oTObpakeHne g hakTOpPHO.

[okasatenscteo. OueBugHo, g clopbekTusHo. Ecan U C Z oTkpbiTo, To g (V)

oTkpbITO B Y B cuny HenpepbisHocTu g. Ecnm U C Z Takoso, 4to g *(U) oTkpbITo B

Y, 10 (gof)H(U)=f1(g}(U)) otkpbiTo B X (Tak Kak f HenpepbiBHO), 1 MO
AokasaHHoli Teopeme U oTkpbiTo B Z (Tak Kak g o f hakToOpHO).

O

V.




Cneacteue

lyctb f: X — Y — HenpepeisHoe oTobpaxenue. Ecnn cywectsyer A C X, gas

kotoporo f(A) = Y u cyxenue f|a cpakTopHo, To f Toxe ¢hakTopHO.
4

[okazatenscto. Myctb ig: A — Y — ToxgectBeHHoe Bnoxerune. Nimeem f|a4 = f o ia.

OcTtanock NpUMeHNTL NpeablayLee CneacTBue. O
W

Cneacteue

Bcakoe oTKpbITOe nan 3aMKHYTOE HEMPEPLIBHOE CIOPBEKTUBHOE OTObparkeHmne
f: X — Y ¢pakTopHo.

Cnepnctene

Jlroboe B3aMHOO4HO3HAaYHOE (paKTOPHOE OTOBParkeHne SBASETCS FOMEOMOPPUIMOM.

Cneacteue

®DakTopnpocTPaHCTBO NPOCTPaHCcTBa X MO HEKOTOPOMY OTHOLUEHUIO SKBUBAJICHTHOCTHU
(T.e. 0obpaz X npu chakTopHOM OTObparkeHn) yAROBAETBOPSIET AKCUOME OTZENNMOCTHU
T1 <= Bce Knaccbl 3KBUBAJNIEHTHOCTY (Mpoobpasbl Toyek) 3amMkHyTbI B X.




[Mpumepsi

1. CrarusaHne mHoxecTBa B To4ky. [Ansa F C X paccMoTpum ~, KlacCbl KOTOPOro —
F v {x} ansa x ¢ F. ®akrtopnpoctpaHcteo Y = X/~ obosnauaercs X/F; roops,
4yTto Y nony4vaetcs ns X cTarneaHveMm B TOYKY MHOxecTBa F.

X/F € Ti < F nsce {x} pns x ¢ F 3aMKHyTbI.

X/F € T, <= F 3amkHyTO, Nntobble pasnnyHble Toukn X,y € X \ F oTaeneHsl
oKpecTHOCTsIMM 1 nitobast Touka x € X \ F n MHOXeCTBO F OTAeneHbl OKPeCTHOCTSIMUA.
X/F perynsipvo <= F 3amkHyTO, itobasi Touka x ¢ F u noboe 3amkrytoe G 2 x
oTheNeHbl OKpecTHoCcTAMU, F 1 Ntoboe 3aMKHYTOe MHOXECTBO, He nepecekatolee F,
OTAE/NEHbl OKPECTHOCTAMMU.

X /F Bnonxe perynsipHo <= F 3amkHyTO, nitobasi Touka x ¢ F dyHKLMOHaNLHO
OTAENMMA OT NtoDOro He COAEP>KALLEro €€ 3aMKHYTOr0 MHOXECTBA, U Jitoboe 3aMKHyTOe
MHOXECTBO, He nepecekatoLiee F, yHKLNOHANILHO OTAENMO OT F.

X/F nopmanbHo <= F 3amkHyTO 11 X HOPMasbHO.

[Mpnmep — Beep Ppelue—YpbicoHa.




2. [lpucoegurenne npoctpaHcTea no otobpaxeruto. MNycte X n Y —
HEeMepeceKatoLwmMecs Tonoslormyeckne npoctpaHcTea, F C X — 3amkHyTtoe B X
MHOXecCTBO U f: F — Y — HenpepbiBHOe oTobpaxkeHne. O6o3HaumMm yepes ~
OTHOLLEHNE SKBUBASIEHTHOCTU Ha cyMmme X @ Y, cooTBeTCTBYtoWEee pa3bueHnto Ha
ofHOTOYe Hble MHOXecTBa {z}, rae z € (X @ Y) \ (F U f(F)), n MmHoxecTBa
{y}Uf=(y), rae y € f(F). ®aktopnpocTtpaHcteo X & Y/~ obosHadaetca X Ur Y;
npu aToM roeopaT, 4To X Ur Y nonyyaercs npucoefmHeHneM npocTpaHcTea Y K
npoctpaHcTey X no otobpaxenuto f.

Ecnan Y opHoToueuHo, To X Us Y romeomopdHo daktopnpoctpaHctey X/ F.
X\ F BknagpiBaetcs B8 X Us Y Kak OTKPbITOE NOANPOCTPAHCTBO, @ Y — KaK 3aMKHYTOE.




3. lpuknensaune n cknemsanue. OnepaLmio NPUCOeSNHEHNS NPOCTPAHCTBA MO
roMeoMopn3My HacTo Ha3bIBAKOT NpuksenBaHuem. B cnydae, korga B 04HOM U TOM
»Ke TOMOMIOrnyYeckoM npocTpaHcTee X MMEIOTCA [Ba HEMEpeceKatoLuxcs
nognpoctpaHcTea F u G, cBazaHHbix romeomopdusmom f: F — G, onpegeneHa Takxe
onepauusi CKaenBaHus NOANPOCTpaHCcTB F n G — chakTopn3aumsi N0 OTHOLLEHMNIO
SKBUBAJIEHTHOCTY, NMOPOXKAEHHOMY pa3bMeEHMEM HA OGHOTOYEYHbIE MHOXeCTBA {Xx},

x € X\ (FUG), n geyxtouedrble MHoxecTBa {x, f(x)}, x € F. MNpun npumenernn
oToll onepauumn obbl4HO TPEDYIOT 3aMKHYTOCTU nogMHoxXecTe F n G — Torga
(haKTOPNPOCTPAHCTBO YAOBNETBOPSIET TEM XKE aKCMOMaM OTAEJNMOCTH, HTO 1
npoctpaHcTeo X.

Mpumepsbl: Top, nuct Mébuyca, byTeiika Kneiina, npoekTnBHas NAOCKOCTb, cdepa ¢
pydkamu unm nnéikamu Mebuyca.

ObpaTHble onepaumm — BbIpE3aHME 1 pa3pe3aHume.




[Mpsimble cnekTpbl U MHAYKTUBHbIE NpPegesbl

Cymma X = @@ X

a€EA
@ copepxut Bce X,, o € A, B Ka4eCcTBe NOANPOCTPAHCTB;
o X = Xu
acA

@ mHoxecteo U C X otkpbito B X <= U N X, oTKpbITO B X, AN KaXXA0ro
a € A (a 3HaunT, otobpaxerune f: X — Y HenpepbIBHO TOrAa 1 TOALKO TOrAa,
KOrfa BCe Cy>KeHust f|x, HenpepbiBHbI).

Onpegenexune

MycTb % — ceMelicTBO TOMOJIOMMYECKUX MPOCTPAHCTB, HamnpaB/iEHHOE BBEPX
OTHOLWEHNEM BktOHeHus (T.e. anst nobeix X, Y € .F cywectsyer Z € %, ans
kotoporo X C Z n Y C Z). Torga Tonosnornyeckoe npoctpancreo F = | J %,
TOMOJIOrMIO KOTOPOro obpasytoT Bce mHoxecTBa U ¢ Tem cBoiicTeom, yto U N X
oTKpbITOo B X ans Kaxgoro X € %, HasblBaeTCs UHAYKTUBHBIM, UMW NPSIMbIM,
npesesiom cemeiicTea &% .

Mpumepbl — cymma, npsimas R.



Onpegenexue

Myctb (A, <) — HanpaBneHHoe MHOXecTBO n { X, : v € A} — cemelicTBo
TornosorMyecknx npoctparcTs. lpeanonoxum, 4to ans nobeix a, B € A, a < f3,
onpepaeneHbl HenpepbiBHble oTobpaxkenus fog: X, — X ¢ Takumu cBoiicTBamu:

o foo =idx, : Xo — Xy — TOXAECTBEHHOE OTObpaXkeHue Asis toboro «;
® foy = fgy 0 fap ANst MOGBIX v < B < 7.

Torpa cemeiicTBo npocTpaHcTB n oTobpaxenuii { Xy, fop : o, f € A,a < B}
Ha3bIBAETCA NPsIMbIM CNEKTPOM Hag A.
NHgyKTBHBLIM, MAK NPSMbIM, NPEAENOM 3TOro CeMelicTBa, UAWN NPEAEsOM NPSIMOro

criekTpa, HasbiBaeTcst pakTopnpocTpancTso lim X, = @ X, /~, rae ~ — oTHoweHne
—
acA
SKBWBANIEHTHOCTY, ONPEAENEHHOE NPABUIOM: Xo ~ X3, €Cln foy(Xa) = f3y(xg) Ans

HeKOToporo vy = «a, .

WHbimn cnosamu, lim X, — a1o cakTopmtoxectso P X, /~, cHabxénHoe
—
acA
CUNbHeliLIel N3 BCeX TOMOOrNiA, OTHOCUTENILHO KOTOPBIX BCe 0TObpaxeHus f,3

HENpPepbIBHbI.




Tononornyeckne npon3BeneHNA

Hanomuum, 4To gekapToBO NponssefeHne NPOU3BOJILHOMO CeMeliCTBa MHOXKECTB
{Xo : @ € A} — 3T0 MHOXeCTBO
[I Xa={f:A—= U Xo:VaeA(f(a) € Xa)},
a€cA acA
n yto anemenTsl f: A — |J X, npoussegennsi [[ X, npuHsTo 3anuceiBaTh B Buae
acA acA
(Xa)acA, TAe ans kaxgoro a € A x, = f(a) € X, — a-5 koopauHaTta 3/1emeHTa

(Xd)aEA-

HanomHum Takxe, 4To KaHoHMYeckas npoekuusi npoussegenusi [[ X, Ha
acA
comHoxuTenb Xg, rae € A, — 310 oTobpaxkerne mg: [[ X, — Xp, onpegenéntoe
acA
€CTECTBEHHLIM NPaBUIOM WB((Xa)aeA) = xg Ans BeeX (Xa)aca € [[ Xa-
a€cA



Awmunas tononorus Ha [[ X, — nepsoe, 4To npuxoguT B ronosy: eé 6aza —

acA
BCeBO3MOXHbIe npoussegennsi Buga || U, rae kaxgoe U, oTkpbiTo B X,,.
a€cA
MpounseeaeHune ¢ 3Toii Tonosoruei obosHavaetcs [ X,.

acA
BeckoHeuHoe nponsBefeHMe HEQUCKPETHBIX NMPOCTPAHCTB C SWWYHOW Tononorunei

obnagaer nioxMmmn CBOMCTBAMM: HUKOTAA He DbiBaeT MeTpusyembiM (1 faxke HUKOrAA
He YZOBIETBOPSIET MEPBOMA aKCNOME CHETHOCTN), PEAKO DbIBAET CBA3HBIM, HNKOrAA HeE
cenapabesnbHO 1 T.n.

[NaBHbI HEJOCTATOK: AMArOHaNLHOE NMPOW3BEAEHUE HEMPEPLIBHLIX OTODPaXkeHnid He
BCErAa HeMpepbIBHO OTHOCUTENBLHO AWMYHON Tonosiorun ( = npousBeseHMe
TONOJIOFMYECKNX MPOCTPAHCTB C ALNYHON TOMNOJIOTNER He SBNAETCA NPON3BELAEHNEM B
CMbICJIe TEOPUM KAaTEropuii)



B Teopuu kateropuii npomssegermne obvekToB X,, o € A, onpegensieTcs kak obbekt X
BMECTE C CEMENCTBOM MOPU3MOB Ty X — X, (Ha3biBaeMbIX KaHOHNYECKIMY
MPOEKLMSIMI) C TEM CBOWCTBOM, 4TO ANsi Ntoboro obbekTa Y 3Toli KaTeropuu un
noboro cemeiictsa Mopdusmos f,: Y — X, CyLLecTBYyeT eaUHCTBEHHBI MOPU3M

f: Y — X Takoii, 4To gnarpamma
////Z lﬂa

Y*>X

KOMMYTaTuBHa (T.e. Ty 0 f = f,) Ans kaxporo o € A. B npumeneHun k kaTeropun
TOMOMIOrNYECKUX NMPOCTPAHCTB (rae 0bbeKTbl — MPOCTPAHCTBA, a MOPU3MbI —
HenpepbIBHbIE OTODPaXKEHUs1) 3TO OMpeAesieHne 03HAYaET, YTO Ans ntoboro cemelicTea
HenpepbIBHLIX 0TobpaxkeHuii f,: Y — X, AnaroHanbHoe NpousseaeHue

A fo: Y = [ Xu BomkHO BbiTh HENpepbIBHBIM.
acA acA



TuXOHOBCKas TOMOJIOrUSA, UK TONOJIOTUS NMPOU3BEAeHUs — camasi cnabas Tonosorus,
OTHOCUTESIbHO KOTOPOI BCE KAHOHMYECKME MPOEKLUN HenpepbiBHbI. [Tponsseaerns
TOMNOJIOMMYECKMX MPOCTPAHCTB C TUXOHOBCKOU TOMOMOrueli Ha3bliBatoTCs
TOMOJIOTMYECKUMU, WM TUXOHOBCKMMM, NpouseeaeHusimi. B gansHeliwwem mbl bygem
paccMaTpuBaTb MPOWU3BEAEHUSI UMEHHO C 3TOl Tonosorueii.

Nperoase: 751 (Us) = {(xa)aca: x5 € Us},

rae B € A — nioboii nngekc, a Uz — nioboe oTkpbIToe MHOXeCTBO B X3.

WNHorpa, ocobeHHo ecnm pedb MAET 0 NpoCTpaHCTBax pyHKUuUi, T.e.
MOANPOCTPaHCTBaX npousseaennii Buga RX, Tononornio nponsseenns HasbiBatoT
TOMOJIOrMei NMOTOYEHHOR CXOANMOCTI: MOCNEAOBATENBHOCTL PYHKUUT (fy)peN,
onpefenérHbix Ha X, NOTOYEYHO CXoAMTCA K doyHKUMM f, ecnn ans nobbix € > 0 n
x € X naiigérca N(x) € N takoe, uto |f(x) — f(x)| < € ans Bcex n > N(x), a ato
KaK pa3 1 03Ha4aeT CXOAUMOCTb B TUXOHOBCKOI TOMOJIOrNN.

ﬂ'ﬂﬂ KOHEYHbIX np0|/I3Bep,eHv||7| TUXOHOBCKasA TOMONOrnAa coenagaeT C ﬂLLI,I/I‘-iHOVI.

Eeknngosa Tononorust Ha R"” coenagaer ¢ Tononorueii nponssegeHnst Ha R X -+ - X R,
n pas



Mpepnoxerne

Lns noboro cemerictea {X, : o € A} Bce mHoxecTBa Buga || U,, rae kaxgoe U, —
acA
oTkpbiToe nogmHoxectso X, un U, = X, An5 BCeX, KpOMe KOHEYHOrO YNCa, UHAEKCOB

«, obpa3sytot basy Tononorudeckoro npoussegerns [[ Xu.
acA
Bonee Toro, eci ans Kaxxgoro o 3acpukcuposaHa Hekotopasi 6aza %, npocTpaHcTBa

Xo, TO MHOXecTBa Buga || Uy, rae U, € B 4715 KOHEHHOrO 41CAa MHBEKCOB (L U
aEA
Un = X, B215 Bcex ocTasibHbIX UHAEKCOB, Toxe obpasytot 6azy [[ Xu.
acA

Onpegenetue

basza Tononoruyeckoro nponseeaeHns, ONUCaHHasi B NEPBOM YTBEPXAEHUN
NPeaNoXKEHNS, Ha3bIBAETCA KaHOHMYECKOl 6a30ii, a a1eMeHTbl 3Tol basbl —
KaHOHNYECKNMMN OTKPbITbIMU MHOXXeCTBaMWU.




Teopema

Bce kaHonuyveckue npoekynn mg: [ Xo — X, B € A, noboro Tononornqeckoro
a€cA
npoussegenusi || X, SBASIOTCAS OTKPbITbIMU OTOBPaXKEHUSIMM.
a€cA

Mpepnoxerne

Ecnin X, a € A, — Tononornyeckne npoctpaHcTea u Yo C X, ans o C A, 10
Tonosornsi nponssegequsi Ha | | Yo coBnagaet ¢ Tomnosnorneri, MHAYLUMPOBAHHON U3
tononorudeckoro npoussegenus [ [ Xo D[] Ya-

[lokazaTenbcTBO. JnemMeHTbl KaHOHMYeCKO basbl nponssegerns || Y, = nepecedeHus
Y =] Ya c anemeHTamu kaHoHuueckoii 6asbl nponssegerus [ X,. O

V.




[MpeanoxeHne

llyctb X, @ € A, — Tononorn4eckue npoctpaHctea n Yo C X, Ana o € A. Torga

3ambikanue npoussegennsi || Yo C [] Xo B Tomonornyeckom npoussegerumn [[ X,
a€cA a€EA a€cA
pPaBHO MPoON3BEAEHNIO 3aMbiKaHnii MHOXECTB Yo, B X, !

I1Ya =] Ya.

[okasatensctso. Mo onpeaeneHuto 3ambikaHns (X )aca € [| Ya, €CAN 1 TONALKO €Cu
anst kaxgoro anementa [ [ U, kaHoHuueckoii 6asbl || X, copepxatero (x,), umeem

[TU«NTT Yo =11(Ua N Yy) # @, Te. Uy N Yy # & ans Bcex o. B wactHoctu, gs
Kaxgoro o € A n noboii okpectHoctn U Touknm x, B X, umeem UN Y, # &, a ato un
03HayaeT, 4To X, € Y. Takum obpasom, [] Yo C ] Ya-

O6paTHo, ecn (Xa)aca € [] Ya, T-6. Xo € Yo Ans Bcex a, To ans noboro 3 € A un
ntoboii okpectHocT V3 Toukm x3 B X3 nepecedenune Vg N Y copepxnT HeKoTopyto
Touky y3. meem (yo) € [[ Vo NI Ya. Takum obpasom, Touka (X,) npuHagnexuT
3ambikaHuto MHoxecTBa || Yo C [[ Xo Aaxe B siwmuroit Tonosorun, Tem bornee, B
TONONOrN NPON3BEAEHNS. O

v



Cneacteue

llyctb Xy, o € A, — HenycTbie Tononornydeckme npocTpaHcTea u Yo C Xy 415 o € A.
Mrnoxectso || Y, nnotHo B Tononornyeckom npounssegerun || X, Torga n tosnbko
Torga, korga Y, NAoTHO B X, A5 Kaxgoro oo € A.




[Mpennoxerne

llyctb Xy, @ € A, — HenycTbie TOMONOrnYecKne npoCcTPaHCTBa.
1. [na kaxpgoro 3 € A npoctpaHcTeo X3 BK/NaAbIBAETCS B TOMONOrMYECKOE

npoussegenne || X, B kayecTse nognpocTpaHcTsa.
acA
2. Ecnun sce X, — Ti-npoctpaHcTsa, To Ans kaxzoro 3 € A Xg BKknajbiBaeTcs B

[] X. B kavecTBe 3amkHyTOrO MOANPOCTPAHCTBA.
acA

[okazatenscTteo. Bbibepem no Touke x; B kaxgom npoctpaHcTee Xj.

Ons kaxpgoro S € A nonoxum X5 = [l Ya, roe Ys=Xgn Yo = {x}} ans a # B.
a€cA

-1

Cy>xxeHue WB‘X* : Xg — X3 — romeomopcunsm. 3HaunT, oTobparkeHne (Wﬁ‘x*) ,
B 5

paccmaTpuBaemMoe kak otobpaxeHne B [ [ X, D X5, — roMeoMopdHOE BIOXKEHMUE.

Ecnu Bce X, siBnsitotcst Ti-npocTpanctBamu, 1o {x}} 3amkHyTbl B X, A5t BCex
« € A, 1 NOANPOCTPaHCTBA X 3aMKHYThI B [ Xa ans Becex 5 € A. O

v




Onpegenenue

[OBOPSIT, YTO TOMOMIOrNYECKOE CBOWCTBO &2 MYNbTUNANKATUBHO (KOHEYHO
MYNbTUNJINKATUBHO, CYETHO MYNbTUNANKATUBHO, K-MYJbTUNNNKATUBHO ANA KapAWHanNa
K), ecnu gjist 1oboro nHAekcHoro MHoxectsa A (ntoboro koHewHoro A, ntoboro
cuétroro A, ntoboro A mowHocTn < K) 1 AtOBBIX TOMONOTMHECKNX NPOCTPaHCTB Xy,
o € A, co cBOWCTBOM &2 TOMNOJIOrMYECKOE NPON3BeaeHE HaeA X, Toxe obnagaet
cBoiicTBom .

HopManbHOCTb He MyAbTUMIMKAaTUBHA U AaXKE HE KOHEYHO MYNbTUMAMKATUBHA (CTpesika
3opreHdpes).



Teopema

Tononornyeckoe npon3BegeHne H Xo YBOBNETBOPSET akCMoOMe OTZeanmocTn T;,
acA

31, Torga v Toaebko Torga, korga X, € T; ansa scex a € A.

ECﬂl/l [I X HopmansHo, To BCe X, HOpMasbHEIL.
acA

[okasaTtenbctBo. To, 4To npousseneHne T;-NpoCTpaHCTB siBAsieTcss |;-NpoCTPaHCTBOM
ans i < 2, BUAHO U3 onucaHms npenbassi.

[Nokaxkem, 4TO nNpousseaeHune T3-NPOCTpaHCTB yaoBaeTBOpsieT akcuoMe T3. [ycTb
x € [[ Xa n U — niobas okpectrocTb x B [[ X, Bosbmém anement [] U,
KaHOHMYeckoli 6a3bl npoussegerus [ [ X, copepxawmiics 8 U n cogepxaymnii x.
Yucno Tex koopauHat a, gns kotopbix U, # X, KOHEYHO; NyCTb 3TO KOOPAMHATSI
a1, ...,0,. Ona kaxgoro i < N Halpém OKpecTHOCTb V,y, TOYKM Xo; B X, TaKylo, 4TO
V C U . Ona a # «j, i < n, nonoxum V, = X,. Torp,a [ Vo — xaHoHuueckas
OerCTHOCTb TOuKM (Xo) ¥ H Vo CTJ Us C U. 3naunt, [JU, C U.




[Jokaxkem BbINnonHEHUE T31 O4Ns1 Npon3BefeHNs T31 npocTpaHcTi. [na Touku
(Xa) € [[ Xa v nroboii eé OerCTHOCTVI U naiipém KaHOHVI‘-IECKer OKPEeCTHOCTb
[1Ua C U Touknu (x,). Myctb o, ..., a, € A Takossl, yto U, = X, Ans Bcex a # «;,
i < n. Ons kaxgoro i < n Bo3bMéM HenpepbiBHYtO yHKUmto fy. : X, — [0, 1] Takyto,
4To fo,(xa;) = 0w f, (X, \ Uy,;) C {1}. NMonoxum g,, = f,, 0 mo,; 1
g = max{gy, : i < n}. Mel nonyuunnn venpepsiryto dyHkumo g: [[ Xy — [0, 1] ¢ Tem
ceoiicteom, 4T0 g((xa)) =0 n g(ITXa \ U) C g([TXa \IT Ua) C {1}, 4To 1
Tpebosanoce.

Mei nokasanu, 4To ans i < 3% npounssegeHne T;-NPOCTPAHCTB TOXKE SIBASIETCS
T;-npocTpaHCTBOM. TO, YTO BCE COMHOXUTENN B NPOU3BEAEHUN, YAOBJIETBOPSIIOLLEM
akcumome T;, rae i < 4, ynoBNeTBOPSAIOT TOW Xe aKCMOMe, BbITEKAET U3 TOro, YTO
3aMKHYTble NOAMNPOCTPAHCTBa [4-NMPOCTPAHCTB SIBAAIOTCSA [4-NPOCTPaHCTBAMMU. O




Teopema

ﬂepBaﬂ Y BTOPAsi akKCUoOMbI CYETHOCTU CHETHO MYJIBTUTJINKATUBHbI.

Teopema (Xbtontta—Mapuesckoro—lloHguuepn)

lNyctb k — beckoHeyHbIi KapauHan. Ecim A — mHoxecTso mMowyHocTy < 2% u gns
kaxgoro o € A X, — Tononorudeckoe npoctpaHctso co coricteom d(X,) < K, TO
d (H Xa) < K.

B 4actHocTu, cenapabenbHocTs 280 -MynbTUnAMKaTUBHA.

Mapuesckuii n Monanuepu fokasanu Takxe, 4To ecam |A| > 2% n ans kaxgoro a € A
NPOCTPaHCTBO X, COAEPXKUT XOTS Bbl ABE TOYKMU, TO d(H Xa) > K.



Teopema

Ecnn cemeiictso npoctpancts { X, : oo € A} TakoBo, 4TO 4151 10HOrO KOHEHHOro

MHoxecTBa nHgekcoB F C A npoussegerne || X, obnagaer csosicteom Cycnuna, To
acF
n BCE nponssegenne [| X, obnagaer atum cBoiicTBoMm.
acA

Cneactaue

Jlioboe npounsseseHne cenapabesibHbix NPOCTpaHCTs obnagaer ceovicteom CycivHa.

[okazatenscteo. [JocTaTO4HO 3aMeTUTb, YTO cenapabesbHOCTb KOHEYHO
MYJITUMIMKATUBHA, N BCSIKOe cenapabenibHoe NpocTpaHCTBO 0bnagaeT CBOMCTBOM
Cycnuna. O

V.




OT0bpaxkeHNst TONONOrMHYECKIX MPOCTPAHCTB B MPOU3BEAEHUS

[Mpennoxerne

Orobpaxenume f: X — || X, HenpepbiBHO TOorga n To/bKO TOrZa, KOrga KOMMO3ULUs
a€cA
o © f HenpepbiBHA 4151 Kaxgoro o € A.

[okazaTenscteo. [okasaTenbcTsa TpebyeT TONLKO HEMPEPLIBHOCTL f B
NPeLNoNOKEH NI HEMPEPLIBHOCTU BCEX KOMMO3ULUNIA Ty, o f. PaccmoTpum npepbasy

B ={r}(U): ac A, U otkpbito B X, }
Tononorun npoussegerus [[ X,. [Ans kaxgoro a € A umeem
fH(ma (U)) = (ma o f)"H(U), a 3T0 MHOXECTBO OTKPLITO B CUAlY HEMPEPLIBHOCTIA
oTobpaxkeHust my o f. O

v




Teopema

Jexaproso npounssegenne [[ fo: [[ Xa — [ Ya moboro cemeiictBa HenpepeisHbix
acA acA acA
otobpaxeruii fy: Xo — Yo, o € A, HenpepbiBHO.

HokazsaTenscteo. [Jns kaxgoro 3 € A 0603HaUYMM KAaHOHMYECKYHO MPOEKLNIO
npoussegequst [ [ X, Ha Xz yepes Wg, a KaHOHUYECKYHO MPOEKLMIO NPOM3BEAEHUS
[I Yo Ha Y3 — yepes ﬂg/. OueBugHo, ans Bcex B € A umeem
Y _ X
T5 o [laeafa =faomy,
a oTobpaxeHus fz o ﬂ'é( HEMPEPbIBHbI KaK KOMMO3ULMI HEMPEPBIBHBIX OTODPAXKEHWIA.

O

Teopema

Lunaronansroe nponssesenne NAocafo: X — [[ Yo noboro cemeiictsa HenpepbiBHbIx
acA
otTobpaxeruii f,: X — Yy, o € A, 0gHOro n Toro xe npoctpaHctea X B MPOCTPaHCTBA

Y., o € A, HenpepbIBHO.

Hokazatenscteo. [elicTBUTENBHO, ANA KaXX[Oro o € A nmeem 7wy o f = f,,. EIJ




Ons noboro cemelictea otobpaxenuii f: X, — Yo, o € A, 1 N0DbIX MHOXECTB
X! C Xom Y., C Y, umeem
-1 _
(ITf) (TTX5) =TTfa(X2) »n (II fa)fl [1Ye) =TT (Y0, )
(ACVGA fa)(X/) - HaeA fa(X/) n (AO‘GA fO‘) HaGA Y(i) = ma€A foj (Yo/z)

[ns cemeiictea otobpaxennii f,: X — Y,, a € A, anaroHansHoe npouseegeHune A f,
ecTb KOMMO3MUMA AnaroHanbHoro npousseaenns i = A'idy: X — XA |A|
3K3EMMSPOB TOXAECTBEHHOrO oTobpaxenus X — X 1 AekapToBa NpousBeaeHus
[1fa: XA =] Ya. Obpaz A = i(X) C X* HasbiBaeTcsa gnaroHansio
npoussegernst X4:
A ={(xa)aca € XA x, = X3 ANs nobbix o, f € A} =
= [ xeX*: m(x) = my(x)}.
BYEA
X xaycaopoBo <= guaroHans A 3amkHyTa B nponssegenun XA,




Bnoxenuns Tononorunyeckux NPOCTPAHCTB B NPON3BEAEHUNA

Onpegenetue

Mycte X — mHoxectBo n {Y, : @ € A}. CemelicTBo oTobDpaxeHnii
F ={fo: X = Yo : a € A} paspensier Toukn mHoxecTBa X, ecnm Vx,y € X, x # y,
Halpétcs v € A, pnsi kotoporo fo(x) # fu(y)-

Ecnn npu atom X un BCce X, — TOnonornveckme npocTpaHCTBA U As1 KAXKLOW TOHKM
x € X n moboro 3amkryToro F C X, F 2 x, cywecTtByeT o € A Takoe, 4TO
fo(x) ¢ fo(F) %@, To cemeiicTBo & pa3mensieT TOUYKM 1 3aMKHyTble MHOXeECTBa B X.

X € Ty, -¥ pa3gensieT TOUYKU U 3aMKHYTble MHOXKECTBA — ¥ pa3fensieT TOYKN.

Teopema o0 AMaroHasbHOM MPOU3BELEHNN

Ecnn cemeiicTBo HenpepbiBHbix oTobpaxenuii F = {fy: X — Y, : a € A} pasgensier
Touku X, To f = A fy: X — [] Yo uHvekTusHo. Ecnn, csepx Toro, cemericteo 7
pasfessieT TOYKU U 3aMKHYTbIE MHOXECTBA, TO [ — romMeoMopgbHoOe BAIOXEHME.

B yactHocTu, ecau cywecteyeT o € A, 4ns kotoporo f, — romeomopghHoe
BsoXKeHME, TO f — TOXKE rOMEOMOPEPHOE BIIOXKEHUE.




Ecan nenpepeiBHoe oTobpaxerue f: X — Y Tononorn4ecknx npocTpaHcTs
MHBEKTUBHO N OBHO3/IEMEHTHOE cemelicTBo {f} pasgensieT To4ku u 3aMKHyTblE
MHOXeCTBA, To [ — romeomMopgpHoe BaOXKeHMeE.

[lokasatensctso. Ham HyxHO foKa3aTb, 4TO nogoTobpaxkeHune oTobpaxeHus f ¢
obnacTbio 3Hauenmii f(X), T.e. oTobpaxenne f: X — f(X), onpeaenénroe npasunom
f(x) = f(x) ans Bcex x € X, siBnsieTcs romeomopduamom. Mockonbky oTobpaxeme f
HEMPEepPLIBHO M B3aMMHO OLHO3HAYHO MO MPEAMNOIOKEHNIO, JOCTATOHHO MPOBEPUTD, HTO
OHO 3aMKHYTO, WK, APYrMMU CIOBaMU, HTO AJISi KAXKAOTO 3aMKHYTOrO MHOXECTBA

FeXx F(F)=f(F)'™,  1e.  f(F)=FfX)NF(F)". (*)

Mycte F — 3amkHyToe MHOXecTBO B X. Ecnu y = f(x) € f(X)\ f(F), Tox ¢ F n
y = f(x) ¢ f(F)Y, nockonbky {f} pasgensieT TOUKI 1 3aMKHYTbIE MHOXECTBA.
CnepoBaTtenibHO, NpaBasi 4acTb paBeHCTBa (x) copepxutcst B negoii. ObpaTHoe
BKJIOYEHUE O4EBUAHO.




[okasatenbcTeo Teopembl. Ecnn cemeiicTBo .# pasgensieT ToUKM, TO AN KaXKAON
napbl PasnnyHbIX Todek X,y € X cywectsyeT Takoe fp, € .F, 4to fo(x) # fu(y).
Takum obpasom, f(x) # f(y), a 3To 1 03Ha4aeT, 4TO f UHBEKTUBHO.
Ecnu cemeiicTBo % pa3sfensieT TOUKM U 3aMKHYTble MHOXECTBA, TO cemelicTBo {f }
ToXXe 0bnajaeT aTuM cBOCTBOM, Tak Kak ecan f(x) € f(F) ans HekoTtoporo F C X, To
fo(x) = ma(f(x)) € ma(F(F)) C malf(F)) = fu(F)

ans kaxgoro oo € A. OcTanochk NpUMEHUTL EMMY. O

v

Cnepctene

[uaronans noboii crenenn X* Tononornyeckoro npoctpanctea X romeomopghHa
3TOMY MPOCTPAHCTBY.




Onpegenetxue

TuxoHOBCKMM KybOM HasbiBaeTCst Tomosornyeckoe npousseaerne suga [0,1]%, rae K —
noboii BeckoHeuHbili kapauHan. TuxoHosckuii kyb [0, 1]70 HasbiBaeTcs Takxe
rniLbepTOBLIM KyOOM.




Teopema TuxoHOBa O BAOXKEHUN

Bcsikoe TUXOHOBCKOE MPOCTPAHCTBO BECA Kk > N BKJ/IAAbLIBAETCS B TUXOHOBCKUU Kyb
[0, 1]"~.

[okazaTensctso. Mycte X — TuxoHoBckoe npocTpaHcTBo U w(X) = Kk > No.
Mockonbky X € T31 CEeMENCTBO BCEX AOMOJHEHMI 4O Npoobpa3os 1 npu HenpepbIBHbLIX
dyHkumsx X — [0, 1]) coctaBnsiet 6asy npoctpanctea X, n nockosibky w(X) = Kk, u3
3Tol 6asbl MOXHO BbigennTb basy # mowmoctn k. Mycte B = {U, : a € A}, rae
|A| = k. Ons kaxporo a € A Bo3bMéM HenpepbiBHYtO dyHKumio f,: X — [0, 1], ans
kotopoii Uy, = f;,1([0,1)).

Cewmeiicteo .Z = {f, : @ € A} pa3gensieT TOYKN U 3aMKHYTble MHOXECTBA: eC/u
x € X n F C X — He copepxallee TOHKY X 3aMKHYTOE MHOXECTBO, TO HaliAETcs
okpectHocTb U, € £ sToii Touku, He nepecekatowas F. CooTBercTBytowas dyHkuus
fo nepesoant F B 0, npuyém f,(x) # 0, nockonbky fo(Uy) C [0,1) u x € U,. 3Hauur,
f(x) & f(F).

Mockoneky X € Ty, .% pasgenset To4ku. Mo Teopeme o gnaroHaaLHOM
npousseaerun A f,: X — [0,1]4 = [0, 1]* — romeomopdHoe BrioMeHNMe. O




Bec tuxonosckoro kyba [0, 1]% pasen k. [eiictButensHo, us toro, 4rto w([0,1]) = Ny,
HEMEAIEHHO BbITEKAET, YTO KaHOHMYeCKasi npeabasa, a 3Ha4YNT, N KaHOHN4ecKasi ba3a
npoussegerus [0, 1]® nmeer mowHocts K. 3HaqnT, Bec [0, 1] He Gonbe k. Ho oH He
MOXET ObITb 1 MeHbLUE K — BEAb Mbl TOJILKO YTO f0Ka3au, 4TO toboe TUXOHOBCKOE
NPOCTPaHCTBO Beca K (B YaCTHOCTM, [UCKPETHOE MPOCTPAHCTBO MOLLYHOCTH K)
BknagpbiBaetcs B [0, 1]%, a Bec nognpocTpaHCcTBa He MOXeET ObITh Dosblue Beca camoro
npoctpanctea. CnegosatensHo, w([0,1]") = K, n TeopemMy 0 BNOXEHUN B TUXOHOBCKMUIA
Kyb MoXHO cdhopMynnpoBaTe Tak: Jtoboe HECKOHEYHOE TUXOHOBCKOE MPOCTPAHCTBO
BKJIQZibIBAETCS B TUXOHOBCKMIA Kyb Toro »e Beca.




Momumo TuxoHoBCKOro n runsbeprtoBa Kyba bbiBaeT ewé rnasbepToB KMpNMYy — 310
noanpocTpancteo [] | ,2%] runbbepToBa NMPOCTpaHCTBa
keN

02 = {x=(Xn)nen : Y x2 < 0o} (ckansipHoe npousseAeHne B HEM ONpPeAeneHo

neN
npasuaoM (X,y) = Y. Xp - ¥n). CkansipHoe npoussefeHme CTaHAapTHLIM 0bpasom
neN
nopoxaaeT Hopmy, a Hopma — meTpuky Ha [] [0, 5z |; nerko nposeputs, 4To 3Ta

keN
METPUKa NOPOXAAET TONOJOINKO TUXOHOBCKOIO NpoOn3BeaEHNA. Tak Kak Bce OTPE3KN

o, 2—1k] romeomopdHbl Apyr apyry n otpesky [0, 1], 3akntodaem, 4To runsbepros
KIPAMY C MeTpUHecKoii Tonosorueii romeomopden runsbeptosy kyby [0, 1]%0.
N3 sTux paccy>kaenuii cnepyet, uto ky6 [0, 1]%° meTpuzyem.

MeTtpusaymoHHasi Teopema YpbicoHa

Tononornyeckoe NPOCTPaHCTBO CO CYETHOI Has3oli MeTpU3yemMo Torga 1 TONIbKO TOraa,
Korga OHO perynsipHo.




KoHcTpykuyust npeaena obpaTHOro CrnekTpa poACTBEHHA KOHCTPYKLMM MPeAena npsiMoro
CMeKTpa, TOJIbKO BCe OTODpaxkeHusi B 0bpaTHbIX CNeKTpax HanmpasfieHbl B 0bpaTHYO
CTOPOHY, 1 BMECTO (haKTOPMPOCTPAHCTBA CyMMbI B ONpeAesieHnn npesena cdurypupyer
MOAMNPOCTPAHCTBO MPOU3BEAEHNUSI.

Myctb (A, <) — HanpasneHHoe mHoxectBo n {X, : o € A} — cemeiicTBo
TOMOIOrNYECKINX NMPOCTPAHCTB. [lpegnonoxum, 4To ans nwbsix o, 5 € A, a < f3,
ONpepeneHbl HenpepbiBHble OTOBPaXKEHNs Th - Xg — X, ¢ Takumu cBoiicTBamu:

® 718 =idx, : Xy — X, — TOXAecTBeHHOe oTODpaxeHue gas ntoboro «;

° ﬂ'gzwgowg ana nobbix o < 5 < 7.

Takune oTobparkeHus 75 hasbisatoTcs MPOEKLMAMM, a CEMERCTBO NPOCTPAHCTE 1
oTobparkeHunii {Xa,wg ca, € A a < [} HasbiBaeTCs 0bpaTHBIM CeKTpoM Hag, A.
lNpoekTnsHbIM, N 0bpaTHLIM, NPEAENOM 3TOro CeMeNCTBa, NN npegesom obpaTHoro
CNeKTpa, Ha3bIBAETCsl NOANPOCTPAHCTBO MPOU3BELEHMS

; _ C _

h(_mXa = {(xa)aca : }(xy) = x5 Ans nobbix 3,7 € A, B < v} C [[Xa.



[Mpennoxexne

Mpegen obpatHoro cnekTpa { Xy, . a, € A, a < S} xaycpopdoBbix NpoCTpaHCTB
eCTb 3aMKHYTOE MOANpPOCTpaHCTBO npomussegeHus | [ X,.

Hokasatensctso. [ns ov < 3 nonoxum Sap = {(xy)yea € [T X Wg(XB) =Xa}.
YEA
Kaxaoe MHOXECTBO S, 3aMKHYTO, Tak Kak OHO COCTOMT W3 TOYeK COBMajeHNs

HEMpepbIBHbIX 0TObpaXkeHui wg omg: [[Xy = Xan o [[Xy = Xo (3mech T3 1 T —

YEA YEA
KQHOHNYECKME MPOEKLMN NMPON3BELEHNSI HA COMHOXMTENN) 1 BCE MPOCTPaHCTBa X,
xaycpopdoBsbl. 3HauuT, nepeceyenne lim X, = () S,3 ToXe 3aMKHYTO. O
i

af




Mycte A — beckoHeyHoe MHOXeCTBO U X,, @ € A, — ntobble NpocTpaHCTBa.
Cewmeiicteo .# Bcex KOHEYHbIX MOAMHOXECTB A HamnpasfieHo OTHOLIJEHVIeM C. Ons

kaxgoro F € . nonoxum Xp = [[ X,. Ons aobeix F,G € %, F C G, onpegeneHo
acF
oTobpaxkeHne 7T,_— Xe — XF cyxeHusi anementoB npomssegerus Xg (KoTopeble,
HanoMHuM, cyTb oTobpaxeruss G — |J X,) Ha F C G, npu4ém 3710 oTobpaxkeHune
aceG
HenpepbiBHO. Mbl nonyunnn obpaTHblii cnekTp {X;:,7TF F,Ge Z#,FCG}. Ona
kaxgoro a € A nonoxum F, = {a} € .#. HecnoxHo nokasaTb, 4T0 0TObparkeHne
lim— Xr — [[ Xa, onpegenénnoe npasunom (xr)rez — (XE, )aca = (Xa)aca, —
acA
romeomopcusm. CnepoBaTenbHO, NPUMEHSIS ONEPaLMIO NEPEXofa K Npeaesy

O6paTHOFO CMNEeKTPa, MOXHO Bblpa>XaTb beckoHeuHble nponsBefeHnsA Hepes KOHEYHbIE.



[ns noboro npoctpancta X onpefeneHo TuxoHosckoe nponsseneque 2X (rae 2
MOHMMAETCst B 0ObIYHOM CMbICNie — Kak guckpetHoe npoctpancTso {0,1}). OaHako
TOMOJIOrUst NPOM3BEAEHNst Ha 2% 3aBUCUT TOJILKO OT MOLLHOCTM NpocTpaHcTea X u
COBEpLLEHHO HUKAK HE CBsi3aHa C ero TonoJsiorneii. [osToMy 3KCMOHEHTY CHabXatoT He
TOoMnosnorneli TUXOHOBCKOrO NMPOU3BEAEHUS, @ CNELNANBHOW Tononorueid, kKoTopas
Ha3bIBAETCA IKCMIOHEHUMUALHON Tonoaornei, i Tonoaorueli Boetopuca. E&
npeabasy coctasnsitoT MHoxecTea Buga {Y C X: Y C U} u{Y C X: YNV # o},
roe U n V — oTkpbiTble nogmHuoxectsa X. basy Tonosnorun Buetopuca coctasasioT
mHoxectsa Buga (Ur,...,Up) ={FC X : FC Ui U---UU, FNU; # @ pna i < n},
rae n € Nu Uy, ..., U, — nponsBonbHble OTKpbITblE NOAMHOXeCTBa X.

MpocTpaHcTBo BCex noagMHoxecTB X c Tonosiorueii BoeTopuca peako beisaet
xaycaopdoBbIM, MOSTOMY ODbIYHO BMECTO CEMENCTBA BCEX MOAMHOXKECTE NPOCTPaHCTBA
X paccmatpusatot cemeiicteo Cl(X) Bcex ero HemycTbiX 3aMKHYTbIX MOAMHOXKECTB.
D70 cemeiicTBO, cHabXEHHoe Tononorueii BeeTopurca, Ha3bIBAETCA SKCMOHEHLMAbHEIM
npoctpaHcTBom npocTtpaHcTea X 1 obosHavaetcs exp X. Yacto ncnosnbsytot un
obosHauenue 2%,



Tononorus BeeTtopuca obnagaer tem 3amMeyaTeNlbHbIM CBOWCTBOM, YTO €CTECTBEHHOE
oTobpaxetue i: X — CI(X), onpegenénroe npasunom i(x) = {x}, ssnsercs
roMEOMOPEHbLIM BIIOXKEHNEM OTHOCUTENBHO 3To Tononorun. Ha cemeiictee Cl(X)
MOFyT CyLLeCTBOBaTb M Apyrue Tonoaorum ¢ 3tum ceoiicteom. Muoxectso Cl(X),
cHabxéHHoe ntoboi Takoli TONoNorneli, Ha3bIBAETCA rMIEPIpPOCTPAHCTBOM Haf X.
Takum 0bpa3oM, 3KCMOHEHUMANBHOE NMPOCTPAHCTBO exp X — YacTHbI cyyaii
rMNEpPNpPOCTPaHCTBa.

B cBs3n ¢ runepnpocTpaHCTBaMM €CTECTBEHHO BO3HWUKAET MOHSATUE MHOMO3HaYHOIO
orobpaxerusi F: X — Y — oTobpaxkeHusi, KOoTopoe Kaxkaoli Touke MHoxecTBa X
CTaBUT B COOTBETCTBNE HEKOTOPOE MOAMHOXECTBO MHOXecTBa Y. VIHbiMu cnoBamu,
MHOrosHauHoe otobpaxkeHne X — Y — aT10 otobpaxerne X — Z(Y).

Mycte X n Y — Tononoruyeckue npoctpaHcTea. MHorosHauHoe otobpaxkeHue
F: X — Y, koTtopoe kaxgoii Touke x € X CTaBUT B COOTBETCTBME 3aMKHYTOe
nogMHoxecTBo F(x) npocTpaHcTea Y, Ha3blBAaeTCs MOMyHENpPepbIBHbIM CHU3Y (CBEpXy),
ecnn Ans noboro oTkpbiToro MHoxectsa U C Y muoxectso {x € X : F(x) N U # @}
(mHoxecTBO {x € X : F(x) C U}) otkpbito B X. OTobpaxetue f: X — exp Y
HEeMpepbLIBHO TOr4a 1 TOMIbLKO TOr4a, KOraa MHorosHavyHoe otobpaxerue F: X — Y,
onpepenénHoe npasuwiom F(x) = f(x), nonyHenpepbIBHO CHU3Y 1 CBEPXY.



Ecnun Tononorna X onpepensieTcst orpaHUYeHHOW MeTpUKoi d, TO Ha NPOCTPaHCTBe
exp X BO3HUKAeT MEeTpuKa, OnpeAesiéHHast NpaBuiom

du(A,B) = max{sup d(x, B), sup d(%X)}
xEA yeB

ans A, B € exp X. DTa meTpuka HasbiBaeTcs meTpukon Xaycgopgpa. PaccrosiHue
Xaycgopda mexay A u B paBHO MUHUManLHOMY HMCiy § C TEM CBOWCTBOM, 4TO A
COAEPXKUTCS B 3aMKHYTOl J-OKPECTHOCTU MHOXeCTBa B, a B copepXunTcs B 3aMKHYTOI
0-okpecTHocT MHOoxecTBa A. Boobuie rosopsi, Tononorus, nopoXKaéHHasi MeTpPUKoi
Xaycgopda Ha exp X, MOXET oTan4aThcst oT Tononorun Beetopuca, Ho ecim X
KOMMaKTHO, TO 3TU TOMOJIONMU COBMAZAtoT.

Teopema Maiikna o cenekuun

Mycte X — napakomnakTHoe npocTpaHcTBo, Y — b6aHaxoBO MpoCTPaHCTBO u

F: X — Y — nonyHenpepsiBHOE CHU3Y MHOMO3Ha4YHOE OTObBpaXKeHUE Takoe, YTO AJisi
kaxgoro x € X F(x) — HenycToe Bbinyk/0e 3aMKHYTOE MOZMHOXECTBO MPOCTPAHCTBA
Y. Torga cyuecTByeT HenpepbIBHAS CEJIEKLMNS MHOrO3Ha4yHoro otobpaxkeHus F, T.e.
HenpepbiBHoe otobpaxenue f: X — Y ¢ Tem cBoiictBom, 4T0 f(x) € F(x) Ans
kaxgoro x € X.




KomnakTsl -

Onpegenetue

Mycte X — npoussonbHoe MmHoxecTBo U Y C X. [NokpbiTrie MHOXecTBa Y — 3TO
noboe nHaekcmposaHHoe cemelicteo ¢ = {C, : o € A} nogmHoxecTs X, KoTOpoe
nokpeieaet Y, T.e. ynosnetsopsieT ycnosuto | JE D Y.

Ecnun X — Tononoruyeckoe npocTpaHCTBO M MOKPbITME COCTOUT M3 OTKPbITbIX
(3aMKHYTBIX, OTKPbITO-3aMKHYTbIX) MHOXECTB, TO €ro Ha3blBalOT OTKPbITHIM
(3aMKHYTbIM, OTKPbITO-3aMKHYTbIM) MOKPBITUEM.

Mycts €’ — ewg oaHo nokpeitue Y. MosopsT, 4to ¢’ Bnncano B €, n nuwyT
€' <€ vwnn €' < €, ecnn scakuii snemenT C’ nokpbiTua 6’ coaepXUTCA B HEKOTOPOM
C € €. NMokpbiTne €' KOMBMHATOPHO BNUCAHO B 4, AN ABASIETCS Y)XKaTUEM NOKPbLITUS
%, ecnn 0ba NOKPLITUS 3aNHAEKCMPOBAHbLI SJIEMEHTAMU OAHOTO 1 TOTO XK& MHOXECTBA
A(te. ©={Ch:ac At ne" ={C,:acA})n C, C C, ansa kaxporo o € A.

YacTHbI cnyyaii BIMCAHHOrO MOKPLITUS — NOAMOKPbLITME: CceMeiicTBo 6 C €
Ha3bIBAETCA MOAMOKPLITMEM MOKPbLITAS %, €C/ OHO CaMO SB/ISIETCS MOKPbLITUEM, T.€.
Ue' ov.




Kak npasuno, mbl bygem paccmatpueats cutyauuu, korga Y = X.

NHorga BMecTo nokpbiTusi MHOXecTBa X yaobHee paccMaTprBaTh ABOWCTBEHHOE
CeMeliCcTBO, COCTOsILLee U3 BCEX AOMOJSIHEHUN [0 3/1EMEHTOB MOKPLITUS. 3aKOHbI

ae Moprana = cemeiicTBO % nogmHoXecTB X SIBASIETCS NOKpbITUEM MHOXecTBa X
TOrfa u TONbKO TOrAa, Korga AsolicteeHHoe cemelictBo # = {X \ C : C € €'} nmeer
MyCcTOe MepeceyeHye.




Onpegenexue

Tononornyeckoe NPOCTPaHCTBO KOMMAKTHO, eciu J1loboe ero OTKpLITOE NOKpbITME
COAEPXKUT KOHEYHOE OTKPLITOE MOAMOKPbLITUE. XaycAopdOBbl KOMMAKTHbIE
MPOCTPAHCTBA Ha3bIBAOTCS KOMMaKTaMU.

Onpeaenenne’

Tononornyeckoe NPOCTPAHCTBO KOMMAKTHO, €Cnn noboe LEHTPUPOBAHHOE CeMencTBo
€ro 3aMKHYTbIX MOAMHOXXECTB MMEET HEMYCTOE NepeceHeHune.

[MpennoxeHune

Mycts X — Tononorndeckoe npoctpaHcTso u 98 — ero 6aza. Torga X KoMnakTHO
<= moboe oTKpbITOE NOKPbITUE X SNEMEHTAMU JB COAEPKUT KOHEHYHOE MOZMOKPLITHE.

[okazatensctso. Myctb % = {U, : @ € A} — oTkpbiToe nokpeitne X. Vx € X
Bbibepem Uy () € %, copepxawmii x, n 3acpukcupyem Vi € #: x € Vi C Uy (.-
Cewmeiicteo { Vi : x € X} — oTkpbiToe nokpbitue X snementamu A. lMyctsb
{Va, .-+, Vi, } — oHeunoe nognokpeitue. Vi, C Uy) =

Ua(x1) U---u Ua(x,,) = X.

O




Teopema

Tononornyeckoe npoctpaHcTBO X KOMMNAKTHO TOrAa M TOJILKO TOr4a, KOrga BCAKWI
YALTPahuAbTP Ha MHOxecTBe X CXOAMTCS.

[okazaTensctBo. Heobxogumocts. lycte % — yneTpadunstp Ha X, KOTOpbIii He
CXOAUTCSl HN K ogHoili Todke x € X. Toraa y noboii Toukn x € X ecTb OTKpbITast
okpecTHOCTb Uy, He nmpuHagiexawas %/ . DT OKPECTHOCTU O0bpasyloT OTKpLITOE
nokpbITMe koMmnakTHoro npoctpaHcTea X; nycts { Uy, ..., Uy, } — ero koHeuHoe
nognokpbitue. Vimeem Uy, € % pnsa HekoToporo i < m, OAHAKO MO MOCTPOEHMIO

U, ¢ % pns Bcex i.

Loctatoynoctb. Ecnn cylwecTByeT oTKpbITOE NOKpbITUEe ¥ mpocTpaHcTBa X, KOTOpoe
He COLEPKUT KOHEHHOTO MOAMOKPbLITUS, To cemeiicTeo % = {X\ V : V € ¥}
ueHnTpuposaHo. CeMelicTBO & coaepXuUTcs B HeKOTOpoM ynbTpachunstpe % Ha X. lo
yCnoButo % cxopuTcsa K HekoTopoil Touke x. [lycte V' — copepxalyuii a1y Touky
anemeHT nokpbitust ¥, Torga V € %, nockonsky % — x, n X \ V € % no
onpeaeneHnto cemeiictea ¥ C % . lNpoTueopeyne. O




Teopema

Bcsikoe KoMnakTHOE NoAnpocTPaHCTBO J1oboro xaycqopgosa npocTpaHCTBa 3aMKHYTO.

HokazaTenscteo. MNycts X — xaycgopdoso npoctpancTeo, K C X — ero KoMnakTHoe
nogmHoxectso n x € K\ K. Wmeem (N{U : U — okpecTtHocTb x} = {x}, n nockonbky
x ¢ K, cemeiictgo

% = {X\ U: U — okpecTHocTb Toukn x B X}

npeacTasnseT coboii oTKpeIToe nokpbiTne komnakta K. Mycts {X\ Uy,..., X\ U,} —
€ro KoHe4yHoe nognokpbiTre. Torga mHoxecteo Ui N --- N U, — OKPeCTHOCTb TOYKU X,
He nepecekatowas K, B NpoTuBopedne ¢ ycnosumem x € K. O
Teopema

Jlroboe 3aMKHYTOE NOANPOCTPAHCTBO KOMIAKTHOrO MPOCTPAHCTBA KOMIAKTHO.

[HokazaTenscreo. MNycts K — komnakTHoe npocTpaHcTBo n X C K — ero 3aMkHyTOe
noanpocTpaHcTeo. PaccmoTpum ntoboe LUeHTPUPOBaHHOE CEMENCTBO % 3aMKHYTbIX
noaMHoxecTs npoctpaHcTea X. Mockonbky X 3amkHyTo B K, .F SBASIETCSA TakXe 1
LEHTPUPOBAHHBIM CEMEVCTBOM 3aMKHYTbIX nogmHoxects K, Tak uto (| F # O. O




Teopema

Jlroboe beckoHeYHOE MHOXKECTBO B KOMMNAKTHOM NpocTpaHcTee X MMEET TOYKY
HaKoOrlJIeHUA.

[okazaTenscreo. Mycts A C X He uMeeT To4vek HakomnseHusi. Torga y toboid Toukm
X € A HaiigéTtcsa oTKpbiTas okpecTHocTb Uy, B X, nepeceyeHmne koTtopoii ¢ A koHeqHo. A
koMnakTHo, n cemeiicTBo {Uy NA: x € A} sBNSeTCA €ro OTKPLITIM MOKPLITUEM.

Boigenum u3 Hero koHedHoe nognokpeitue { Uy, N A, s U N A}. W3 Toro, uTo

Uq NAU---U U, NA= A n sce mHoxecTBa U,; M A KOHeYHBbI, BbITEKAET, 4TO
MHOXeCTBO A (a 3HauuT, n A) KOHeYHo. O
Cnencteue

KomnakTHoe NpoCcTpaHCTBO HE COAEPKUT BECKOHEYHBIX 3aMKHYThIX AUCKPETHBIX
noAnNpPoOCTPaHCTB.

[okazaTenscteo. V13 Teopembl cneayeT, 4To ntoboe beckoHeYHOE MHOXKECTEO B
KOMMAaKTHOM MPOCTPAHCTBE UMEET NpeaesibHyto Touky. Muoxectso Y B
TOMNOJIOTMYECKOM NpPOCTpaHcTBe X 3aMKHYTO U JUCKPETHO <= Y He nmeeT
noenesabHbix Toyek B X. O




Teopema

Bcsknii HenpepbiBHBIN 06pa3 KOMNaKTHOro npocTpaHcTBa K KOMMaKTEH.
v

Hokazatenscteo. MMycts f: K 2 X HenpepbiBHO, % — oTKpbITOe nokpbiTne X. Torpa
{F~Y(U) : U € %} — otkpbiToe nokpbitie K. OHO copepnT KOHeYHoe NoAnoKpbITMe
{FY(U1),...,F"Y(U,)}, w {Uy,...,U,} — noanokpbitne % . O

4

Cnencteue

Bcsikoe HenpepbiBHOE 0TObpaxeHne KOMNakTHOro MPOCTPaHCTBA B XaycAopghoBo
NPOCTPAHCTBO 3aMKHYTO U, CIEA0BATEbHO, (PaKTOPHO.

HokazaTenscreo. Mycts f: K — X — HenpepbiBHOE OTOBPaXkeHNe KOMMaKTHOro
npocTpaHcTBa B xaycaopdoso. Jlioboe 3amkHyTOe MHOXECTBO F C K KOMNaKTHO, U

f(F) kOMNaKTHO 1, 3HA4MT, 3aMKHYTO B X. O
v

Cnencteue

Jliobasi HenpepbiBHAs buekyns N3 KOMNAKTHOIO MPOCTPAHCTBA B Jtoboe xaycaopgoso
MPOCTPAHCTBO ABASETCS FOMEOMOPPUIMOM.




Teopema

Jlrobasi HenpepbiBHAasi (hyHKUUS HA KOMIAKTHOM MPOCTPAHCTBE OrPaHUY€EHa.

[okazaTenscteo. Ecnm £: X — R — HeorpaHnyeHHasi HenpepbiBHast OYHKLUS, TO
{f=1((=n,n)): n € N} — oTkpbiToe nokpbITe X, N3 KOTOPOrO HeNb35 BLIAENNTL
KOHEYHOE MOAMOKPbITHE.




Mpepnoxerne

Bo Bcsikom xaycaopghoBom MpocTpaHCTBe atobble TOYKa M He cogepxalyee eé
KOMMAKTHOE MHOXECTBO UMEIOT HEMEPECEKAIOLNECS OKPECTHOCTU.

[Hokazatenscteo. MMycte X € Ty, K C X komnaktHo n x € X \ K. Vy € K

3acbukcupyem otkpbiTeie Uy, 3 y n V), 3 x, U, NV, = @. MNycts {Uy,,..., Uy, } —

noAnoKpbITe oTkpbIToro nokpeitus {U, : y € K} komnakta K. ScHo, uto U = (J U,
i<n

— okpectHocTb K, V = (1 V), — okpecTHocTb x n UN V = . O

i<n

v

[MpepnoxeHne

Bo Bcsikom T3-npocTpaHcTse tobble Ba HEMEPECEKAIOLUXCS MHOXKECTBA, OAHO N3
KOTOPbIX KOMIMAKTHO, a APYroe 3aMKHYTO, UMEIOT HEMEPECEKAOLUNECS OKPECTHOCTH.

Hokazatenscteo. lycts X € T3, K C X komnakTHo, F C X 3amkHyton KN F = &.
Vx € K 3adumkenpyem otkpbitble Uy 3 x n Vi D F, Uy N Vi = @. Myctb

{Ux, ..., Ux,} — noanokpbitue otkpbitoro nokpbitus {Uy : x € K} mHoxectsa K.
Torpa U = |J Uy, — okpectHocts K, V = [ Vi, — okpectHocTe F n UNV = @.

i<n i<n O

4




Teopema

Bcsiknii KOMNakT HOPMaJieH.

Mpepnoxerne

Bo Bcsikom T31 npoctpancTee X 47151 1106k HENEPECEKAIOLYMNXCS KOMIAKTHOIO
MHoxecTsa K 1 3aMKHyTOro MHoxectsa F cywjectByeT HenpepbisHasi (pyHKUUS
f: X — [0,1], ToxgectBeHHo pasHasi 0 Ha K u 1 Ha F.

[okazatenscteo. [nsi kaxgoit Toukn x € K BO3bMEM HeMpepbIBHYIO (PYHKLNIO

fi: X — [0,1], npunumarowyyto 3HaqeHne 0 B TOUKe X N TOKAECTBEHHO paBHyto 1 Ha F,
n nonoxum Uy = £71([0, 3)). U3 oTkpeitoro nokpbitus {Uy : x € K} komnakTHoro
MHoxecTBa K BbigenumM koHedHoe nognokpeitne {Us, ..., Uy, }. PyHkuus

g = min(fi,...,f,), onpeaenénnas npasunom g(x) = min{f(x),..., f(x)},
HenpepbieHa, npuuém g(K) C [0,3) n g(F) C {1}. Ocranock nonoxmts

f(x) = max{2(g(x) — 3),0} Ans Beex x € X. O




Teopema TuxoHOBa O KOMMAKTHOCTU MPOU3BELEHN

Tononornyeckoe npousseserue || X, HenycTbix npocTpaHCTB KOMNAKTHO Torja u
acA
TO/IbKO Torga, korga Bce X, KOMMAaKTHbI.

JokasaTensctBo. HeobxogumocTb <= HenpepbIBHOCTL Beex mg: [[ Xy — Xj.
acA

Locratoqnocts. lNyctb Bce X, KOMNakTHbI 1 %/ — noboii ynbTpadpuasTp Ha

[T Xa. HyxHo nokasaTe: % cxoputcs K HekoTopoit Touke x. [ns kaxgoro o € A

acA

nonoxum %, = {Y C X, : 71,1 (Y) € % }. I70 ynsTpachunstp Ha Xy, M NOCKOABLKY

Xo KOMMAKTHO, %, CXOANTCS K HEKOTOPOI TOUKe X, € Xy. Monokum x = (x4 )acA-

Mycte U — niobasi okpectHocTb Toukm x B [[ X,. OHa comepXuT KaHOHUYECKYHO

acA
okpectHocTb [ V,. Mycte V, = X, ansa a ¢ {a1,...,an}. Ons kaxporo i < n
a€cA
Uo; — Xo;, nodTOMY Vo, € U, 0 7'('0—”1(\/&’.) € % . Onpepenevne bnnbTpos —>
[IVa=NmtVe, €e¥nlUec.

acA i<n




MpounzeeaeHmne noboro cemeicTea xaycaopdoBbIX NPOCTPAHCTB XaycAopdoBO, NO3TOMY
N3 TeopeMbl TMXOHOBA HEMELJIEHHO BbITEKAET Takoe yTBEpXKAeHME (ero HasbIBaOT
TaKXXe xaycqopghoBoli Bepcueri Teopembl TNXOHOBA):

Cnencrteue

lNpoussenerHne noboro ceMeiicTBa KOMMNaKTOB SIBJISIETCS KOMIAaKTOM.

Cnencrteue
lycte X — 31-POCTPaHCTEO 1 K — ero komnakTHoe nogmHoxxecTBo. Toraa
Q y noboii Hel'lpePbIBHOﬁ pyHkyun . K — [—1, 1] umeercs HenpepeisHoe
npogosmxenme f: X — [—1,1];

@ y moboii HenpepbiHoii pyHKkumn f: K — R umeetcs HenpepbiBHOE npogoaxeHne
f: X =R

[okasaTesnsctso. Teopemsl TuxoHosa = X C [0, 1]%, rge k = w(x), n [0, 1]*
KOMMAKTHO, a 3Ha4nT, u HopmanbHo. Mockonbky K C X C [0, 1]" n noboit komnakT
3aMKHYT B J1Il0boM obbemMatoleM xaycaopdOBOM MPOCTPAHCTBE, Mbl MOXKEM MPUMEHUTb

Teopemy TuTtue—YpbicoHa. E])




Teopema Bbapa o kaTeropum
B nrobom komnakte X nepecevenne G = (| G; nmoboii nocnegosatensHoctn (G;)ien

ieN
BClO,qy NJIOTHbIX OTKPbITbIX MHOXECTB BCfO,qy MJIOTHO.

Hokazatenbcteo. Bosbmém Henyctoe U C X. Gy OTKPbLITO 1 NAOTHO = CyLUEeCTBYeT
oTkpbiToe U; # & Takoe, 4TO U; € UN Gy. Ananornyo CYyLLeCTBYET OTKpPbITOE

U, # @ Takoe, uto Us C Uy N Gy, n T.4. B pesynbTaTe Mbl nonyynm
nocnepoBaTenbHoCTb (Up)nen HEMYCTBIX OTPBITBIX MHOXKECTB C TEM CBOWCTBOM, HTO
Upny1 C UpN Gpy1 ans scex n € N. Ouesugro, cemeiictso {U, : n € N}
ueHTpuposaHo. X komnaktHo = (U, # @. Mo noctpoenunio (U, C UNG. U
MPON3BOJILHO —> MHOXeCTBO G BClOZY MJIOTHO. O

4

[eoiicTeeHHas opMynunpoeka:

B ntobom komnakTe AOMNoOJIHEHNE O O6'be,ql/IHeHMFI s0boii NnocJs1IE4O0BATESIBHOCTU HUT4éE
HE MMJIOTHbIX MHOXECTB BCHOAY MJIOTHO.



Onpepenexne

MHoxecTBa nepgoii kaTeropum (TOLME MHOXKECTBA) — 3TO T€ MHOXECTBA, KOTOPbIE
MOXXHO MpPeACTaBMTb B BUAE CHETHOrO OOBEAVHEHUSI HUTAE HE MAOTHBIX MHOXECTE; BCE
NPOYMNE MHOXXECTBA Ha3bIBAOTCS MHOXECTBaMM BTOPOI KaTeropuu (Ty4HbIMK).
MpocTpaHcTBa, KOTOPbIE SBASIOTCA TOWMMMN (TYHYHBIMM) MHOXECTBaMM B cebe,
Ha3bIBAlOT NPOCTPaAHCTBaMuU nepBoii (BTopoii) kaTeropun. O NPOCTPaHCTBE, B KOTOPOM
BCSIKOE TOLLEE MHOXECTBO UMEET MYCTYH BHYTPEHHOCTbL, FOBOPST, YTO OHO obnagjaet
ceoiicteBom bapa.

v

Jioboe npocTpaHcTBo co ceoiicTBoM Bapa siBnseTcs npocTpaHCTBOM BTOpOIi KaTeropuu,
HO He HaobopoT: npumep — nognpocTparcTeo Q U [0, 1] BewiecTBeHHO NPsSIMOIA.
B sToii Tepmunonorun teopema bapa 3Byunt Tak:

Bcskuii komnakT obnagaet csovicteom bapa.



[Mpumepsi
@ Bcskoe koHeYHOe NMPOCTPaHCTBO KOMMAKTHO.
@ Orpesok [a, b] C R komnakTeH ans nobbix a, b € R, a < b.

e KanToposo mHoxecTso C — nogmHoxecTBo oTpeska [0, 1], koTopoe nonyyaercs
No MHAYKLMMN yAaNeHUem cpegHux TpeTeli (6e3 KOHLOB) U3 BCEX NMEIOLLNXCS HA
JaHHOM Llare MHAYKTWBHOMO MOCTPOEHUSI OTPE3KOB.

KaHTOpoBO MHOXECTBO — COBepLUEHHOE (T.€. 3aMKHYTOE U HE CofepiKallee
N30JINPOBAHHBIX TOYEK) HUTAE HE MJIOTHOE MOAMHOXECTBO MPSIMOIA; OHO
romeoMopdHO CHETHOW CTEMNEHN ABYXTOYEYHOrO AUCKPETHOro MpPOCTPaHCTBA
{0,1}; BCsIKMii METPU3YEMBbIi KOMMAKT SIBJISIETCS €0 HEMPEPLIBHBIM 0OPa3oM; OHO
ABNSIETCS YHWBEPCASbHbIM MPOCTPAHCTBOM AAsl KNacca £ MpOCTPaHCTB,
obnagatowmx cHETHONR 6a30ii 13 OTKPLITO-3aMKHYTbIX MHOXeCTB (T.e. C € & n
ntoboe NpocTpaHcTBO U3 ¥ romeomopdHo Bknagpisaetcs 8 C).

o [ns n € N muoxecteo X C R"” koMmnakTHO Torga u Tofibko Torga, korga X
3aMKHYTO 11 OFPaHUY4eHO OTHOCUTESILHO EBKINAOBOW MeTpuKkn d,, T.e. COOAEPXUTCS
B wape By(0, R) ans HekoTtoporo R > 0.




@ [lyctb k — nioboii kapgnHan, D — MHOXECTBO MOLLHOCTM K U x — TOYKa, He
npuHagnexawas D. Monoxum A(k) = D U {*}. CHabaum A(k) Tononorueii, B
KOTOpOUi BCE TOYKM MHOXECTBA D M30/MpOBaHbl, a OKPECTHOCTSIMM TOYKMN *
CNY>KaT JOMOJIHEHUSI A0 KOHEYHbIX MOAMHOXECTB D, T.€. BCEBO3MOXHbIE
mMHoxecTBa Buga {x} U D\ F, rae F — koHe4Hoe nogmHoxectso D.
KomnakTHocTb npoctpaHcTea A(k) odeBugHa. lNpoctpancteo A(ap)
romeoMopdHO 0bbIYHON CcxoasiLLelicsl NOCaef0BaTENbHOCTH
{0} U{%:ne N} CR. Mpocrpanctso A(K) AN NPOM3BONLHOMO KapAMHana K
NHOTAA Ha3bIBAKOT CyrneprocienoBaTesibHocToio Anekcangposa. Jns noboro
Beckoneuroro k umeem w(A(k)) = x(A(k)) = d(A(k)) = c(A(k)) = k.

@ 13 komnakTHOCTU OTpe3ka no TeopeMe TWXOHOBA ClefyeT KOMMAKTHOCTb 1t0boro
TUXOHOBCKOro Kyba /", B 4acTHoCTM, runsbepToBa Kyba (paBHO Kak 1 Kupnn4ya), a
Takxe Ntoboro 3amkHyToro nognpoctparcrtea /”. Kak n A(k), I* — npumep
KOMMaKTa BECa N XapakTepa k, ogHako Kyb /" obnagaet ceoiicteom CycnuHa gns
ntoboro k, a ans £ < 280 on ewgd n cenapabene.




e BaxHeiwnii npumep: npoctpancteo Wi = {a : a < w1} Bcex He bonee yem
CYETHBIX OPAVNHANOB BMECTE C NepBbIM HECHETHBLIM, CHabXXEHHOE NOpPsKOBOA
TONOJIOrneil.

Mycte % = {U, : t € I} — oTKpbITOe NoKpbITHE NpocTpaHcTBa W .
PaccmoTtpum mHoxecTBo A Beex o < wi, 415 KOTOPbIX 3aMKHYTbIA NHTEpBa
[0, ] copepuTcsi B 0OBEANHEHNN KOHEYHOTO YMCA IEMEHTOB MOKPLITUS % .
Hago nokazsats, uto Wi \ A = &. lMpeanonoxum, yto Wi \ A # & n 0bosHauum
Yepes a HaUMEHbLUNIA 3nemMeHT 3Toro MHoxecTBa. Cyuwiectsyet 1o € /, ans
koToporo o € U,,. fAcHo, 4to 0 < g. 3HaunT, HaiipéTcs B < g, AN KOTOPOro
(8, a0] C U, Mo onpegenexunto opantana o nmeem 3 € A, a no onpegeneHmnto
mHoxectea A [0,8] C U,, U---U U,, Anst HEKOTOPBIX L1, ...,k € I.
CneposatensHo, [0, 0] C U,y U U,, U---U U,, B npoTneopeyune c onpeaeseHnem
QqQ.




Paccmotpum Tenepb nognpoctpatcteo WY = {a : v < w1} npoctpanctea Wy. OHo He
KOMMNaKTHO, HO BCsiKoe beckoHeuHoe MHoxecTBo A C W) umeeT npepentHyto Touky B
WY, T.e. BCE 3aMKHYTbIE JUCKPETHbIE MHOXeCTBA B W) KOHeuHbI.

Kpome Toro, Bcsikast HenpepbigHas dyHkums Ha W) orpanndena. [eiicTeutensHo,
npegnonoxum, uto f: WP — R — HenpepbigHas HeorpaHuueHHas cdyHkums, T.e. f
NPUHUMAET CKOJIb YrOAHO BOMbLUNE NONIOXKNTENBHBLIE UN CKOJlb YTOAHO Masible
oTpuuaTenbHble 3HaYeHust. [lycTb Ans onpeAenéHHOCTY f NPUHUMAET CKOJb YrOAHO
Gonblime 3HaqeHns. Onpegenum no nHaykuMM MHoxkectso X = {x1,x2,...} B F(WD)
cnepytowmm obpasom: BozbMEM oboe uncno xi € f(WP); cuntas, 4to X, yxe
onpefeneHo, BolbepeM B f(Wlo) TOYKY Xpt1 > Xp + 2.

B npoobpase f~1(x,) kaxaoii Toukn x, € X BbibepemM ToUKy (i, 1 MONOXKNM
A={a,:neN} C WO: sacHo, uTo MHoxecTBo A beckoHeuHo. Bcsikas Touka o € Wl0
nmeeT oTKpbITyto okpectHocTb 1 ((f(ar) — 1, f(r) + 1)), koTopas cogepxuT He Gonee
oaHoii Toukun ns A. CneposaTtensHo, beckoHe4Hoe MHOXeECTBO A C Wl0 He MMeeT ToYeK
HaKOMEHWsS!, @ 3HAYNT, 1 npefenbHbiX Todek B WY, a Takux MHOXECTB He CyllecTByeT.
OTclopa BLITEKAET, YTO 1 HEOrPaHUYeHHbIX HenpepbiBHbIx hyHkumid Ha W He
CYLLECTBYET.




Komnaktudukauuu -

Ba)kHeiilwee cnencteue TeopeM TUXOHOBa COCTOUT B TOM, YTO BCSIKOE TUXOHOBCKOE
MPOCTPAHCTBO MOXHO KOMMAKTUULNPOBATL, T.€. BJIOXKUTL B HEKOTOPLINi KOMMNAKT B
KayecTBe BCIOAY MJIOTHOIO MOAMPOCTPAHCTBA.

Onpegenetue

Mapa (K, c), rae K — komnakT, a ¢: X — K — romeoMopdHoe BAOXeHNe
Tonosiornyeckoro npoctpaHctea X B K Takoe, 4to ¢(X) = K, HasbiBaeTcs
KoMnakTudmkayueid npocTpancTea X, UAN KOMNAKTHLIM XayCAopOBbIM paclupeHmnem
npoctpanctea X. Pasnocte K\ ¢(X) HasbiBaeTcst HapocToM paclumpeHnsi.

Teopema

Tononoruyeckoe npoctpaHcTeo X obnafaeT KoMNakTughukaymers Toraa u ToJbKO
Torga, korga X BMOJIHE PEryNsPHO.

Teopema

Kaxgoe Bnonne perynsipHoe npoctpaHcteo X nmeer komnaktugpukaymio (K, c) co
ceoiicteom w(K) = w(X).




B panbHeliwem nog komnakTudukauueii npoctpaHctea X Mbl byaeMm noHuMaTh He
Tonbko napy (K, ¢), Ho n cam komnakt K, copepxawinii (romeomopdpHyto konuio) X B
Ka4YecTBe MJIOTHOrO MOANPOCTPaHCTBa. [ns komnakTudmkauuii JaHHOrO NMPOCTPaHCTBA
X NpuHATO NCnosib30BaTh 0603HaYeHUs, cocTosiwme U3 AByx cumeonos: cX, bX, BX u
T.N.; NPU 3TOM BTOPOI CMMBOJI — 3TO 0bo3HaYyeHne caMord NPOCTPaHCTBA, a NEPBbLIA —
obo3HayeHne ero roMeoMopgHOro BAOXKEHUSI B COOTBETCTBYIOLLYIO KOMMAKTU(UKaLUIO.
Tak 4To 3anucb cX He ToNbKO 0DO3HAYaET HEKOTOPbLIN KOMMAKT, HO N NOAPa3yMeBaeT,
YTO 3TOT KOMMAKT COAEPXKUT roMeoMOopdHYIO KOMMIo NMpocTpaHcTBa X, Npuyém

romeoMopdHoe BnoxeHne X B cX ocyllecTeasercs otobpaxeruem c: X — cX u
c(X) = cX.




Onpegenexune

Komnaktudmkaumm c; X n ¢ X c4nTaloTCs SKBUBANEHTHLIMU, €CAN CYLLECTBYET
romeomopusm p: c; X — X Takoii, 4To ¢ = @ o ¢1, T.e. gMuarpaMmma

X
C1X L) C2X

KOMMYTaTMBHa (4BUrasicb MO CTPEJIKAM Ci U , Mbl MOJYHNUM TOT XKe Pe3ynbTaT, 4To U
ABUrasiCb Mo CTPESKe Cp).

Takum obpazom, ase KomnakTudrKaumm NpocTpaHcTea X 3KBUBAJEHTHbI, €C/IN OHY
rOMeoMOpHbLI 11 FOMEOMOPGN3M MEXAY HUMU YCTPOEH TakK, 4TOo X BJIOXKEHO B HUX
OAMHAKOBbIM OTHOCWUTEJILHO 3TOr0 roMeomopdusma obpasom.



[Mpumep

Mycte X = X1 @ Xz, rae X1 = (0,1) n X2 = (0,1) N Q. Paccmotpum
komnaktudukauum c; X n X npoctpaHctea X, npeacraeasiowme coboii cymmy

S @ [0, 1] okpy»HOCTM 1 OTpeska, B KoTOpyto X BOXKEHO MO-pasHOMYy: Ci|x, — 3TO
BnOXeHue i: X1 — S! uHTepBana B OKPY>KHOCTb, ONpeaenéHHoe opmMysioii

x — (cos2mx, sin 2mx) (cuntaem, yto X1 = (0,1) C R n S; — eguHnyHasi okpy>XHOCTb
Ha nnockoct R?), u c1|x, — ToxaecTBeHHOe BOXeHune X, B oTpesok [0, 1], Toraa kak
oTobpaxkeHne ¢ ToxaecTBeHHo Bknagbisaet Xy B [0, 1], a X2 oHo BknagbiBaeT B
OKPY>HOCTb 0ToBpaxkeHuneMm i 1)ng. Komnaktudumkaumm c; X n ca X romeomopdbi,
HO He SKBUBAJIEHTHbI, MOCKOJLKY Npu Jtobom romeomopdusme cymmbl St @ [0,1] &
cebsi OKPY)KHOCTb [JO/KHA NEPEXOANTbL B OKPYXKHOCTb, @ OTPE30K — B OTPE30K. IJTO
BbITEKAET U3 TOrO, YTO OKPY>KHOCTb U OTPE30K CBSI3HbI U HE FOMEOMOPHbI.




Jlerko npoBepnTb, 4TO 3KBUBAJIEHTHOCTb KOMMAKTUUKALUA AECTBUTENBHO SIBSIETCS
OTHOLLUEHNEM SKBUBAJIEHTHOCTU HA JIOOOM MHOXECTBE KOMMAKTUUKALMI JAHHOTO
npoctpaHcTea X, HO AJst 3TOrO HafO BbIAENTL AOCTATONHO NMPEACTaBUTENbHbIT Habop
KOMMNaKTNMKALNIA, KOTOPbIN SIBASIETCSI MHOXECTBOM (@ HE Le/IbIM KJTaCCOM MHOXECTB).
Mockonbky X romeomopdHO (a 3Ha4YMT, PAaBHOMOLLHO) MIOTHOMY MOAMPOCTPAHCTBY
c(X) nroboii ceoeii komnakTudukayun cX, umeem d(cX) < | X|, a 3nauur,
w(cX) < 2lX1 < 21X] Takum obpasom, ntobasi KomnakTudmkaLms npoctpatctea X
BKJIQZibIBAETCSl B TUXOHOBCKMIi Kyb [0, 1]2|X'\ TaK 4TO AOCTAaTOYHO paccMaTpuBaThb
TOJIbKO KOMMAKTUPMKaLMK, SIBASIIOLLMECS NOAMPOCTPAHCTBAMU 3TOro Kyba, a Takue
KOMMakTudMKaLuy SeficTBATENBHO 0OPa3ytoT MHOXKECTBO, U X SKBUBAJEHTHOCTb B
CMbIC/IE JAHHOTO BblLE ONPeAENeHNs AECTBUTENBHO SIBSIETCSI OTHOLUEHNEM
skBuBaneHTHocTn. Mol Bygem obo3HaYaTe MHOXECTBO BCEX KOMMaKTUdMKaLuii
cX C |0, 1]2‘X‘ﬂpOCTpaHCTBa X yepes €(X), a MHOXXECTBO K/1aCCOB SKBUBAJIEHTHOCTY
Taknx koMmnakTudprkauuii — yepes €(X).



Tenepb ynopsigounm muoxectso €(X). TouHee, Mbl BBEAEM TPaH3UTMBHOE OTHOLLEHNE
< Ha MHoxecTBe KomnakTudpukauuini €' (X) n gokaxem, 4to a1 X < X n oo X < aX
TOrAa 1 TOAbKO TOraa, koraa komnaktudukauum c1 X n ¢ X 3KBMBaNEHTHBI, @ 3TO
o3Hayaert, 4to popmyna [ X] % [ X] <= aX < X koppekTHO onpegensiet
oTHoweHue < Ha €(X) 1 3TO OTHOWEHNE PedNEKCUBHO U AaHTUCUMMETPUYHO, T.€.
ABNISIETCSA MOPSIAKOM.

Onpegenetue

Mycte 1. X n X — aBe KoMnakTMMKaumm ogHOro 1 Toro »e npocrpaHcTea X.
Monoxum c1 X < X, ecam cywecteyer HenpepblsHoe oTtobpaxenue f: o X — 1 X

Takoe, 4To f 0 Cp = ¢y

C2X *> C1X

B cnyvae, korga BAOXKeHUs1 €1 U Cp TOXAECTBEHHBI, HepaBeHcTBO ¢1.X < ¢ X 03Hayaer,
YTO CyLLECTBYET HenpepbiBHOE oTobpaxkeHue f: X — ¢1 X, KoTopoe nepesoanT
KaXxayto Touky x B cebsi. OTobpaxerue f cropbekTnsHo: obpas f(cX) komnakTeH u
notomy 3amkHyT B c1 X, u c1(X) = f(c2(X)) n c1(X) = a1 X.




Teopema

Komnaktugbukaymm c1 X n co X 3KBUBANEHTHbLI TOrAa U TOJILKO TOrAa, KOrAa
C1X < C2X n C2X < C1X.

[okazsaTenscteo. Ecnu komnaktudpukaumm c1 X n ¢ X 3KBUBaNEHTHbI 1 (p —
romMeomMopdn3M 13 onpeaeneHnst SKBUBANIEHTHOCTN, TO B KAa4€CTBE HEMPEPbIBHbLIX
otobpaxeruin coX — c1.X n ¢ X — X, rapaHTMpyowmx BbINOJIHEHNE HEPABEHCTB
aX <X n X <X, MOXHO B3aTb ¢ U cp*1.

Mpeanonoxum Tenepb, 4To i X < X n oX <aX,unycts fi: X - aXn
fr: c1X — X — HenpepblBHblE OTODpaXKeHUs, ANs1 KOTOPLIX f{ 0 ¢ = €1 1
f» 0 c; = ¢. Ecan Mbl nokaxkem, 4to f; — buekuus, To oTobpaxeHue f; ByneT
roMeoMopn3mMoM, NpPUHEM KakK pa3 TakuM, Kakoi TpebyeTcs.

Nmeem fr o fi(y) =y ons Bcex vy € o X: ans komnosuumn f o f1: X — X
BbINOJIHEHO PaBEHCTBO f, 0 f1 0 ¢p = f» 0 €] = C»; NOCKOABKY Cp UHBEKTUBHO, 3TO
o3Hauvaert, 4To fr o fi(y) = y ansa Besikoro y € c(X) C X, T.e. cyxeHune f o f; Ha
MIOTHOE NognpocTpaHcTeo Cp(X) npocTpaHcTBa ¢ X COBMAZJAET C Cy>XXEHUEM
ToxaecTeeHHoro otobpaxenuss (X — G X, Tak 4yto camo fr o fi u ecTb
TOXAECTBEHHOe oTObpaxkeHne. = fi (Tak e Kak u f;) buekTuBHo.




AnekcaHapoBCKasi KoMnakTudrkaums

Onpegenexue

Tononornyeckoe NpocTpaHcTBO X Ha3bIBAETCS JIOKAJbHO KOMMAKTHBIM, €CIN KaXKaas
Touka X € X MMeeT KOMNakTHyto (He 0bsi3aTenbHO OTKPbITYIO!) OKpecTHOCTS.

Teopema 06 anekcaHApOBCKON KOMMaKTUMKaLMY

Kaxza0e HEKOMMNaKTHOE JIOKa/IbHO KOMMNAKTHOE Xaycaopchoso npoctpaHcTeo X
obnagaetr komnaktugpukaymeii aX, gas koropoii a(X) = X un Hapoct aX \ X cocront
13 OfHON TOYKM. ITa KOMNAKTUDUKALUS ABASETCA HAUMEHBLLINM 371€EMEHTOM
MHOXeCTBa komnakTugpukaymii ¢ (X), a e€ Bec paseH secy X.

[okasatenbcteo. Bo3bmém ntobyto Touky * ¢ X n nonoxum a = idx un

aX = X U {*}. Obbasum oTkpbITbiMu B a.X BCE MHOXKECTBA, OTKPbITblE B X, a Takxe
Bce mHoxecTtBa Buga {*} U (X \ K), rae K — komnaktHoe nogmHoxectso X. Jlerko
Bugethb, 4to aX € Tr n aX — koMmnakTudukaumsa npoctpaHctea X. 3Hauut, X € T31,
N Mbl MOXKEM PacCMOTPETb MHOXECTBO KomnakTudpukauuii €' (X).




Mycte cX € €(X). CootHowenmne aX < cX BygaeT AokasaHo, eCM Mbl MOKAXKEM, HTO
otobpaxenue f: cX — aX, onpeaenéHHoe npasnaoM
a(c1(x)) = c(x) npm x € ¢(X),

npn x € cX \ ¢(X)
(ecnu cuutaTh, 4to X = ¢(X), TO 3TO OTOBparkeHne nepesogut HapocT cX \ X B
HapoOCT-TOuKy {*}, a OCTasbHble TOYKM OCTABSIET HA MECTE), HEMPEPLIBHO 1
yAoBneTBOpsieT ycnoeuto f o ¢ = a. PaBeHcTBO f 0 ¢ = «v cnepyeT npsiMo u3
OMpefeneHnsi, a 4Tobbl [OKa3aTb HEMPEPLIBHOCTb, AOCTATOYHO NpoBepuTh, 4To ¢(X)
oTkpbiTo B cX. [eicTBuTensHo, npoobpas sitoboro OTKPLITOrO MHOXKECTBA SIBISIETCS
nmbo oTKpbITbIM NoaMHoxXecTBOM MHoxecTBa ¢(X) (Tak uto ecnm ¢(X) oTkpbiTO, TO
oH BysieT OTKPLIT 1 BO BCEM npocTpaHcTee cX), nmbo mHoxecTeoM Buga f(aX \ K),
rae K — komnakTHoe nogMHoxecTBo X (a Takoe MHOXECTBO SIBNSIETCS AOMOJHEHNEM B
cX po mHoxecTBa ¢(K), KOTOPOE KOMMAKTHO, Tak Kak ¢ — rOMEOMOPU3M, 1 NOTOMY
3aMKHYTO). To, 4TO NOKaNbHO KOMMakTHOe npocTpaHcTeo ¢(X) oTkpbiTo B €X,

f(x) =

BbITEKAET U3 CJIEAYIOLLER NIEMMBI.




Jlioboe n10kanbHO KOMNAKTHOE XaycaopghoBo nNpocTpaHCcTBO Y OTKPbITO B J1t0boM
xaycaopgposom npocTpaHcTee Z, cogepxaiyem Y B Ka4eCTBE MAOTHOIO
noANpPOCTPaHCTBA.

[okazaTenscteo. Kaxgas Touka y € Y obnagaet komnakTHoli okpecTHocTbio N. DTa
OKPECTHOCTb 3aMKHYTa, MOCKOJbKY Y XayCAOP(OBO, U COAEPXKMUT HEKOTOPYHO OTKPbITYHO
okpectHocTb U Toukm y. Mockonbky U C N, 3amMbikaHue UY komnakTtHo. Vmeem
UY = U?NY; nockonbKy 5TO MHOXECTBO KOMMNAKTHO, OHO 3aMKHYTO 1 B Z. Wmeem
U4=UY=U?nY CY. MNyctb W — oTKpbITOE MHOXECTBO B Z, A/15i KOTOPOrO
U=YNW. Torpaye WC W2=YNWZ?=U?C Y, a3HaunT, Kaxpgasi To4Ka
¥ € Y uMeeT oKkpecTHOCTb, cogepxalyytocst B Y, T.e. Y oTKpbITO.




Mokaxkem Tenepsb, 4to w(aX) = w(X). X He komnaktHo = w(X) = Ng. MNycts U
— ntobasi okpecTHOCTb Ntoboii Toukm x € X, n nyctb N — KOMMakTHast OKPECTHOCTb
sToll Touku. Mepecederne U N N COAEPXKUT C 3aMbIKaHNEM OTKPBITYKO OKPECTHOCTD
TOYKM X, 11 3aMbIKaHWE 3TO OKPECTHOCTM KOMMAKTHO. = y npocTpaHcTea X
nmeetcst 6asa, CoCTosILAs N3 OTKPbITbIX MHOXKECTB C KOMMAKTHbIM 3aMbIKaHUEM.
Bbibepem u3 Heé 6asy & mowHoctn w(X). Paccmotpum Ha X U {*} HoByto
Tononoruto ¢ npeabasoii B U {{x} UX\ U: U € B}. MNpepbaza & nmeet mowHoCTb
w(X) n notomy onpegensiet Tonosioruto sBeca w(X), npuuém ata Tononorus
xaycpopdposa n cnabee Tononorum npoctpaHcTea aX; aX KOMNakKTHO —> OHa
coenagaet ¢ Tononoruein aX. O

v




Onpepenexne

KomnakTudukaums aX noKaabHO KOMMNAKTHOrO HEKOMMAKTHOIO Xaycaopdosa
npocTpaHcTBa X Ha3bIBAETCA afIeKCaHAPOBCKON KoMnakTudukaumeli, nim
OHOTOYEYHOIR KOMMNAKTUDUKALMUEN, NN MUHUMAJIbHOW KOMMaKTUdUKaLmed 3Toro
NPOCTPaHCTBA.

Teopema

Ecnun B cemeiictee €' (X) Bcex koMnakTughukaLmii HEKOMIAKTHOrO MPocTpaHcTea X
ecTb HaumeHbLwnii snemeHT cX (oTHocuTenbHO nopsigka <), To X J10kajbHO
KOMNaKkTHO u cX 3KBUBAJIEHTHA a/IEKCAHZPOBCKON KomnakTugumkaymm aX.




DNokasatenscteo. CHavana nokaxkem, 4to HapocT cX \ ¢(X) oaHOTOuEUHBbII.
Mpeanonoxum, 4to HapocT x,y € cX \ c(X), x #y. Y = cX \ {x,y} nokanbHo
koMnakTHO, n Y — komnakTudmkaums X. = a¥Y =c'X, rpe c’: X — /X —
romeomopdHoe Bnoxerue u ¢’'(x) = c(x) gnsa scex x € X. Mo ycnosuo cX < ¢'X;
= 3 HenpepbiaHoe oTobpaxenue f: ¢'X — cX Takoe, 4To f|/(x) = idc/(x). ¢/(X)
nnotHo = f|y = idy, Tak 4To KomnakTbl ¢’ X un cX sBnsOTCA KOMNakTUdUKaLUsMN
Y (Bnoxenust Y — ¢’X n Y — cX toxpectsentbt). Vimeem (/X \ Y) =cX\ Y (no
HeAaBHO AoKasaHHoMy npegnoxerunto). X =a¥Y =Y U{x} n Y =X\ {x,y} =
f({*}) = {x,y}. Takoro bbITb He MOXeT.

Ntak, cX = ¢(X) U {x} ansa nekotopoii Toukn x ¢ c(X). Mokaxem, 4to c(X)
nokanbHo komnakTHo. cX peryisipHo = cX € Ty = ¢(X) =X \ {*} —
OTKpbITasi OKpecTHOCTb B cX Ntoboii Toukn x € ¢(X), n nobas Touka x € ¢(X) nmeer
okpecTHocTb V/, 3ambikaHue kotopoii B cX copgepxutcs B ¢(X).

Ntak, cX = c(X) U {*} u npoctpatctso c(X) (a 3Hauut, n X) nokanbHo
KOMMaKTHO. = pAnisi X onpeAesieHa OAHOTOYEYHAsi KOMMNAKTUUKALNS
aX = X U {x}. MNo ycnosuto Teopembl cX < aX, T.e. 3 HenpepbiBHOE OTODpaxeHne
w: aX — cX Takoe, 4to poidx = c. Umeem p({*}) = {*x} = ¢ buekTneHo —
romeomoppusm. = komnakTudukayun cX n X 3KBUBANIEHTHbI. O




Onpepenexne

KomnakTtudunkaums TuxoHoBckoro npoctpaHctea X, Hanbonbluas OTHOCUTENBHO <,
HasbiBaeTcst KomnakTudukaumein CtoyHa—Hexa, nanm CToyH-4eXOBCKOIi
KoMnakTudmkaumeli, Uan CTOYH-YEXOBCKMM paclUMpeHneM, Uan MaKCUMaabHON
koMnakTudukauvein npoctpancTea X n obosHavaetcs SX.




Teopema

Lns kaxgoro TuxoHoBckoro npoctpaHcTBa X CyL4eCTBYET CTOYH-YEXOBCKasl
kommnakTugpukayms X .

[okasaTenscteo. Paccmotpum npouseegenne [ cX n gnaronanbHoe oTobpakenue

cXe?(X)
/8 e A C: X — H CX,
cXe?(X) cXEB(X)

KOTOpOEe Mo TeopeMe O ANaroHaNbHOM NpPou3BeAeHUN OTObpaxeHuli siBAsieTCA
romeomopcbHbIM BnoxeHnem. O6o3Haumm 3ambikanme 3(X) ero obpasa B [[ cX
cXe?(X)
yepes BX. o Teopeme TuxoHOBa O KOMMNAKTHOCTU NPOU3BEAEHUN U B CUTY
KOMMAKTHOCTM 3aMKHYTbIX NOAMHOXECTB KOMMNAKTOB MPOCTPaHCTBO 3.X sBAseTCs
KoMnakTudmkaumeid npoctpaHcTea X, Npu4ém sTa komnakTudunkaums Hanbonbluas:
Ans noboii komnaktudpmkaumm g X € €'(X) cyxeHne Tg,x KaHOHNHECKON npoeKumm

Teox: || X — coX Ha B(X) ynoBneTBopsieT ycioButo Te,x © 3 = g, NO3TOMY
cXe? (X)

coX < X npu Becex X € €(X), Tak uto SX — AEACTBUTENBHO CTOYH-HEXOBCKast
KOMMNaKTudmKayms. O




HauuHas c atoro momeHTa Mbl ByiemM OTOXAECTBASTL NPOCTPaHCTBO X C
nognpoctpaHcTeom ¢(X) ntoboii ero komnakTndrkaumm (korga 31o yaobHo) 6e3
crneumanbHeIX oroBopok. B yacTtHocTu, mbl Bygem cuutate, yto X C BX. Takoe
OTOXAECTBJEHNE NO3BONISAET 0OCY)KAATb NMPOLOJIKEHNE HEMPEPLIBHBLIX OTObpakeHu i
npoctpaHcTea X Ha ero komnakTudumkauuu cX 6es HeobxogumMocTn BCskuii pa3
BKJIIOHATb B LIeNnoyky oTobpaxeHuii romeomopdpusm X = c(X).



Teopema

[lyctb X — TUXOHOBCKOE MPOCTPaHCTBO.
@ Kaxgoe HenpepbieHoe oTobpaxenne f: X — K npoctpanctea X B s1t0bovi
komnakT K MOXHO Npofo/IXuTs 40 HenpepbiBHOro otobpaxenus f: LX — K.

© Ecin cX — komnaktugpukauyms X v nroboe HenpepbiBHoe otobpaxerue f: X — K
B mobori komnakT K npogosixaercs 4o HenpepbiBHOro otobpaxenuns f: cX — K,
10 cX skBuBaneHTHa BX.

Hokazatenscteo. @ [Monoxum c =G AF: X — X x K. llo Teopeme o
AMaroHanbHOM OTODpaXKeHUn ¢ — roMeoMOpHOE BNIOXKEHNE, TaK HTO

cX = mc BX x K — komnakTudmkauus npoctpavctea X. SX makcumanbHa

= J HenpepbiBHOe g: X — cX Takoe, 4To g o 8 = g]X =c. Nyctbm: cX - K—
cyxeHue npoekunmn mx: X X K — K Ha cX. Monoxum f= mog: X — K. Torga f
— npogoJixeHue f, Tak Kak f]x —fof=mogof=moc=F.

© [lpoponxnm ToxaecTeeHHoe BioxeHume 3: X — SX [0 HenpepbIBHOrO
oTobpaxenus 3: cX — BX. Nimeem Soc =, 1e. X < cX, n cX < BX, T.k. BX
MakcmmasnbHa; 3Ha4nT, cX n X 3KBUBANEHTHbI. O

Y




CYETHO KOMMNaKTHbIE 1 NCEBAOKOMMAKTHbIE MPOCTPAHCTBA

Onpegenetxne

Tononornyeckoe NpocTpaHcTBO X Ha3bIBAETCS CHETHO KOMMAKTHbBIM, €C/IN KaXKA0e
CYETHOE OTKPbITOE MOKPbITNE 3TOr0 NPOCTPAHCTBA COAEPXKUT KOHEYHOE MOAMOKPbLITUE.

(MHorpa 3a onpegenenue bepyT paBHOCUIbHOE TPebOBaHME CyLLECTBOBAaHNS TOYKM
HAKOMJIEHUS! Y BCSIKOTO DECKOHEHHOrO MOAMHOXECTBA. )

Onpegenedne

Tononornyeckoe npoctpaHcTBo X Ha3blBaETCS MCEBLOKOMMAKTHbLIM, €C/I OHO BMOJIHE
PEryNsipHO 1 BCsikast HenpepbiBHas dyHkuus X — R orpaHuyena.




Teopema
Lns Tononorm4eckoro npoctpaHcTea X craegyrowue yCaoBusi paBHOCUIIbHbI.
@ X c4éTHO KOMMNaKTHO;

@ /1r0boe CHETHOE LEHTPUPOBAHHOE CEMENICTBO 3aMKHYTbIX MHOXECTB B X MMeET
HernycToe rnepece4eHune;

© s110boe 10KaNILHO KOHEYHOE CEMENICTBO HEMYCThIX MHOXECTB B X KOHEYHO;

Q s10boe beckoHeyHOE MHOXECTBO B X MMEET TOYKY HAKOMIEHUSI.

Q=0 : Myctb {A, : n € N} — beckoHeuHOe JIOKaNbHO KOHEHHOE CEMECTBO HEMyCThbIX
nogmHoxects X. Ono koHcepBaTueHO. 3HauuT, Vn € N mHoxecto Fp, = J ZJ

Sn
3amkHyTo. {F,p} — ybbiBatowas (= ueHTpnpoBaHHas) CHETHas CUCTEMa, |j| NF.=2.
Q=0 : Myctb y otkpbiToro nokpbituss % = {U, : n € N} HeT koHeuHOro
nognokpbiTusi. Bosbmém x; € X u Boibepem ki € N Tak, 4to X1 € Uy,. ... Bosbmém
Xpt1 € X\ (U1 U U U --- U Uy,) v Bbibepem kpp1 € N, ans koToporo x,41 € Uy, ;.
MuoxectBo A = {x, : n € N} beckoHe4HO n He uMeeT Touek HakorneHus (ans x € X
n anementa U, € %, cogepxalero x, U, N A koHe4HO). O




Teopema
@ X nceBgoKoMnakTHO;

@ 415 moboro c4éTHOro yeHTpuposaHHoro cemeiictsa { Vi}icn OTKPbITbIX MHOXeECTB
B X nepeceqenmne (| V; HenycTo;
ieN
© s110b0€ N10KaNIbHO KOHEYHOE CEMENCTBO HEMYCThIX OTKPbITbIX MHOXECTB B X
KOHEYHO;

@ 110boe 10KaNIbHO KOHEYHOE OTKPLITOE MOKPLITUE NPOCTPAHCTBA X COLEPKUT
KOHEYHOE MOAMOKPLITHE.

[NokazaTenscteo. @=@: MMyctb {U;}ien — BeckoHedHOe NOKaNBbHO KOHEHHOE
CEMERCTBO HEMYCTbIX OTKPbIThIX MHOXeCTB. [ns n € N Bbibepem x, € U, n
HenpepbiBHYO yHkumto f,: X — [0, 1] Takyto, uto f(x,) = 1 n f,,(X \ U,) C {0}.
Monoxum g, = n - f,. MNockonbky cemeiictBo {U;}icn NOKanbHO KOHEYHO, (OYHKLMS

g = Y 8n OTNpeAesieHa 1 HernpepbiBHA B KaXx Aol Touke x € X. ScHO, 4To dyHKumns g
neN
HeorpaHu4eHa.

Q=0 : oyeBngHo.




Q=0 : lycts X ypoeneteopsieT ycnosuto @ un : X — R — HenpepbiBHas yHKLUS.
Cemeiicteo {f~1(n—1,n+ 1) : n € Z} npeactaBnset coboii noKaNbHOE KOHEHHOE
oTkpbiToe nokpbiTue X. M3 ycnoena @ BbITEKAET, YTO 3TO MOKPLITUE COAEPXKUT NULLb
KOHEYHOE YNCNO HEMYCTbIX 3JIEMEHTOB, T.€. PyHKUMs [ OrpaHuMyeHa.

©=0: lyctb X — npocrtpaHcTeo co ceoiicteom @. Ecnu {W, } ey — cuéTHoe
LEHTPNPOBAHHOE CEMECTBO OTKPLITbIX MHOXECTB, TO HAlAETCA Touka x € X, Kaxgas
OKPECTHOCTb KOTOpOIi nepecekaeT beckoHeqHo MHoro mHoxects V, = (| W, (nHaue
i<n
BeckoHeuHoe cemelicTBO { V), } e HEMYCTBIX OTKPBITBIX MHOXKECTB ObIso Obl JIOKaNBHO
KOHEYHbIM). 3HauuT, atobasi OKPecTHOCTb ToukM x nepecekaer W, ans kaxgoro n € N
(ecnm To4Ka X umeeT okpecTHocTb U Takyto, yto UNW,, =9, To UN V) = & ansa
Bcex k > n), Te. x € ) W,

neN
Q=0 : [ns Bcakoii HeorpaHmyeHHol HenpepbiBHOR yHkuum f: X — R cemeiicTeo
{Vi}nen, rae Vi, = {x : |f(x)| > n}, uentpuposaro, ognako (| V, = &. O

neN
v




Cnencteue

1. Bcsikoe cHETHO KOMMAKTHOE TUXOHOBCKOE MPOCTPAHCTBO MCEBAOKOMMAKTHO.
2. Bcskoe HopMasibHOE MCEBAOKOMMNAKTHOE MPOCTPAHCTBO CHETHO KOMIMAKTHO.

HokazaTtenscteo. [lepeoe yTBep)aeHue BbiTekaeT n3 TeopeM. [okaxkem BTopoe. Ecnn
X € Ty HopmanbHo 1 X He CH4ETHO KOMMNAKTHO, To X coaepXuT beckoHeuyHoe
3aMKHYTOe AUCKpeTHOe MHOXecTBO D. Bbibepem nonapHo pasnuyHbie TOHKM

X1, X2, -+ € D v paccmoTpuM HeorpaHuyenHyto dyskumio : D — R, onpegenénnyio

NpaBuJiom
n, ecam x = Xp,

0, ecmx €D\ {x,x,...}.
Owna HenpepbieHa. Ecin X € Ty, 1o no teopeme Tutue—YpbicoHa f npogosikaercst go
(HeorpaHu4eHHoIA) HenpepbiBHOI dyHKuMN Ha X. O

f(x) =




JlokanbHO KOMMNaKTHbIE MPOCTPAHCTBA

Onpegenetue

CKa)KeM, HTO TONOJZIOrNYECKOE NMPOCTPAHCTBO JIOKAJIbHO KOMMAKTHO, €Can Yy Ka)K,lJ,OVI €ro
TOYKN €CTb KOMMNAKTHAaA OKpPECTHOCTb (He obsizaTensHO OTKprTaﬂ).

[ns xaycpopdoBa NpoCcTpaHCTBA 3TO YCAOBUE PAaBHOCUIIBHO CYLLLECTBOBAHUIO OTKPLITON
OKPECTHOCTU C KOMMNAKTHbIM 3aMblKaHNEM Y Ka)Kﬂ,Oﬁ €ro To4Kn.
Teopema

JlokalbHO KOMMAaKTHbIE XayCAO0PGhOBLI MPOCTPAHCTBA — 3TO B TOYHOCTU OTKPbITHIE
MOAMNPOCTPAHCTBA KOMMAKTOB.

Teopema

Bcsikoe nnoTHOE J10KaIbHO KOMIAKTHOE MOAMPOCTPAHCTBO B XayCAopghoBoM
MPOCTPAHCTBE OTKPbLITO.

(V>xe foKasanm nNpu pacCMOTPEHNI alEKCAHAPOBCKON KOoMMakTuduKaumu.)



Teopema

Bcsikoe xaycaopghoBo 710KasibHO KOMIAKTHOE MPOCTPAHCTBO BMOJIHE PErYJisipHO.

Onpepenexne

lNcesaoxapaktep Ti-npoctpaHcTea X ¢ Tonosnoruei 7 B Todke x € X — 3TO KapguHan
V(x,X)=min{|%|: % C T, % = {x}}.

HanmeHbLnii kapauHan k ¢ Tem ceoiictBoM, 4To ¥(x, X) < Kk A Bcex Touek x € X,

Ha3bIBAETCS MICeBAOXapakTepom npoctpanctea X n obosnaqaercs 1(X):

Y(X) =sup{e(x,X) : x € X}.

Teopema

XapakTep IoKasibHO KOMMAKTHOro xaycaopdoBa nNpocTpaHcTBa B toboli ToYke paBeH
€ro MnceBAOXapaKTepy B 3TO TOYKE.




DNokazaTensctBo. lMycte X — nokanbHO KOMMaKTHOE XaycAopdoBo (a 3HaunT, u
perynsipHoe) npocTpaHcTeo n x € X. ScHo, uto ¥(x, X) < x(x, X), Tak 4T0o Hago
pokasatb, 4to ¥ (x, X) = x(x, X). MoxHo cuutats, 4to ¥(x, X) = £ = Ng. lMycTs

Ua, a < Kk, — otkpbiTble nogmHoxectBa X n {x} = [ Uy, n nycte W — oTkpbiTas
a<K
OKPEeCTHOCTb X C KOMMAKTHbIM 3aMblkaHueM. [ns Kaxaoro o < K Haillgém OTKPbITYHO

okpecTHocTb V,, C W Toukm x, ans kotopoit V, C U,. Scko, uto () Vo = {x} n
a<k
Bce V,, NMeloT KOMNaKTHOe 3aMblkaHue. Bo3bMéM ntobyto oTKpbITyto okpecTHocTb U

Toukn x 1 moboii opauHan ap < K. MuoxectBa (Vo \ U) \ V4, a < K, obpasyioT
OTKpbITOE MokpbiTMe komMnakTa Vi, \ U. OHO coaepXnT KOHeYHOe MOAMOKpLITUE
{(Vao \U)\ Vy, s i=1,...,n}. Nmeem (Voo N Vo) NN (Vo N Va,) C U;
3HaunT, Voo N Vo, N--- NV, C U. Takum obpasom, ntobasi oTKpbITasi OKPECTHOCTb
TOYKN X COAEPXXUT KOHEYHOE nepecedeHme anemenToB cemelictea {V,, : a € A}, Te.
BCE TaKUe KOHeYHble nepecedeHnst obpasytoT 6asy OTKPbITLIX OKPECTHOCTEN TOUYKM X.
MoLHOCTE MHOXECTBA BCEX STUX NEPECEYEHNli paBHa K.

U

O




Cnepncteue
Bec ntoboro nokanbHO KOMMNAKTHOroO xaycaopdoBa NpOCTPaHCTBA HE MPEBOCXOANT €ro
MOLLIHOCTW.

DNokazaTenbcTBo. [l/15 KOHEYHBIX MPOCTPAHCTB YTBEPXKAEHNE O4EBUAHO.

[ns noboro npoctpatctea X u ntoboii Toukn x € X nmeem
{x} =N{X\{y}:y€X,y+#x}. B Ty-npoctpanctse X sce mHoxectsa X \ {y}
OTKpbITbI 1, cnepoBaTenbHo, ¥(x, X) < | X|. Ecan xe X xaycpopdoBo n nokansHo
KOMMaKTHO, TO MO foKasaHHoii Teopeme x(x, X) < |X| ans Bcex x € X, Te.
¥(X) < IX].

Onst ntoboro Tononornyeckoro npocTpaHcTea X BbIMONHEHO HEPABEHCTBO
w(X) < x(X) - | X|. DeiictButensHo, ecnu H(x) — 6asa okpecTHOCTENR /it KAXKAOTO
x € X, 10 B =|J{A(x): x € X} — 6aza tononorumn X, n ecnu x(X) < |X|, 1o Bce
nokanbHble basbl A(x) MOXHO BbibpaTh UMetowmmu MowHocTb < | X|. B pesynbraTe
nonyunm w(X) < | 4| < |X|-|X]|. Ons beckoneyroro X umeem |X|-|X| = |X]|, otkyga
w(X) < |X]. O




[lapakomnakTHble NpocTpaHCTBa

Onpegenexue

CemelicTBO ¥ NOAMHOXECTB TOMONOIMYECKOro nNpocTpaHcTea X JIOKasibHO KOHEYHO,
eC/IN Y KaXoi TOYKU x € X eCTb OKPECTHOCTb, NEPECceKatolas NWb KOHEYHOE YMCIIO
3/1eMeHTOB % .

Onpegenexue

Tononornyeckoe NPOCTPAHCTBO NapakKOMMaKTHO, €CJIN B Ka>XA0€ €ro OTKpbITOE
MNOKPbITNE MOXXHO BMNCATb JIOKAJIbHO KOHEHYHOE OTKPbLITOE NOKPbITUE. XayC,qud)OBbl
NapakKOMNaKTHbIE NPOCTPAHCTBA HA3bIBAOTCA MNMapakoOMMNakKTaMn.

napaKOMI'IaKTHOCTb ,EI,EIZCTBVITGJ'IbHO ABNAETCA O606LLI,€HVI€M KOMNAKTHOCTU, MNOTOMY 4TO
N3 OTKPbITOro NOKPbITUA MOXHO BbliAENNTb KOHEYHOE NOANOKPbLITNE TOrAa U TOJIbKO
TOrga, Korga B HEro MOXXHO BMNMUCAaTb KOHEHYHOE NMOKPbLITHE.



Onpegenetue

CemelicTBO % NMOAMHOXECTE TOMOJIOrMYECKOro NpocTpaHcTea X HasblBaeTcs
KOHCEpBaTUBHbLIM, €CU st BCsikoro #' C . MMeeT MecTO paBeHCTBO

UF=UF

Fes! FeF

Mpepnoxerne

Ka)K,qoe JIOKaJIbHO KOHEYHOE CEMENICTBO KOHCEPBATUBHO.

[okazaTenscreo. ycTb F — NOKaNbHO KOHEYHOE CEMENCTBO MOAMHOXECTB

Tononornyeckoro npocrtpactea X, u nycts %' C %#. Bkmouenne |J FC |J F
FeF! FeF
CnepyeT U3 MOHOTOHHOCTU OnepaTopa 3ambikaHus. [NpoBepum obpaTHoe BKtOYeHuME.

Mycte x ¢ |J F, n nycTb U — OKpecTHOCTb x, Nepecekarollas Aulb KOHEYHOE YMCNO

Fez
5/1EMEHTOB CeMeiicTBa %, a 3HauuT, u cemelictea .#'. Mycts Fq,. .., F, — BCe
anemenTbl %', nepecekatowue U. Monoxum V = U\ (F1U---UF,). Ouesngro, V —
okpecTHocTb Touku x u VN | F=2. O

Fegz’




Teopema

Bcsikoe xaycpopghoBo napakoMnakTHOE MPOCTPaHCTBO HOPMAJIbHO.

[okazaTenscreo. Mycts X — napakomnakT. CnepBa nokakem, 4To X perynsipHo.
Mycte F C X 3amkHyTOo n x € X \ F. B cuny xaycgopdosoctu X y BCsKol TOHKM
y € F cywecTsyeT oTkpbiTas okpectHocTb U, Takas, uto x ¢ U,. CemeiicTso
{X\ F}U{U, :y € F} aBnsetcs oTKpbITbiM NokpbiTuem npoctpanctea X. Myctb
{V, : a € A} — BnMCaHHOE B HErO NIOKaNbHO KOHEYHOE OTKPLITOE MOKpbITHE. [Monoxum
V={Va: VaNF # @}. B cuny KoHCEepBaTUBHOCTMN JIOKAJIbHO KOHEYHBIX CEMECTB
umeem V = |J{V, : Vo N F # @}. Ho Bcakoe V,,, nepecekatouiee F, copepxutcs B
HekoTopoMm Uy, n x ¢ Uy 3HaunT, us V, N F # & cnepyet, 4to x ¢ V.
HopmanbHocTb gokasbiBaercs aHanorudHo. [ycte F n G — HenepecekatoLmecs
3aMKHYyTble nognpocTpaHcTea npoctpaHcTea X. lNockonbky X perynsipHo, y BCSIKOiA
TOYkM y € G ecTb OTKpbITasi OKPeCTHOCTb U, 3aMblKaHWe KOTOPOIi He MepecekaeTcst C
F. Paccmatpusas otkpeitoe nokpbite {X \ G} U{U, : y € G}, Mbl Tak xe, Kak
BblILLE, MOJy4HaeM OKPeCTHOCTb V' MHoxecTBa G, 3amblikaHMe KOTOPOI HE MepeceKaeTcs
c F. OtkpbiTble MHokecTBa X \ V n V He nepecekatotcs u copepkaT F u G
COOTBETCTBEHHO. O




Teopema

napaKOMI'laKTHOCTb HaCNe[QYEeTCA 3aMKHYTbIMU MNOA4MNPOCTPAHCTBaAMU.

HokazaTtenbctBo. [lycTb X — napakoMnakTHOe MPOCTPaHCTBO, Y — €ro 3aMKHyTOe
nognpoctpaHcteo u ¥ = {V,, : @ € A} — oTkpbITOe NokpbITHe npocTpaHcTea Y. Ons
Ka)kgoro o € A Bo3bMém oTkpbiToe B X MHoxecTBo U, C X Takoe, 4to U, NY = V,,.
Cemeiicteo Z = {X \ Y} U {U, : a € A} siBAsieTCst OTKPbITLIM MOKPLITUEM
npoctpancTea X. Mycte {Wp : B € B} — BnucaHHOe B HEro JIOKaibHO KOHEYHOE
nokpbitue X. Torga {W3NY : § € B} — oTkpbiToe nokpbiTue npoctpactea Y,
MPUYEM, OHEBUAHO, OHO BMUCAHO B ¥ 1 JIOKAJIbHO KOHEYHO. O

Teopema

1. Tononornyeckasi cymma @ X, napakommnakTHa, ecim u TOJILKO €CIN BCe
acA
npocTpaHcTBa X, NapakoMmaKTHbI.

2. Ecau npoctpaHcTtBo X napakomnakTHo, a K komnakTHo, To npoussegeHue X x K
NapakoMnaKTHO.




HokazaTtensbcteo. [lepeoe yTBepkaeHue odeBnaHo. [lokaxkem BTOpoOe.

PaccmoTpum oTkpbIToe nokpbiTue % npousseaerns X X K. 3adukcnpyem
MPOU3BOJILHYIO TOUKY X € X U ANa Kaxgon Toukn y € K Haligém cogepxxalynii TOHKy
(x,y) anemenT U nokpbiTusi %, a Takxe OTKpbITble OKpecTHOCTU V), Toukm x B X 0
W, toukn y € K Takue, 4to V), x W, C U. CemelicTBO OTKPbITbIX MHOXeCTB
{V, x W, 1 y € K} nokpeiBaeT nognpoctpanctso {x} x K npoctpatctea X x K,
KOTOPOE rOMeoMOpPHO KOMMaKTHOMY npocTpaHcTey K. Bobigennm n3 atoro cemelictea
koHeuHoe nognokpbitue {V,, x W, ,..., V), x W, }. 3adunkcnpyem anemeHTsI
Ui, ..., U, nokpeitus %, pns kotopeix Vy, x W, C U;, i < n. MNonoxum
Vi=V,Nn---nV, n% ={U,...,Us}. 3ametum, uto V, x K C |J %.

V Hac nonydunock oTkpbiToe nokpbitue {V, @ x € X} napakomnakTHoro
npoctpaHctea X. Bnuwem B Hero iokasibHO KOHEYHOE OTKPLITOE MOKpPbLITUE
O ={0,:a € A}. Insa kaxgoro o € A Bbibepem Touky X, € X, 4Jis KOTOPOIA
O, C Vi, , n nonoxum

Ca ={UN(0xK):U€e,}
CemeiicTBO 6, KOHe4HO, 1 OHO nokpbiBaeT MHoxecTBo O, X K, nockonbky O, C Vi,
n Vi, x K CJ%.,. Kpome Toro, €, BnncaHo B nogcemeiicteo %, nokpbitus % (a
3HAYUT, N B CaMO NOKpbITHE % ).




PaccmoTpum cemelicTeo
C = Upecn Ca-

Bce ero anemeHTbl — OTKpbITblE NOAMHOXeCTBa npocTpaHcTea X X K, 1 oHO siBAsieTCs
MOKPBLITMEM 3TOrO MPOCTPaHCTBa: Ans ntoboro (x,y) € X X K Touka x npuHagiexurt
Hekotopomy O, a MHoxecTBo O, X K nokpbiBaeTcs cemeiicTeom %,. Kpome Toro, ¥
BMMCAHO B MOKPbITUE %/, NOCKOJIbKY KaXK0e G, BNUCAHO B %/ .

Ntak, € — oTkpbiToe nokpbiTue npoctpaHctea X X K, BnucanHoe B % . [Nokaxem,
4TO OHO JIOKaJIbHO KOHeYHO. Bosbmém nitobyto Touky (x,y) € X x K. Monb3ysick
JIOKaJIbHOW KOHEYHOCTbIO MOKPbITUS ¢, Haligem oTkpbITyto okpecTHocTb U Toukn x B
X, KOTopasi NepeceKaeTcs Nlb C KOHEYHbIM YUCAOM 3neMeHToB O. [lycTb aTo
anemeHTbl Oy, ..., On,. Toraa otkpsitas okpectHocTb U X K Toukn (x,y) moxer
NEpecekaTbCsl C SIEMEHTAMN CEMERCTBA Gy, NNLWb AS1 (v U3 KOHEYHOTO MHOXECTBA
{ai1,...,ak}, a 3HAUNT, U ANLIB C KOHEYHBIM YUC/IOM COCTABJIEHHOTO N3 3TNX CEMEICTB
NoKpbITUSt € (NOTOMY HTO KaXKA0e CEMENCTBO G, KOHEYHO). O

BnocneacTenm mbl yBUAUM, YTO NAapakOMMNAKTHOCTb HE KOHEYHO MYAbLTUMIMKATUBHA
(npumep — npsimasi 3opreHdpes).



Onpegenetnue

CewmeiictBo {f, : @« € A} HempepbIBHBIX PYHKLMIA N3 TOMOIOMMYECKOrO NpocTpaHcTea X
B [0, 1] Ha3biBaeTCs pasbuervem egunuusl Ha X, ecam gas kaxgoro x € X 3HaveHus

fo(X) OTANYHBI OT Hy/ISt NMNLWL A1t KOHEYHOTO YMCNA MHAEKCOB v 1 Y fo(x) = 1.
a€A
Pasbuenne egunnubl {f,}aca Ha X noguuHeHo nokpeituio € npoctpanctea X, ecim
nokpeitne F = {f;1((0,1])} Bnucaro B €. Pasbuerne egunnusl {fy}aca M0KaNbHO
KOHEYHO, €CAN MOKPLITUE .F NIOKAJIbHO KOHEYHO.




[Npeanoxerne

B ntoboe oTkpbiToe nokanbHo koHeyHoe nokpbitue % = {U, : o € A} napakomnakta
X MOXHO KOMbUHATOPHO BNMCaTh JIOKaJIbHO KoHeYHoe mokpbiTne ¥V = {V, : a € A}
Tak, 410 V', C U, ansa kaxzgoro a € A.

Hokazatenscteo. [Mockonbky X perynsipHO, Mbl MOXEM HaliTh y Kagoh Touku x € X
OTKPbITYHO OKPECTHOCTL, 3aMbIKaHNe KOTOPOI COAEPXXUTCS B KAKOM-TO 3M1IEMEHTE
NokpbITUS % (KOTOPOMY MPUHAAIEXMUT TOYKA X), U MOJYHUTb TEM CaMblM OTKPbITOE
nokpbiTue % Takoe, 4To nokpbitue {W : W € #'} Bnucaro B % . Bo3bMém nokanbHo
koHe4yHoe oTkpbiToe nokpbiTne {Og : B € B}, Bnncantoe B # . [ns kaxgoro § € B
Bbibepem o (3) € A Tak, uto Og C Ua(p)- Anst a € A nonoxum

Vo = U{Og : a(B) = a}, ecnn cywectsyet 5 € «, ans kotoporo o = a(f3), u

V,, = @, ecnn Takoro 3 He cywectsyeT. OuesugHo, ¥ = {V,, : @ € A} — oTkpbITOe
nokpbIThe npoctpaHcTea X. B cuny koHcepsaTusHocTn nokpeitusi {Og : B € B} umeem
V, = U 55 C U,. OcTtanock 3aMeTuTb, 4TO Ntoboe ceMelicTBO, KOMBUHATOPHO

o B)=cx
BMNUCAHHOE B JIOKAJIbHO KOHEYHOE CEMECTBO, N CaMO JIOKASIbHO KOHEYHO. O




Teopema

s Kaxgoro oTkpbITOro MNOKPbITHSI NaPaKOMNAKTa HaWAETCS NOZ4YNHEHHOE eMY
JIOKaJIbHO KOHEYHOE pasbueHne eanHnLb.

[okazaTenscteo. ycts X — napakomnakT, ¥ — oTKpbiToe nokpbiTue X, 1

U = {Uy : @ € A} — BNMCAHHOE B HErO JIOKAJIbHO KOHEYHOE OTKPbLITOE MOKPLITHE.
Bo3bmém 3amkHyTOe nokpbiTue {F, : a € A} Takoe, uto F, C U, ans Bcex o € A.
Nemma VpeicoHa = Va € A cywecTByeT HenpepbiBHas yHkumio g, : X — R Takas,

4T0 go(x) =0 npu x € X\ Uy 1 go|r, = 1. Monaras g(x) = > ga(x), Mbl noayunm
a€cA
HenpepbiBHYO dyHKumio X — R, noTOMy 4TO MOKpbITUE 7/ NOKAaNbHO KOHEYHO, a

3HaYUT, Y KXW Toukn X € X eCTb OKPECTHOCTb, B KOTOPOW & — CyMMa KOHEYHOrO
4nCna HenpepbIBHbIX (OYHKLMIA 1 NOTOMY HEMpepbiBHA, OTKYAA HEMELJIEHHO BbITEKAET
HenpepbIBHOCTL g B x. Vlckomoe pasbueHue eanHuubl — 3710 {% fa € A}. O




Teopema (CtoyH)

Bcsikoe meTpusyemMoe npocTpaHCTBO NapakoMmnakTHO.

Teopema (Matikn)

[lapakoMnaKTHOCTb COXPaHSIETCS 3aMKHYTbIMU HEMPEPLIBHLIMY OTOOPAXEHUAMU
XayCAOPEPOBLIX MPOCTPAHCTB.

OTKpbITLIMI HEMNPEPbIBHLIMU OTODPaXKEHNAMMN NAPAKOMMNAKTHOCTb HE COXPaHSAETCS.
Bonee Toro, noboe TONOMOrMYecKoe NPOCTPAHCTBO SABASIETC 0OPa3sOM HEKOTOPOro
napakomnakTa (1 fake HaCNeACTBEHHO MapakoOMMNaKTHOrO xaychopdoBa NPOCTPaHCTBA)
Npy OTKPLITOM HEMPEPbIBHOM OTOBpakeHuu.




®uHanbHO KOMMAKTHBIE 1 INHAENEDOBLI MPOCTPAHCTBA

Onpegenetue

[na Tononornyeckoro npoctpaHctea X KapguHan

I(X) = min{kapanHan k: noboe oTkpbiToe nokpsiTre X
MMEET MOAMNOKPBLITUE MOLLHOCTU < K}
Ha3biBaeTcs yuciom Jlnngenéda npocrpancrea X.
Tononornyeckoe npoctpatcteo X, gist kotoporo /(X) < Ng, HasbiBaeTcst hrHaNbHO
KOMMaKTHbIM. PerynsipHble hrHaNbHO KOMMAKTHbIE MPOCTPAHCTBA Ha3blBAKOTCS
NMHAENEDOBLIMUA.

@ [pocTpaHCTBO hMHANBHO KOMMAKTHO <—> KaXKA0e CHETHO LEHTPUPOBAHHOE
CEMENCTBO 3aMKHYTbIX MHOXECTB B HEM MIMEET HEMyCTOE MNepeceyeHue.

@ PuHanbHasA KOMMNAKTHOCTb HacnenyeTcsa 3aMKHYTbIMU NOANPOCTPAaHCTBAMWN.

e B cbvmaano KOMNAKTHOM MPOCTPaHCTBE ntoboe HeCHETHOE MHOXKECTBO UMEET
TOYKY HAKOMJIEHNs1 =——> HET HECYETHbIX 3aMKHYTbIX OUCKPETHbLIX NOANPOCTPAaHCTB.

@ DuHanbHas KOMMNAKTHOCTb COXPAHSIETCS HEMPEPBLIBHLIMU OTODpPaXKeHUsIMU.



Teopema

1. Tononormyeckas cymma @ X, HemycTbix MPOCTPAHCTB (pMHAILHO KOMNAKTHA TOr4a
a€A
Y TOJIBKO TOrjga, Korga Bce npoCTpaHCTBa Xa d)l/IHa.ﬂbHO KOMIaKTHbl U MHOXXECTBO A He

bosiee Yem CHETHO.
2. Ecnn X cpunanbHo komnakTHo, a K komnakTHo, To X X K ¢buHaNIbHO KOMMIAKTHO.

Teopema

Bce nunpenégpoBbl npocTpaHcTBa napakoMaKTHbI.

[okazaTenscreo. ycTe % — OTKpbITOE NOKpbITUE NuHAenédosa npoctpaHcTea X.
Ona x € X zadpukcupyem Uy, € %, x € Uy, v Haiigém oTtkpbiToe V, C X Takoe, 4yTo
x €V, CVyCUce%. NMycts {Vy, : i € N} — cuéTHoe noanokpbITME NOKPLITUS
{Vi : x € X}. OueBungro, {Uy, : i € N} — nokpbitne X. Muoxecrtsa

Wi=Uq, v Wigi=U¢,\(VqU---UV,), i€eN,
oTkpbIThl 1 nokpsisatoT X. Mokpeitue {W; : i € N} Bnucano B % n nokanbHo
KOHEYHO, TaK Kak Kaxpas Todka x € X cogepxutcs B Vi, Ans HEKOTOPOro j 1
VXJ.OW,-zgp,nﬂi>j. O




Cneacteue

Bce nnHgenégoBbl npocTpaHcTBa HOPMAasibHbI.

Teopema

B knacce MeTpu3yembix MPOCTPAHCTB INHAENEGDOBOCTL PABHOCU/ILHA BTOPON aKCUOME
CYETHOCTH.

JJoka3aTenbLCTBO MOBTOPSIET AOKA3ATENLCTBO aHAJIOMMYHOW TEOPEMbI AJ1S1 KOMMAKTOB.

Ons noboro metpusyemoro npoctpatctea X w(X) = d(X) = ¢(X) = he(X) = I(X).



Cneacteue

Bcsikoe napakoMnakTHoe CHETHO KOMMAKTHOE MPOCTPAHCTBO KOMMNAaKTHO. Bcsikoe
MapakoMnaKkTHOE MCEBAOKOMNAKTHOE MPOCTPAHCTBO KOMIMAKTHO.




3 onpepenernsi cHETHOM KOMNAKTHOCTN CPasy >Ke BbITEKAET, YTO itoboe 3aMKHyTOE
MOAMNPOCTPAHCTBO CHETHO KOMMAKTHOrO MPOCTPAHCTBA CHETHO KOMMAKTHO. [list
MCeBAOKOMMAKTHBIX MPOCTPAHCTB 3TO He Tak (YBUAUM Aasblue).

OyeBnAHO, CyMMa HEMyCTbIX TOMONOMMYECKIX NMPOCTPAHCTB CHETHO KOMMAKTHA
(nceBgokoMnakTHa) TOrAA 1 TOJLKO TOTAA, KOMAA YMCIO CaraeMbiX KOHEYHO U BCe
cflaraemble CHETHO KOMMAKTHbI (MCEBLOKOMMAKTHbI).

CyuiecTBytoT nprMepbl CHETHO KOMMaKTHBIX NpocTpaHcTe X n Y, nponsseneHue
KOTOPbIX He MCEBAOKOMMAKTHO. TakMM 0DpasoM, Hu CHETHAst KOMMAKTHOCTb, HU
NCeBAOKOMNAKTHOCTL He KOHEYHO My/bTunankaTueHa. OgHako oba 3Tu cBoiicTBa
BbIZAEPXKNBAIOT YMHOXEHNE HA KOMMAKT; 3TO [JO0Ka3bIBAETCS CTAHAAPTHLIM MyTEM.

Teopema

,aﬂﬂ METPUN3YEMBbIX NMPOCTPAHCTB CYETHasi KOMNaKTHOCTb U nceBaOKOMITIaKTHOCTb
PaBHOCWJIbHbI KOMIAKTHOCTHU.

DTy TeopeMy MOXHO JOKa3aTb HEMOCPEACTBEHHO, HO MPOLLE COCNATLCA Ha TEOpEMY
CroyHa (4TO BCsSIKOE METPU3YEMOE MPOCTPAHCTBO MAPaKOMMAKTHO).



CeKBeHLI,I/IaJ'IbHO KOMMAKTHbIE MPOCTpPaHCTBa

Onpegenetue

Tononornyeckoe NpocTpaHcTBO X CEKBEHLMANBEHO KOMMAKTHO, CAN KaXkaast
nociefoBaTeIbHOCTb Tovek X COAEPKUT CXOASALLYHOCS NOANOCAeA0BaTENBHOCTb.

He BCSIKMIA KOMNAKT SIBASIETCS CEKBEHLMANIbLHO KOMMAKTHLIM MPOCTPAaHCTBOM —
npumepom cnyxut SN. CekBeHUMaANbHO KOMNAKTHOE MPOCTPAHCTBO He 0bs3aHO ObIThb
koMnakTHbiM (yBugum ganble). OfHako 04EBUAHO, YTO KaXKLOE CEKBEHLMAILHO
KOMMaKTHOE MPOCTPAHCTBO CYETHO KOMMAKTHO.

HenocpeacTBeHHO U3 onpegesneHns BLITEKAET, YTO CEKBEHLMANbHAS KOMMAKTHOCTb
HacneayeTCs 3aMKHYTbIMUW MOANPOCTPaHCTBAMMU.



Teopema

1. CyM/wa HEMYyCTbIX NMPOCTPAHCTB CEKBEHLNAJIBHO KOMIIAKTHa TOr4a M TOJIbKO TOrja,
Korga 4ucJsio cJlaraeMbiX KOHEYHO U BCE CJlaraeémMble€ CEKBEHLNAJIbBHO KOMIIAKTHbI.
2. CEKBeHL{I/IaﬂbHaﬂ KOMIMaKTHOCTb CHETHO MYJIbTUTIJINKATUBHA.

[HokasatensbctBo. [lepBoe yTBEpXKAEHME O4eBUAHO. [JOKakeM BTOpPOE.
Mpegnonoxum, 4to X,, n € N, — cekBeHLMNaNbHO KOMMNAKTHbIE NPOCTPaAHCTBA U

X1,%2, -+ € [ Xa; nycTo X; = (Xi.n)nen 851 i € N.
neN
MocnenoBaTenbHOCTb (X1,7)n TOHEK X1 COAEPXKNT MOANOCAEAOBATENBHOCTL (X1 k; ),

CXOASLLYIOCS K HekoTopoli Touke x; € Xi. [NocnepoBaTtenbHOCTb (XZ,kl,n)n To4yek Xo
COAEP>KNT MOANOCNEA0BATENLHOCTD (X2,k, ,)n, CXOAALLYIOCH K Xo € X2. ... [lns kaxpaoro
m € N nocnenosaTensHocTb (Xm, k,, ,)n TOHEK X CXOANTCA K Xm € X, W OHA
ABNAETCA NOAMNOC/NE0BATENLHOCTbIO NOCNEA0BATENLHOCTEN (Xm,n)n U (Xm ki, )n BNS
Bcex j < m. Ecnm n3 nocnegosatensHocT nHAaekcos (ky p)n BbIKMHYTL nepeble m — 1
4/1EHOB, TO MOJIYHNTCS MOANOCAEA0BATENbHOCTL NOCNEA0BATENLHOCTH (Km p)n. 3HAUMT,

Xm,kp.n — Xm BN kaxgoro m € N. Jlerko Bugetsb, 4To To4Ka X = (Xp)n € [[ Xn —
7 n—oo neN
npeAen NoANOCNeA0BATENLHOCTN (Xk, ,)n MOCAEAOBATENBHOCTM (Xp)p. O




KoMnakTHOCTb B KJlacCE METPU3YEMbIX MPOCTPAHCTB

Teopema

Bcsikuii MeTpusyembiii KOMMNaKT y4OBAETBOPSIET BTOPON aKCUOME CHETHOCTY.

Ecnn B MeTpusyeMom MpoCTPaHCTBE BCSAKOE 3aMKHYTOE AUCKPETHOE MHOXECTBO HE
bosiee 4em CHETHO, TO 3TO MPOCTPaHCTBO obnagaet csovicteom CycanHa.

[okazaTtenscteo. [lycTb X — NpocTpaHCTBO, TOMNOJIOMNS KOTOPOro MOPOXAAETCS
meTpukoid d, n % = {U, : @« € A} — HeC4&THOE AN3BIOHKTHOE CEMEWCTBO HEMYCTbIX
oTkpbITbIX MHOXecTB B X. Kaxpoe U, copepxut HekoTopblii wap By(xq, i) roe

Xa € X 1 ng € N. TMockonbky % HecuéTtHo, a N cuétHo, Haiigytes n € N un HecuéTHoe
A’ C A Takue, uto no = n gns seex o € A'. OkpecthocTb By(x, 1) nioboii Toukm

x € X copepXuT He bonblue ogHOro anemenTa MHoxectBa Y = {x, : a € A'},
NOCKONbKY X € By(x,1) <= x € By(xa, L), npnuém n=n, ans a € A' n

cemeiicTeo {By(xa, ~) : o € A’} ansbioHkTHO. CnefoBaTenbHO, HeCU&THOE
(&3

MHOXECTBO Y 3aMKHYTO U LUCKPETHO B MPOTUBOPEHME C MPeanOSIOKEHNEM. O




[okazaTenscTeo Teopembl. [JOCTaTOYHO NOKa3aTh, YTO NOOOW METpU3yeMblii KOMNaKT
obnagaet ceoiicteom CycnuHa, a 3TO BbITEKAET U3 [OKA3aHHOI JIEMMbI 1 TOFO, YTO
ntoboe 3aMKHYTOE JMCKPETHOE MHOXECTBO B KOMMAKTHOM NPOCTPaHCTBE CamMo
KOMMAaKTHO U MOTOMY HE MOXET DObITb BeCKOHeUYHbIM, TeM bosee, HECHETHBIM. a




Teopema

Lns meTpusyemoro npoctpaHcTea X clAeAytoLmNe yCa0BUS PaBHOCUIIBHBI:
@ X komnakTHo;
@ s0basi HenpepbiBHasi hyHKUMS HA X OrpaHny4eHa;
© s1r0boe beckoHeYHOE MHOXECTBO B X UMEET NPeAesbHYO TOYKY;

Q sr0basi nocnes0BaTENLHOCTL TOYEK MPOCTPAHCTBA X COAEPXKUT CXOASLLYIOCS
MOANOCAEA0BATELHOCTb.

Hokazatenscteo. lNycte X — mMeTpusyemoe npocTpaHCTBO, 1 NycTb d — Kakas-Hubyab
MeTpuKa, nopoxaatowas ero Tonosoruto. Mbl Oynem [okasbiBaTb TEOPEMY MO CXEME
0=-0=-0=0=0=0.

Nmnavkauns @=@ yxe bbina gokasana. lNokaxem, 4yto @=@. lNyctb Y —
beckoHeuyHoe nogMHOXecTBO X 6e3 npefesibHbiX TodeK. Toraa Y 3aMKHYTO U
AUCKpeTHO. 3HauuT, BCsikoe oTobpaxkeHue n3 Y C X B ntoboe npocTpaHCTBO
HenpepbiBHO. [MockonbKy Y GecKoHeYHO, CyLWecTBYET HeOrpaHUYeHHast PyHKLUNS
f: Y — R. MpocTtpaHcteo X HopmanbHO, Byayun meTpusyembiM. [lo Teopeme
TuTtue—YpbicoHa dyHKLMS f NMPOROIIKAETCA [O HEMPEPLIBHON hyHKLMN f na X.




Hokaxem umnavkauno @=@. MNycTb (x,)en — Ntobasi NocneAOBaTENLHOCTD TOYEK
X. Ecnn muoxectBo {x, : n € N} e€ 3HaueHnii KOHEYHO, TO OHa COAEPXKUT
NOCTOSIHHYIO MOAMNOCNEL0BATENIbHOCTL, KOTOPasi CxoanTcst. [1yCTb MHOXECTBO 3HaYeHMid
beckoHe4HO 1 x — ero npefesbHas Todka. 1-OKpPecTHOCTL X COLEPXKMT BeCKOHEHHO
MHOrO TO4eK X,. Bbibepem kakyto-Hubyab us Hux. Myctb 370 Xi,. B %—OerCTHOCTM
TOYKM X BbIDEPEM TOYKY Xk, C HOMepoM ko > ki. [lpoposkasi B TOM e fyxe, Mbi
MONy4UM MOAMOCIEA0BATENBHOCTb (Xk,)neN MOCIEA0BATENBHOCTN (Xp)neN C TEM

CBOWCTBOM, 4TO Ansi kaxgoro n d(xp, x) < % fcHo, yTO X}, — X.
n—o0

ObpaTHast umnankauns @=-@ ouesngHa — noboe HECKOHEHHOE MHOXKECTBO
COLEPXKUT CHETHOE MHOXECTBO, a TOYKM CYETHOrO MHOXECTBA MOXHO 3aHYMepoBaTb
HaTypaJibHbIMW HYUCNaMWN, TaK 4TO NONYHUTCA NOCNAEA0OBATE/IbHOCTD. ﬂpe,u,en f”060ﬁ
cxopsaLelica NoanNoCAef0BaTENbHOCTM 3TOl nocaeaoBaTensHOCTU byaeT npeaensHol
TOYKON JAHHOIO BECKOHEYHOrO MHOXECTBA.




Hokaxkem, uto @=@. lycte X yposnetsopsier ycnosuto @; 37o o3HavaeT, 4to X He
COAEPXKUT DECKOHEYHBIX 3aMKHYTBLIX GUCKPETHBIX MOAMNPOCTPAHCTB, a 3Ha4uT, obnagaet
ceoiicteom CycnuHa n cuéTHoll 6asoii. MNycTb OTKpbITOe NoKpbITUE 7%/ npocTpaHcTBa X
HE COBEPXXUT KOHEYHOrO MOANOKPbLITUS. MOXHO cyuTaTh, 4TO % COCTOUT U3
3N1EMEHTOB CY&THOM b6asbl n camo cuétHo. Mycte % = {U, : n € N}. [Ins kaxporo

n € N nonoxum F, = X \ Up,; Bce F, 3amkHyTbl. Muoxectso Fi Henycto (nnave {U;}
— KOHEYHOE MOAMOKPbLITUE MOKPbITUS 7% ); BbibEPEM B HEM KaKyto-HUDYAb TOUKY Xi.
MHoxecTeo Fi N F, Toxe HenycTto (nnave {Up, Uo} — koneuHoe nognokpbiTue
nokpbITus % ); Bbibepem Touky x2 € F1 N Fy. [pogonkas B TOM e Ayxe, Mbl MOJSyHUM
NOCNefoBaTENBHOCTL (X,)peN TOHEK X C TeM CBOMCTBOM, 4TO Ansi BCsikoro n € N
MHOXeCTBO F,, conepxuT Bce Xxx ¢ Homepamu k > n. [Nockonbky X yaoBneTBopsieT
ycnosuto @, oHo ygoeneTsopsieT u ycnosuto @. lNycts x — npegen
MOANOCNEA0BaTENBHOCTN (XK, )neN NMOCIEAOBATENBHOCTU (Xp)neN. Bo3bMEM nioboe

n € N un naiigém m € N, gns kotoporo ky, = n. Ilo nocTpoeHuto Bce YneHbl
NOCNeA0BaTENbHOCTH (XK, ., )icN NPUHaANexaT MHoxecTsy F,. Kpome Toro,

Xkmy; — X. 3HauuT, x € F,. Takum obpasom, x € ({F, : n € N}; cnenosaTensHo,
i—00

x ¢ |J{Un : n € N}, 1.e. % — He nokpsbiTue. O




CkaxkeM, 4TO MeTpuyeckoe npocTpaHcTeo (X, d) KOMNakTHO, ecIM TOMONOrMHECKoe
npoctpaHcTo (X, Zy), rae 7y — TONOMOrnsi, MOPOXKAEHHASI METPUKOIA d, KOMMAKTHO.
KoMNakTHOCTb MeTpMYECKUX NPOCTPAHCTB MOXKHO OXapaKTepu30BaTbh B TepMUHAX
cyrybo meTpuyeckux — e-ceTeid, nocnegosaTensHocTeli Kown n nonHoTsI.

[NpennoxxeHune

MeTtpuyeckoe npoctpancteo (X, d) BnosHe orpaHnyeHo Torga v TobKoO Torga, Korga
BCSIKasi NOC/I€40BaTeNbHOCTE B X COAEPXUT MOANOCAe[0BaTENbHOCTL Kowwu.

Teopema

METPMLIGCKOG NMPOCTPAHCTBO KOMIMAKTHO TOorga v TOJIbKO Torga, Korga OHO BI1OJIHE
OrpaHN4eHo n noJiHo.




Teopema

1. B knacce MeTpusyemMbix NPOCTPaHCTB CEKBEHLMAJIbHASI KOMIIAKTHOCTb PaBHOCUJ/IbHA
KOMMAaKTHOCTH.

2. B knacce npoctpaHcTB ¢ nepBoil akCMOMOW CHETHOCTY CEKBEHLNATIbHAS
KOMMAaKTHOCTb PABHOCUJ/IbHA CHETHOM KOMMAKTHOCTHY.

HokazatenbctBo. TO, 4TO CEKBEHLMANBHO KOMMAKTHbIE METPU3YEMbIE MPOCTPAHCTBA
KOMMaKTHbI, BLITEKAET U3 TEOPEMbI O KOMMAKTHOCTW CHETHO KOMMAKTHbLIX METPU3YEMbIX
MPOCTPAHCTB M TOrO, YTO U3 CEKBEHLMANBHOW KOMMNAKTHOCTW C/IEQYeT CHETHas
komnakTHocTb. ObpaTHasi UMNAMKALMS BbITEKAET U3 TOrO, YTO BCE METPU3YEMble
MPOCTPaHCTBA YAOBAETBOPSIIOT NEPBON akCMoOMe CHETHOCTU ( = Tomnonorus
OMpPeAensieTcsi CXOLMMOCTbLIO MOCAEA0BATENLHOCTEN) U CYLLECTBOBAHUS NPeAesbHOA
TOYKM y BCSIKOrO DECKOHEYHOrO MHOXeCTBA (B HaCTHOCTU, Y MHOXECTBA TOYeK Jt0bOIi
HETPUBMAsLHON MOC/IELOBATENBLHOCTM) B KOMMAKTe. DTO e PacCyXAeHNe [OKa3biBaeT
N BTOPOE YTBEPXKAEHNE. O




[Mpumepbl

o OpHoToqeqHas nungenépukayns auckpetHoro npoctpanctea: L(k) = D U {x},
rae |[D| =k, x ¢ D. Toukn D n3onnpoBaHbl, OKPECTHOCTU * — AOMOJHEHUS [O HE
bonee yem cuétHbix nogmHoxecte D. w(L(k)) = x(L(k)) = ¢(L(k)) = |D|. B
L(K) HeT HeTpMBMANIbHBIX CXOAALLNXCS NOCAE[0BATENLHOCTEN.

o [lpsimas 3oprencbpes S. 310 R ¢ Tononorueii, nopoxaéHHoli basoli
{[a,b) : a,b € R}. S HemeTpu3yema, yLOBNETBOPSIET NEPBOI aKCUOME CHETHOCTH,
HacNeACTBEHHO cenapabenbHa N HaCNeACTBEHHO HOPMasbHa, HO S X S He
HopmasieH. [Mokaxem, 4to S nuHaenédosa; nonyyHum npumep anHgenédosa (=
MapakoMMaKTHOro) MPOCTPaHCTBA, KBagpaT KOTOPOro He HOpMaeH (= He
NMHAENEDOB N HE NMapaKOMMaKTeH).

Mycte % = {U, : « € A} — oTkpbIToe nokpbiTue S, n nycts V,, —

BHyTpeHHocTb U, B R. Mokaxem, yto L =5\ |J V, cuétHo. Vx € L T a(x) € A
acA
n uucno r(x) > x Takue, 4To [x, r(x)) C Uy(x). Ans nioboix pasmbix x,y € L

nmeem [x, r(x)) N[y, r(y)) =@ = L c4yértHo. R\ L C R obnagaer cuérHoii
6asoit, n {V, : a € A} — ero otkpsitoe nokpbitue. Mycts {V,, : n € N} —
nognokpeitue. Cemelictso {U,, : n € N} nokpeisaet R = S, kpome vactm L.



o [Mpoctpancteo WY Bcex He 6onee yem cHETHBIX OPAUHANOB C MOPSAKOBON
Tononorueii. 3naem: WY He KOMNakTHO 1 NokanbHO kKOMnakTHO. Bce 3amkHyTble
AVMCKpeTHble MHOXecTBa B WP koHeunbl = W) cuéTtHo komnakTHO =
ncesgokomnakTHo. 3Hauut, WY He napakomnaktho. WY yaoeneTsopseT nepeoii
aKCMOMe CHETHOCTU => CeKBeHLMabHO koMnakTHo. Mokaxem, 4to WP ewd u
HOPMaJIbHO.

Mycte A, B C Wl0 3aMkHyTbl. [lpegnonoxum, 4to A n B HeorpaHu4eHsb! B Wlo.
Jlerko noctpouts nocnegosatensHocTn () pen U (B)nen Takue, 4to oy € A,
Bn € Bua, < Bh < apr1 ana moboro n € N. ScHo, uto

SUp ap = SUpP ey Bn < wi. ObosHaumm 310T cynpemym 7. Jliobas okpecTHoCTb ¥ B
neN

WP conepxut nntepsan suga (v1,72), rae v1 < v < 72, a noboii Takoli nHTEpBan
COAEPXXUT KaK TOYKM BUAA (v, TakK 1 TO4KM Buga [;. 3Ha4mnT, TOYKa ¥ npefesbHas
ans An ana B = v € AN B. UTtak, ecnn 3amkHyTbie MHoxectea A n B 8 WY ne
nepecekatotcsi, To mbo A, nubo B orpanuyero. MNycTb ansa onpegenénHoctn A
orpatHuyeHo, T.e. A C [0, ap], rae cg — HEKOTOPbIN CHETHBIN OpANHAN.
MuoxecTso [0, ag] 3amkHyTO B KOMnakTe W 1 noTomy camo komnaktHo = A
KOMMaKTHO. 3HauuT, y A u B ecTb HenepeceKkatoLnecs OKPECTHOCTH B Wlo.



o [lcesgokomnakTHoe He cuéTHO KomnakTHoe npocTpaHcTso: X = SR\ (BN \ N).
X NCeBOOKOMMAKTHO, HO COLEPXKUT BECKOHEHHOE 3aMKHYTOe fUCKpeTHoe (u,
CNnefoBaTeNbHO, HE MCEBLOKOMMNAKTHOE) MOAMNPOCTPAHCTBO. Takum obpasom, 3ToT
npuMep BAODABOK MOKa3bIBAET, YTO NCEBAOKOMMNAKTHOCTb HE Hac/enyeTcs
3aMKHYTbIMU NOANPOCTPAHCTBAMMU.

X copepXunT BeCKOHEYHOE 3aMKHYTOE AUCKPETHOE MOANpPOoCcTpaHcTeo N,
Mokaxkem, 4to X ncesgokomnaktHo. [yctb f: X — R — HeorpaHmyeHHas
HenpepbiBHas yHkuusi. MHoxectso R \ N nnotro B R, a 3HauunT, n 8 SR n 8 X.
= OHO nepecekaeTcs CO BCEMU OTKPLITLIMU MHOXECTBaMU
f~1((—o00, —n) U (n,+00)) (oHu HenycTbi). Boibepem nonapo pasnudvble
x1,Xx2,- -+ € R\ N Tak, uto |f(xp)| > n ans kaxpgoro n € N. fcHo, yto
{f(xn) : n € N} He umeeT npegenbhbix Todek B R; = D = {x, : n € N} He umeer
npeaenbHbix Todek B X 1, TeM bonee, 8 R C X. Utak, D — 3amkHyTOe
LOUCKPETHOE MOANPOCTPAHCTBO HOpMasibHOro npoctpancTea R, u DN N = &.
Nmeem DPRANPR = DARN ON=g. = DRc X, 1e. DPR=DX=D. = D
KOMMaKTHO — NpOTUBOpEYNeE.



Onpegenexue

Tononornyeckoe NPOCTPaHCTBO HA3bIBAETCA CBSA3HLIM, €C/IM €rO Heb3s NPeACTaBUTb B
BUAE ODbefUHEHNS ABYX HEMEPECEKAIOLLNXCS HEMYCTbIX OTKPbITHIX MOAMPOCTPAHCTB, U
HECBSA3HbLIM, €CM €ro MOXHO Tak npefcTaBnTb. CBA3HbIM KOMNAKT Ha3bIBAaETCs
KOHTUHYYMOM.

NHbiMu cnosamu, X cBA3HO, ecnin ero Henb3s npeactaButb B Buge Y & Z, rae Y n Z
— HenycTble nognpocTpaHcTea X.

O‘-IeBVIJJ,HO, B onpegeneHnm CBA3HOro NpoCTpaHCTBaA C/I0OBO KOTKPbITbIX» MO>XXHO
3aMEHNTb Ha «3aMKHYTbIX», @ TaKXe€ Ha KOTKPbITO-3aMKHYTbIX>».




Teopema

Llnsi Tononornyeckoro npoctpaHcTea X Caeaytolme YCa0Busi PaBHOCUIbHbI:
@ X cBsasHO;
@ X He cogepXnT OTKPbITO-3aMKHYTbIX MOAMHOXECTB, Kpome & u X;

Q ecm X =Y UZ u mHowectea Y u Z otpeneni 8 X (te. YNZ =Y NZ=2),
T0 Y nan Z nycro;

© kaxgoe HenpepbisHoe oTobpaxenue f: X — {0,1} nmocrosiHHo.

Cnepctene

Kaxgoe cBsi3HOe TUXOHOBCKOE MPOCTPAHCTBO, COAepxKalyee XoTsi bbl ABe pa3Hble TOYKM
(B 4acTHoCTYM, N1106OIT HEOZHOTOHEYHBIT KOHTUHYYM), UMEET MOLYHOCTb > %o,

HokazaTtensbcteo. [lycTb X — CBsiI3HOE TUXOHOBCKOE MPOCTPAHCTBO, M NMyCTb X,y € X,
x # y. NMockoneky X € Ty, mHoxecTBO {x} 3amkHyTo B X, a nockonbky X € Ta1,
CyliecTByeT HenpepbiBHas dyHkuus £: X — [0,1], anst koTopoii £(x) = 0w f(y)'= 1.
®yHkums f CropbekTBHA, NOTOMY 4TO ecnu bbl Hawnock r € [0, 1] \ £(X), To Mbl Obi
nmenn X = f1([0,r)) & f~1((r,1]) B npoTuBOpeHMe co cesizHOCTbIO X. |




Cnencteue

Ecam'Y C X n'Y cBsazno, n eciim X1 n Xo — otaenéuHeie mHoxecTsa B X, ANs
koTopbix Y C X1 U Xp, T0 0gHo 3 mHoxectB X1 u Xo cogepxut Y.

Cnencteue

Ecnm Y, C X, a € A, — cBsazHble nognpoctpanctea u (| Yo # 3, 70 |J Ya cBazHO.

a€cA a€cA )

Cneacteue

Ecaun ana nobbix gByx ToYek nNpocTpaHcTBa X CYLUECTBYET COAEPXKALLEE UX CBSA3HOE
Y C X, to X cBasHo.

Cnencteue

Ecom Y cesizvo, Y C X uY CZCY, 1o Z Toxe cBazHo. B yactHocTu, Y cBsi3HO.

Cneacteue

TuxoHoBckoe npoctpancTBo X CBSI3HO TOrAa v TOJILKO Torga, korga 3X CBsi3HO.




Teopema

ObbiyHas npsaMas, a TakXe BCE MHTEPBAJIbl, OTPE3KU U OTKPLITHIE U 3aMKHYTbIE JIy4i
Ha NpsIMOVi CBSI3HbI.

HokazaTtensbcteo. [lpegnonoxum, 4to npsimast R HecesisHa, T.e. R = Wi U W, rae
Wi, Wo # &, Wi N Wa = & n oba mHoxectea Wi n Wa otkpbitel. (Torga atu
MHOXeCTBa OfHOBPEMEHHO N 3aMKHyTbl.) Bosbmém wy € Wi u wy € Wh; bygem
CHUTATb AN ONPeRenéHHocT, 4To wy < wy. Monoxum w = sup{x € Wi N [wi, wa]}.
Ecam w € Wy, To w < wyp un, nockonbky Wi oTkpbiTo, Haligérca € > 0, anst KOTOpOro
(w—e,w+e) C WiN[w, wo]; umeem w' = w+ 5 >wun w' € Wi N[w, we]. Ecnnm
xe w € Wh, 1o, nockonbky Wh oTkpbITO, Hallgércsa € > 0, Aist KOTOporo
(w—e,w] C WoN[wr,ws], n x <w—e < w gnst Bcex x € Wi N [wy, we]. B nrobom
c/y4ae nosiy4aem NpoTUBOPeYNE C ONpeaeseHneM CynpemMyma.

OTKpbITble UHTEPBA/bl U OTKPBITHIE Y4 FOMEOMOPMHBLI MPSIMOKA N NOTOMY TOXeE
CBA3HbI.

OTpesKkn 1 3aMKHYTbIE JIy4n CBSI3HbI B CUJY CAEACTBUIA. O




Onpegenedne

ObbeanHeHme BCex CBSA3HBLIX MOAMPOCTPAHCTB NPOCTpaHCTBA X, COAEPXKALLUX TOUKY
X € X, Ha3bIBAETCS KOMTMOHEHTON CBA3HOCTU, WAN CBA3HOA KOMMOHEHTOW, WAN MPOCTO
KOMMOHeHTOM, Toukn x B X (nnu npoctpaHcTea X).

@ KoMMnoHeHTa TOUYKM X — 3TO MaKCUMaJslbHOe CBA3HOE MOAMHOXECTBO X,
cofeprkallee X.
o KomnoHeHTa ntoboii Touky 3amMkHyTa.

@ KomnoHeHTbl NtobbIx ABYX TOYEK B TOMOJMIOrMYECKOM MPOCTPaHCTBE Nbo He
nepecekatoTcs, iMbo coBnagaloT. TakuM obpa3oM, B COBOKYMHOCTU KOMMOHEHTbI
TOYEK COCTaBASAIOT pa3bmeHne NpoCTPaHCTBa Ha MOMAPHO HEMEepeceKatoLnecs
CB5I3Hble 3aMKHYTbl€ MHOXXECTBA, KOTOPbIE HAa3blBAlOTCA KOMMOHEHTAMU CBSA3HOCTH,
WUAN CBSA3HbIMY KOMMOHEHTAMU, AN NMPOCTO KOMMOHEHTAMU, 3TOrO NPOCTPAHCTBA.



Teopema

O6paz cBsI3HOro MPOCTPAHCTBA NP HEMPEPLIBHOM OTOBPa)KeHNN CBSI3EH.

JlokasaTenbLcTBO O4EBUAHO.

Cneacteue

Ecnu nenpepeisHas ¢pyHkums f: X — R, onpegenénHas Ha cBsisHoM npocTpaHcTse X,
NPUHUMAET [Ba 3HAYEHUsI, TO OHA NPUHUMAET U J1H0b0€e 3HAYEHUE MEXAY HUMM.

[eiicTBnTensHo, nHave mHoxecTBo f(.X) Obin0 Obl HECBS3HBIM.

Cnencteue

Ecnn cBsizHoe TuxoHoBckoe npocTpaHcTeo |X| cosepxut bonee ogHoii To4Yku, TO
|X| = 2%o.

HelicTeutensHo, ecim x,y € X n X # y, TO CyWECTBYET HenpepbiBHas yHKLNA
f: X — R 1akas, 4to f(x) = 0 n f(x) = 1. lNo npeabigyLemy cneacTanio
F(X)] > [0,1] = 2%, otkyna |X]| > 2%,



	slide1
	slide2
	slide3a
	slide4
	Types of points
	Closure operator
	Interior operator

	slide5
	Filters and ultrafilters
	Maps of nets and filters
	Continuous maps and homeomorphisms
	Continuity


	slide6a
	Homeomorphisms
	Graphs of maps
	Preservation of properties by maps
	Brouwer's fixed point theorem

	slide7
	Separation axioms
	Hausdorff spaces
	Normal spaces
	Tychonoff spaces
	Examples
	Separation axioms in subspaces
	Preservation by continuous maps

	Operations on topological spaces
	Sum
	Quotient spaces
	Direct systems and inductive limits
	Topological product
	Maps to topological products
	Embeggings in products

	Tychonoff's embedding theorem
	Inverse systems and projective limits
	Hyperspaces

	Compact spaces
	Tychonoff's compactness theorem
	Baire's category theorem
	Weierstrass–Stone theorem
	Compactness of metrizable spaces

	Compactifications
	Alexandroff compactification
	Stone–Cech compactification
	beta N

	Generalizations of compactness
	Locally compact spaces
	Paracompact spaces
	Lindelof spaces
	Countably compact and pseudocompact spaces
	Sequentially compact spaces
	Examples

	Connectedness and disconnectedness
	Various disconnectednesses
	Various zero-dimensionalities

	Topological dimension functions
	Homotopy groups
	Fundamental group
	Coverings
	Higher homotopy groups


	slide8
	Tychonoff spaces
	Examples
	Separation axioms in subspaces
	Preservation by continuous maps

	slide9
	slide10
	Maps to topological products
	Embeggings in products
	Tychonoff's embedding theorem

	slide11
	Inverse systems and projective limits
	Hyperspaces
	Compact spaces

	slide12
	Inverse systems and projective limits
	Hyperspaces
	Compact spaces

	slide13
	Paracompact spaces

	slide14
	Lindelof spaces
	Countably compact and pseudocompact spaces
	Sequentially compact spaces
	Examples
	Connectedness and disconnectedness


