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Ha Bcaknii cnyyaii:
[pynna G — 3TO MHOXECTBO BMECTE C 33AaHHLIMU Ha HEM acCOLMATMBHOW BMHAPHOI
onepauueii * : G x G — G, yHapHoii onepauueii ~1: G — G u 0-apHoii onepauueii e.

Mpu 5TOM [OMKHbBI BLINMONHATLCS YCoBUS gx g ' =g lxg=engsre=exg=g
ans scex g € G.

CTaHOApPTHbIE 0bo3HaveHuns ansa OI'IepaLU/Iﬁ Hag MHOXECTBaMK B rpynnax:
AxB={axb:ac A bc B} axB={a}+xB, Axb=Ax{b}, Al ={al:ac A}

Onpegenetue

Ipynna G c Tonosnoruein .7 HasbIBaeTCA TOMOJNOMMHECKOA rpynnoi, ecau rpynnosas
onepauust (ymHoxeHune) - : G X G — G n onepauus B3saTusi obpaTHOro anemeHTa
1. G — G HenpepbIBHbI OTHOCUTENLHO Tononori .7 Ha G 1 TOMOMOrMKN feKapToBa
npouseegerusi Ha G x G. [pu 3ToM 7 Ha3bIBaeTCA rpynmnoBoli TOMNONOrNeN, nu
TOMOJIOrNei, COrlaCoOBaHHOW C FPyNMNOBbIMMN OMNepaLnsMU.




[Mpumepsl
@ Jliobas rpynna npeBpalyaeTcs B TOMOJOMMYECKYIO rpynny, byayyum cHabxEéHHoi
OVCKPETHOW TONONOrneEiA.

@ [Mpamas R c onepauyueii cnoxeHus u obbI4HON TononoOrMel ABNAETCS
Tononoruyeckoii rpynnoii (a npsimasi 3opreHdpes € TOR >Xe onepauueid CIoKeHuUs
TOMOJIOrNYECKOU TPYNMOli HE SIBASIETCS — onepauusi nepexoaa K obpaTHOMy He
HenpepbIBHA).

@ Tononorndyeckoii rpynnoii sBnsieTca n ntobas TUXOHOBCKAas CTeneHb NpsiMoii C
NOKOOANHATHBLIMN YMHOXXEHVEM 1 B3SiTUEM OBpaTHOro, Tak 4To Jtoboe
TUXOHOBCKOE MPOCTPAHCTBO ABNAETCA MOANPOCTPAHCTBOM TOMONOMNYECKON
rpynnbl.

@ Ha npocTtpaHcTee P uppauuoHanbHbIX Y4MCEN MOXXHO BBECTU IPYMMOBYIO OMNepaLuio,
OTHOCUTENBLHO KOoTOpoli P siBnsieTca Tononormyeckoli rpynnoii. deidcTBuTtensHo,
npocTpaHcTeo P romeomopdbHo TuxoHosckomy npousseaernto NN =2 ZN 3 ya
ctenenn ZN pguckpeTHoii rpynnbl Z onpeaeneHbl onepaLyuy NoKOOPANHATHOTO
CIOXKeHUs1 U nepexoaa K obpatHomy. HetpygHo ybegutbcs B TOM, 4TO 37w
onepauunm HenpepbiBHbl OTHOCUTENIBHO TOMOJIOFMM TUXOHOBCKOIO NMPOU3BEAEHUS.



@ To >xe BepHO 1 451 KAHTOPOBA AUCKOHTUHYYMa C — OH romeomopdeH CHETHOI
TUXOHOBCKOW CTeneHW ABYX3NEMEHTHOW AUCKPETHOM rpynnbl Zsy.



Cneumndryeckine TONOAOrMYECKIE CBONCTBA TOMOIOMMYECKNX Py

Vrxe 13 camord CyLecTBOBaHNS HEMPEPbIBHbLIX FPYNMNOBbIX ONepaunii BbITEKAOT MHOTME
TOMOJIOrMYECKNE CBOWCTBA TOMOJIOMMYECKUX TPy, BOOOLE rOBOpPsi, HE NpucyLine
OB MM TOMONOrMYECKNM NPOCTPAHCTBAM, Hanpumep

JTobasi Tononoruqeckas rpynna G siBASI€TCS OZHOPOAHBIM TOMOJNIOMUHECKUM
MPOCTPaHCTBOM, T.e. A/is1 Mobbix Toyek g, h € G cywecTByeT romeomopusm
f: G — G Ttakoii, 4to f(g) = h.

[HelicTBUTENbHO, B KaYecTBe f MOXHO B3sITb OTODpaXkeHue, onpeaenéHHoe npasuiom
x + h-g~1 . x. OHO HenpepbIBHO B CUNY HEMPEPLIBHOCTI YMHOXeHNs 1 obnagaeT
HenpepbIBHLIM 0BPaTHLIM X — g - h™1x.

(HeopHopogaHble TONonornyeckme NpoCTpaHCTBa: CXOASALLASICS MOCNE[0BATENbHOCTD;
ntoboe HEQUCKPETHOE NPOCTPAHCTBO, MMEIOLLEE XOTS Dbl OfHY U30ANPOBAHHYIO TOYKY;
OTpe3sokK. )



Takum obpazom, Tonosiorusi Ntoboli TONONOMMYECKO TPYNMbI MOJHOCTLIO ONPELENAeTCS
OKPECTHOCTAMMU efUHULbI B 3TOW rpynne: ans ntoboii okpectHoctn U ntoboro
anemeHTa g Tomonorndeckoli rpynnbl G MHoxecTso g1 - U (Tak xe kak u U - g~ 1)
SIBNSIETCS OKPECTHOCTHIO €4UHULbI, TaK YTO BCE OKPECTHOCTM Ntoboro g € G siBnstoTCs
OKPECTHOCTAIMN €ANHULbI, MOMHOXEHHBIMI Ha g (MK, KaK roBOpsAT, CABUTramy
OKPECTHOCTEN eAnHULbl HA g), U 3Hasl, HanpuMep, JIOKabHYtO b6a3y B eAMHULE, Mbl TEM
CaMbIM 3HAEM 1 JioKaNbHble Hasbl BO BCex Todkax G, T.e. BCIO TOMOJOruLO.

Mockonbky 1-1=1u 1= 171 n3 HenpepbIBHOCTN YMHOXEHNS 1 B3STUS 0BPaTHOrO
cnepyeT, 4to ans ntoboli okpecTHocTn eguHuubl U B Tononoruyeckoii rpynne
CyLLEeCTBYIOT OKpecTHOCTU egunnmnusl V u W takme, yto V-V Cc Uun W1 C U.



@ Ecsau Tononornyeckasi rpynna yA0BAETBOPSIET akKMOMe OTAeAMMOCTH Tg, TO OHa
yaosneTBopsieT Takxe u akcuomam T1 u To. Kpome Toro, BCskasi Tonosioruyeckas
rpynna ygosneTeopseT akcmomam T3 u T,

2

[eiicTBuTensHO, NPeanoioXnM, 4To Tononoruyeckas rpynna G ynosneteopsier
akcuome To. lMokaxem, yto Torga G ygosnetsopsieT akcnome To (a 3HaumT, n Ti).
Mycts g, h € G, g # h, n nyctb U — OKPECTHOCTbL OLHOIR N3 3TUX TOYEK, He
coaepxaluasi Apyryto; AOnycTuM AJisi onpegenéiHoctn, yto g € Un h ¢ U.

MycTb V — okpecTHOCTL eAunHnLpl, ans koTopoii V - V C g~ 1. U (oHa cywecTsyer,
notomy 4to g 1 - U — OKpecTHOCTb efuHnubl). Toraa V~1 — Toxe okpecTHOCTb
epnHuubl, a g -V n h- v-1l— OKPECTHOCTU ToYeK g U h cooTBeTCTBEHHO. [lokaxkem,
wtog-VnNnh-V1i=g2.

MpennonoXmnm, 4To 3TO HE TaK; TOrAa ANS HEKOTOPLIX Vi, Vo € V nmeem
g~v1:h-v§1, oTkysia h=g-vi-w,asHauut, heg-V-VCcg-gtU=Us
npoTueopeue ¢ onpegenequem U. CnegosatensHo, g- VN h- V™1 =@. 70
JokasbiBaeT, 4To G € To.



Beuay 4oKa3aHHOrO YTBEPXKAEHUS B fasibHEAWEM Mbl He Byaem yTOYHATL, KaKoii
MMeHHO 13 akcuoM To—To ymoBneTBOpsieT faHHasi TONOJOrMYecKas rpynna, u CTaHeM
Ha3bIBaTb FPYNMy, YAOBAETBOPSIOLLYIO JIODOI U3 3TUX aKCUOM, MPOCTO OTAEVNMOIA.

Tenepb gokaxem, 4To ntobasi Tononormyeckas rpynna yaoBieTBopsieT akcuome T3. B
CUNY OLHOPOLHOCTU ANt 3TOr0 JOCTAaTOYHO MOKa3aTh, YTO KakoBa Obl HU Dbiia

OKPECTHOCTb eAnHNLbl U, CyLLLeCTBYeT OKpecTHOCTb eauHuLbl V, ana kotopoit V C U.
B kauyectee V MOXHO B35iTb Nt0BYIO0 OKPECTHOCTL eanHmMubl co ceoiicteom V - V C U.

[eiicTBuTensHo, y ntoboit Toukn g ¢ U ecTb oKpecTHOCTb, He nepecekatowast V' — 370
g-Vv1 (ecnmn g - vinv g, 108" vl_1 = vy 4N1S HEKOTOPbLIX Vi, Vo € V, OoTKyaa
geV-vcl).

HokasatenbcTBo Toro, 4To Bcerga G € T,1, Heckonbko cnoxHee. OHO OCHOBaHO Ha
2

MOHSITUN HOPMbI N HA CAELYIOLLEM HUCTO anredbpanyveckom yTBEPXKAEHUN, KOTOPOe
NMEET UCKIOYUTENBHYIO BaXKHOCTb AJ1si TEOPUUN TOMOSOFMYECKUX FPYNM.



Onpegenetdne

MonyHopmoii Ha rpynne G HasbiBaeTcst pyHkuus ||-||: G — R co ceoiictBamm
Q |1 =0,
Q gl =llg” ] anstecex g € G m
Q |lg-h|| < |lgll + ||| onsa Bcex g, h € G.

M3 3Tux CBOIACTB BbITEKAET 1 CBOWCTBO

Q Jlg|| >0 gnaecex g € G.

llycte G — npousBonsHas rpynna n U,, n € N, — nocnegosatensHocTb €€
MOAMHOXECTB CO CBOMCTBaMU
-1
olEUn, eUn:Un n eUnJrl'UnJrlCUn
Ansi scex n € N. Torga Ha rpynne G cyujecTByeT noayHopma ||-|| Takas, 4to gns
kaxgoro n € N

{XGGZHXH<%}CU,,C{X€GZHXH<2”1_1}.




[loKa3aTenbCTBO 3TOI JIEMMbI CBOAUTCS K MOCTPOEHNIO MOHOTOHHOMN CUCTEMBI
MHoxecTs U(5;) co ceoiicTBamu

1 m 1 m+1
U(z) =0 w U(5) U(5) cu(T5).
NOCJN1e 4ero Hopma OI'Ipe,D,eJ'IﬂeTCﬂ KakK

]| = sup [f(yx) — f(y)l,
yeG

F(x) :inf{zizzxe U(?”Z)}.

roe



OpfHo U3 CNneacTBuMiA BaXKHOWM NeMMbl — TO, Y4TO BCAKas TOMOJIOrMYECKas rpynna
YAOBNETBOPAET aKCMOMeE T3%. Bonee Toro, B TONOMOrMYECKOA rpynne TOYKM
OTAENSAIOTCA OT HE COAEPXKALLNX UX 3aMKHYTbIX MHOXECTB HE NPOCTO KaKUMU-TO
HENPEPbIBHBIMU (DYHKLMAMU, @ HEMPEPLIBHLIMI NOJyHOPMaMU, T.e. OYHKUUSMY,
XOPOLLO COrNMacoBaHHBIMM C FPYNMOBONA CTPYKTYPOIA; UHLIMU CAOBaMK, LIAPbI
OTHOCUTENBHO HEMPEPBIBHLIX NOJyHOPM 0bpa3ytoT 6a3y OKPecTHOCTENR efnuHMLbI.
[HelicteutensHo, ans ntoboli okpecTHocTn eaunmnubl U B Tononornyeckoii rpynne G
NErko NOCTPOUTb, MOMb3YSACh HEMPEPbIBHOCTLIO onepauuii, NOCAef0BaTeNbHOCTb
okpecTHocTeli eguunusl U; C U, Us, Us, ... co ceoiicteamn @—@ n3 dhopMynnpoeku
nemmebl. HeTpyaHo Buaetb, 4TO noayHoOpMa, CyLIECTBOBAHNE KOTOPON YTBEPXKAAETCA B
nemme, HenpepbiBHa (3TO BbITeKaeT U3 popMysibl (x) 1 HepaBeHCTBa

llg - hl|| < |lgll + ||h]]). AcHo, yTo oHa oTaensieT 1 ot G\ U.



Mepeceyenne H Bcex okpecTHOCTEl eanHuMLbl B Ntoboi Tonosiornyeckoii rpynne G
SABNAETCS 3aMKHYTOW HOPMAaJIbHOW NOArpynmnoii, NoTOMY YTO B CUJIY HEMPEPLIBHOCTM
onepauuii u Toro, 4to G € T3, ansa noboii okpecTHocTn eanHuubl U un nwoboro g € G
CyLLeCTBYIOT okpecTHoCcTU eguHuubl Vi, Vo, V3 n Vj Takue, yto
Vi-Vi,Votgt-Vs.g, VU

fAcHo, uto dakTtoprpynna G/H c Tononorueii akTOpNpOCTpaHCTBa SBASETCA
OTAENIMMOI TONOJNIOFNYECKOWN rpynnoli, N MeXAy TONOJOrn4eCKMMIN CBOWCTBAMU rpynn
G n G/H umeetcs npospayHasi CBA3b. TaK 4TO MO CyLIECTBY U3y4eHUe
TOMOMIOTNYECKUX FPYMN CBOAUTCS K N3YHEHUIO OTHAEAUMBIX TOMOJOrMHECKUX FPyn.



© Bcsikas otgenvmasi Tonosorn4eckasi rpynna, yaoBJAeTBOPIOLast NeEPBOIi akCuome
CYETHOCTU, METPU3YEMA.

[eiicTBUTENbHO, €CNV y eANHULBI ToMoorMyeckol rpynnel G nmeertcst c4éTHas basa
okpecTHocTelt {V,, : n € N}, To Heé nmeertcst n cuérHasi basa OKpecTHOCTE

{U, : n € N} co ceoiictamu @—@ u3 BaxkHOI sieMmbl. E€ nerko noctpouts no
NHAYKUMK: Hapo nonoxute U; = Vi N Vl_l, a 3aTeM, cHnTas!, 4To okpecTHocTb U,
y>Ke MoCTpoeHa, HaiiTu okpecTHoCTb eanHuubl W co ceoiicteom W - W C U, N Vpyq m
nonoxunts Upr1 = W N w-1.

OuesuaHo, MHoxectsa B, = {x : ||x|| < 2}, rae — MOJlyHOpMa, CyLL|eCTBOBaHME
KOTOPOIi YyTBEPXKAAETCA BaXKHOIN NEeMMOiA, Toxe obpasytoT basy okpecTHoCTel
eAnHULbI, NPUYEM 3Ta NoslyHopMa siBisieTcst Hopmoit (T.e. ||g]] # 0 ans g # 1), a
cooTeeTCTBytoLLast 3Toll HopMe MeTpuka d(g, h) = ||g =1 - h|| nopoxaaeT Tononoruto.




Q Bcsikasi o-komnakTHasi (T.e. siBasiowasics obbegnHeHneM CHETHOrO YNCAa KOMMAKTOB)
Tonosorudeckas rpynna obnagaet csovicreom CycimHa.

,uﬂﬂ KOMMAKTOB, HE ABAAOLWNXCA TONONOITNYECKNMU rpynnamMun, 31O HEBEPHO, AaXKe B
npeanonoXeHnnm ogHOpPpOAHOCTN 3TUX KOMNAKTOB.

© Ipynnei Jln

Onpegenexue

[pynna Jlu — 3To rpynna BMecTe € 3afaHHON Ha HEll CTPYKTYpOIi
BELLECTBEHHO-aHANMTNYECKOrO MHOrOObpasusi, B KOTOPOIi FpymnnoBble onepauun
BbIPaXKAIOTCA BELLECTBEHHO-aHAINTNYECKUMU (DYHKUNSMU OT JIOKaNbHBIX KOOPAWHAT.

Apyrumn cnosamu, 310 Tononoruyeckas rpynna G, B HEKOTOPOU OKPECTHOCTM
eVHNLbI KOTOPOIi (a8 3HAYUT, N B HEKOTOPOI OKPECTHOCTHW NtoDOIA ApPYroi To4kn) BCe
3/IEMEHTBI MOXHO NpeacTaBuTh B Buge g(t), rae t = (t1,...,t,) — Habop
BELLECTBEHHbLIX NapaMeTpPOB, NPUYEM ONEpaLnii YMHOXEHUS N B3ATUS 0BpaTHOro
BbIPaXKaloTCsl BELLECTBEHHO-aHAIMTUYECKON BEKTOP-(PYHKLMER OT COBOKYMHOCTM
NapaMeTpoB, 4TO MOXHO KpaTko 3anucaTsb kak g(t) - g~ 1(s) = g(f(t,s)), rae f —
BELLLECTBEHHO-aHAINTNHECKAsi BEKTOP-PYHKLMS.



MN3BeCTHO, 4TO HE HA BCAKOM TOMOJIOMMHYECKOM MHOroobpasnm MOXKHO BBECTM
CTPYKTYpPY 1afKoro MHOroobpasus: CyllecTByeT KOMNAKTHOE TPUaHryimpyeMoe
MHoroobpasue pasmeproctu 10 (T.e. KOMNAKT, KaXxkAasi To4Ka KOTOporo obnagaer
OKPECTHOCTbIO, roMmeomopdHoii eBknngosy npoctpancTey R0, n koTopelii gonyckaet
TPUAHTYNSALNIO), KOTOPOE HE FOMEOMOPCOHO HUKAKOMY 1aakoMy MHoroobpasuto. C
rpynnamMu CUTyaLus MHasA: BCSIKAast TOMOJIOMMYecKasi rpynna, JoKanbHO roMmeoMopdHas
€BK/INJIOBY MPOCTPAHCTBY, JONYCKaeT CTPYKTypy rpynnbl JIn, n NnpuTtoM efuHCTBEHHYIO;
APYruMK cnosamu, Ans aoboli Takoll Tonofornyeckoin rpynnel G CywlecTsytoT rpynna
Jn G n Tononorudeckuii nsomopdusm (T.e. N30MopdhuM, SBASIOLMIACS
OfHOBPEMEHHO roMeomopdunamom) Mexay G u G. Bonee Toro, BMeCTO J10KanbHOI
€BKJINI0BOCTN AOCTaTO4HO TpeboBaTh, 4TObbI rpynna bbiia NOKaAbHO KOMNAKTHONR U He
NMesa Masbix MOArpynn (MOCieAHee yCNOBME O3HAYAET, HTO HEKOTOPAsi OKPECTHOCTb
e4VHNLbI HE COLEPXKNT HETPUBNANBLHBIX NOATPYNN). Takum obpasom, C TOUKM 3peHus
Tononoruyeckoli anrebpbl rpynnbl JIn — 3TO B TOYHOCTW NIOKANIbHO KOMMAKTHbIE
rpynnbl 6e3 Manbix noarpynn.



MpuBenéHHbIE NpUMEpPDLI NMOKA3bIBAOT, YTO HaJU4YMe HEMPEPLIBHbIX PYMNMNOBbLIX
onepaumii Ha TOMONOrMYECKOM MPOCTPAHCTBE OKa3blBaeT BeCbMa CUJIbHOE BJIMSIHUE Ha
TOMOJIOrMYeCKNe CBOWCTBA 3TOrO NpocTpaHcTBa. BepHo u obpaTHoe.

© HepaunckpeTHble OTAeNNMbIE TPYNMNOBLIE TOMOMOMMN CYLLECTBYIOT Ha Ha BCEX
HeckoHeuHbIX rpynnax. [pynnbl, Ha KOTOPLIX Takue TOMOJIOrMN CYLLECTBYIOT,
Ha3bIBatOTCA ToMnosorusmpyembiMu. Bonpoc o cyuiecTBoBaHNM HETOMONOMU3MPYEMbIX
HeckoHeuHbIX rpynn 6bin noctaener B 1941 r. A.A. MapkoBbIM, KOTOpbIi
chopMynnpoBas rmnoTesy, 4To BCsikasi beCKOHeYHasi rpynna Tonosoru3npyema.
Mpobnema MapkoBa ocTaBanacb HepelléHHol nodTu copok net — go 1980r., korga

OblAM NOCTPOEHbI CPa3y ABa MPUHLMMMNAILHO Pa3HbIX MPUMEPA HETOMOIOMM3NPYEMbIX
FPynmM, CYETHBIA N HECHETHBIN.



Cuétnyto netononorusmpyemyto rpynny noctpoun A.FO. Onbwanckuii. Ita rpynna G
coaepXXuT koHevHoe MHoxecTBo Z = {1,z1,...,2x} C TeM CBOICTBOM, 4TO A5t
Bcsikoro g € G\ {1} cywectsyet ng € N, ans kotoporo g € Z \ {1}, npnuém Bce
4MCNa Ng OrpaHn4eHbl B COBOKYNHOCTU ogHum ducnom N € N.

Takum 0bpa3oM, KaxAblii OTINYHBIN OT €AUHULLBI SJIEMEHT g SIBNSIETCS PELUEHNEM
OfHOr0O 13 ypaBHEHUI x = zi,tae i < Nnj<k.

MHOXECTBO peLueHmnii N1toboro Takoro ypaBHEHUsI 3aMKHYTO B J1t0boli oTAenMMoli
rpynnoBoii Tonosiorun Ha G, NOTOMY HTO OHO SIBASIETCS NPOODPA3OM OAHOTOHEYHOrO (1
CnefoBaTeNbHO, 3aMKHYTOrO B Nitoboli T1-Tononornn) MHoOXeCTBa {z;} npwu
oTobpaxeHun f: x — X', KOTOpoe 06513aHO BbITL HEMPEPbIBHLIM B CUJY HEMPEPbIBHOCTY
YMHOXEHUSI.

Crano bbITh, gonosnHenne fo eguHuupl B rpynne G sIBNSIETCS KOHEYHBLIM
0bbefUHEHNEM 3aMKHYTBIX MHOXKECTB U MOTOMY 3aMKHYTO B Jit0bOli rpynnoBoii
Tonosnorun. CnefoBaTensbHo, ofHOTOYEHHOE MHOXeCTBO {1} (a 3HaunT, u BCe
OCTaJibHble OLHOTOYEYHbIE MHOXKECTBA, TaK KakK TOMOJIOrMYECKNE TPYMMbl OAHOPOAHbI)
OTKPLITO B N10DOI OTAENMMOl rpynnoBoii Tonosioruu, T.e. atobast oTaennmas
rpynnoeas Tononorus Ha G gMckpeTHa.



Hecuéthbiii npumep noctpoun C. LLlenax. On ckoHcTpyuposan ceoto rpynny G B
MPEANOIOKEHNI CMPABELJIMBOCTN KOHTUHYYM-TUMOTE3bI (OHO COBMECTUMO C
aKCMOMaMM Teopun MHOXeCTB). JTa rpynna G obnagaer Tem 3aMevaTeNbHbIM
CBOICTBOM, Y4TO OHa MOPOXAAETCS JIHOObIM CBOMM HECHETHBLIM MOAMHOXKECTBOM,
NPUYEM B OYeHb CUJIBHOM CMbICIIE:

S10000 — @ nng noboro HecuétHoro S C G.
Kpome toro, G = |J M,, rae Bce M, — cuértHble nogrpynnbl G €O CBOCTBOM,
a<wi

KOTOPOE HAa3bIBA€TCA MaJIHOPMAJIbHOCTbIO U aHTUHOPMAaJIbHOCTbHO!
g 1My, -gnM, = {1} pnsa nwboro g € G\ M,,

NPUYEM
P M, C Mg ana o < 3.



Mpegnonoxum, 4to U — OKpecTHOCTb eAMHNLbI B HEKOTOPOIA HELUCKPETHOW rpynnoBoii
Tononorum Ha rpynne G.

Ecan U cuétHa, To oHa cogepxutcs B HekoTopoli nogrpynne M, a 3HauuT, ans
noboro g € G\ M, umeem g1 - U-gn U = {1}. CnepoaTentHo, ogHoTOueuHOE
MHOXecTBO {1} sIBNsSIeTCA OKPeCTHOCTbIO eanHNLbl, Byayyn nepecedeHnem asyx
OerCTHOCTeVI €ANHNLDbI, @ 3HAYNT, TONONAOIrnNA ANCKPETHA, BOMPEKU NPEANnOJIOKEHNIO.
Takum 06pa3oM, B HeANCKPETHON rpynnoBoii Tononorum Ha G CHETHBIE OKPECTHOCTM
€aunHnLUbl HE MOTyT CyLWLECTBOBATb.

B cuny HenpepbIiBHOCTN YMHOXEHUSI KakoBa bbl HU Bblna oKpecTHOCTb eanHubl U,
HallaéTcs okpecTHocTh eguuubl V, ans kotopoit V10000 . Mbi Tonbko yTo
nokasanu, 4to V pgonxkHa bbiTe Hecué€THoit; 3HaunT, U = G. Takum obpasom, Bcskast
HEeANCKPETHas rpynnosas Tonosorns Ha G aHTUAWCKPETHaA.

Bcsikas rpynna, gonyCckawwasa KOMMNaAKTHYIO OTAE/IMMYHO rpynnoByO TOMOJIOInto,
BKNaAbIBAa€TCA B Ka4eCTBE NnoArpynnbl B 4EKAPTOBO NPOU3BEAEHNE KOHEYHbIX rpynn.



Mpocreiwue ceolicTea Tonosorusecknx rpyan

Teopema
llycte G — Tononorndeckasi rpynna u g € G. Torga

© orobpaxenne Ry: G — G, onpegenéHHoe npasuom X — X - g, sABJAETCA
roMeoMopU3MoM;

@ orobpaxenne Ly: G — G, onpegenérHHoe npasunom X — g - X, ABJAETCS
roMeoMopgu3Mom;

© otobpaxenne i: G — G, onpegenérHoe npasuaom x — x L, seasercs

roMeoMopU3IMOM.




[MpennoxxeHune

Tononorusi . Ha rpynne G sIBASETCS rpynnoBoi Torga U TOAbKO TOMAAa, KOrha
ans mobbix X,y € G u noboii okpectroctu U anementa x -y~ 8 (G, T)

CYLLeCTBYIOT Takue OKpecTHocTu Vi u V,, 371eMeHTOB X U y COOTBETCTBEHHO, (%)
yt10 Vi - Vyf1 cu.

[NokasaTtensctso. Heobxogumocts. Ecnu U — oKpecTHOCTb 3neMeHTa X - y 1, To 13

HEMPEPbLIBHOCTI YMHOXEHWS CNeAyeT, YTO CyLecTByIOT Takue okpectHoctn Vi n V) 1
3/1eMeHTOB X 1 y 1, yto Vi V-1 C U. TNockonbky B3sTUe 0bpaTHOrO HenpepbIBHO,
CYLLIECTBYET OKPECTHOCTb V), anemeHTa y, Ans KOTOPOi V;l C Vy-1. Vimeem

V, - Vy_1 CVi-V,1CU.

Locratournocte. [MycTtb BbinonHeHo ycnosue (x). MMposepum, 4To B3siTME 0bpaTHOrO
HenpepbiBHO. [ycTb x € G u U — okpecTHocTb anementa x 1 B (G,.7). Mockonbky
x~1=1-x71, n3 ycnosus () BbiTekaeT cyujecTeoBaHne okpectHocTell V u Vi
anemenToB 1 1 x, ans kotopeix V- Vol C U Umeem V1 =1V luleV —
Vil=1-V 1 c V-V, 1 C U. HenpepbiBHOCTb yMHOXeHUS BbITeKaeT u3 (x) u
HEeMNpPepbLIBHOCTN B3sTUsi 0bpaTHOro. O




Mpepnoxerne

Tononorusi 7 Ha rpynne G SIBASETCS rpynnoBoli TOrga v TOJbLKO TOr4a, KOrga
ans mobbix X,y € G n aoboii okpectrocTu U anementa x -y 8 (G,.7)

CyLjecTBytoT Takue okpectHoctu Vy n V, anemeHTos X n'y, (%)
=il
yro V.~ -V, C U.

MNpepnoxerne

lycts G — Tononorndeckas rpynna, U C G u g € G. Torga caegyrouyme ycnosus
PaBHOCUJIbHBI:

@ U — okpectHocTb 1;

Qo Ul— OKPECTHOCTb 1;

Q@ g ! U-g — okpectHocts 1;
Q@ U-g — okpectHocTb g;

© g U — okpectHocTsb g.




[Mpennoxerne

llyctb G — Tononorudeckas rpynna, U C G n g € G. Torga cnegyrowme ycnoBus
PaBHOCUJIbHBI:

@ U — okpecTHocTb g;
Q@ g ! U — okpectHocTs 1;

Q U-g! — okpectHocts 1.

Mpepnoxerne

Ecnn 8 — basa okpecTHoCTel equHnybl B Tononorndeckoii rpynne G, to gasi aoboro
g € G kaxkgoe n3 cemelicTs

{V-g:VeB} n {g-V:VecB}
— basa okpectHocTeri To4kn g B G.

v

HokazaTenscteo. Ons noboro V € % mHoxecTBo V - g — OKPecTHOCTb 3/1eMeHTa g B
G. Ecnu U — okpectHocTb g, To U - g=1 — okpecthocTb 1 B G. 3HauuT, cyliecTByeT
MHoxecTBo V € %, ans koTtoporo V C U-g~t. Nmeem V - g C U. O

V.




Teopema

Mycts G — rpynna. Cemeiicteo B C P(G) sisnetcsi basoii okpectHocTeii 1 B
HekoTopoii rpynnosod Tononorun 7 Ha G Torga u TONbKO Torha, Korga

Q@ Ue¥% = 1€,

QU,Ve# — IWeHB: WcCUNV,
QUe% — IVeRB: V-VClU,

QUec# — IVezrB: V1cU

QUcHB geG = IVeRB: gt - V.gCU,
QUeHB uel = IVeRB u-VCU.

B aTom cny4ae kaxzgoe ns cemeiicts
{U.g:UcRB,gecG} n {g-U:UcB,gecG}

aensieTcs baso Tononorun .




Teopema

lycts G — Tononornyeckas rpynna n 98 — baza okpectHocteii 1. Torga gns aoboro
ACG

0O A= N AU
Ues

Q A= N U-A
Ues

@ N = (| U — 3amkHyTas HopmanbHasi nogrpynna rpynnsi G.
Ue#

Nokasatensctso. @ Ecim x € A, foVU € # x- U™t — OKPeCcTHOCTb X —>
x-UTNA#@. 3naunT, x - u~! = a ansa HekoTopbix u € U n a € A, Tak 4To
x=a-ucA-U.
O6paTHo, nycTb x € () A- U, n nycts V — niobas okpecTHocTb x. Torga V1. x
Uez
— okpecTHocTb 1, n U C V-1.x gns Hekotoporo U € A. Mockonbky x € A- U,
nMeeM x = a- v 1. x ans HekoTopbix a € An v € V, otkyra ac€ AN V.




Q1 1=1 = VYUeBIVyePBT.,4t0 Vy-Vy C U. 3Hauur,
N-N= (VQ%V)<VD%V> “ <VD£‘7VV) “ (UQ%VUVU> - <UD§€U) =N

AHa.HOFI/I'-iHO AOKa3blBAETCs, 4YTO
NTcN nw gt-N-gc N Vgeo.

Mokaxkem, uTo noarpynna N 3amkHyTa. [ns kaxgoro U € B umeem U= (| U- V.
Ve#
Kpome Toro, ans kaxgoro U € Z cywectsyer V| € £ co ceoiictom Vi - Viy C U (n

Vy € U). 3HauuT, U C U - U. CnegosaTensHo,
Nc (Y Vc[lVv-Vc () Vw-Wwc [U=N.
vVe#R VeR Ue# Ues

ObpaTHOE BK/IOYEHNE OYEBUAHO. O




B ntoboii Tononoruyeckoii rpynne G cywecteyet 6asa % okpecTHocTeli 1, cocTosiuas
N3 CUMMETPUYHBIX MHOXECTB, T.e. Takas, 4to U = U1 ans scex U € A.
NelictButensHo, ana ntoboii basel Z’ okpecTHocTell 1 cemelicTBO
{UNUY: U e %'} — Toxe baza okpecthocTeil 1, n
(UnuhHtl=vullnwHt=v1nv.

Teopema

Jlrobasi Tononoruyeckas rpynna yAoBAETBOPSIET aKCMOMaM OTZEMMOCTU T3 u T31.
2

Ecnn Tononorndeckas rpynna ygosnetsopsieT akcuome Tg, TO OHa BrOJIHE perynsipHa
(v ygoBneTsopsieT akcuomam T-T,1 )-
2

Mbi Bygem Ha3biBaTb TOMONOTMHECKYIO YNy, YAOBNETBOPSIOLLYIO Nt0DOI (KaXkaoii) 3

akeuom To—=To, T3+ T1i n T3l + T1 NpocTo OTAENUMOIA.
2



I'Iop,M HOXXECTBaA TOMOJIOrNMHECKUX rpynn

Mpepnoxerune

lycts G — Tononornyeckas rpynna, g € G u X C G. Cnegyrowyue ycnosus
PaBHOCUJILHBI:

Q@ X orkpeiTo (3amkHYTO);
@ X! orkpeiTo (3amkHyTO);

© X - g otkpbiTo (3amkHYTO); g - X OTKpbITO (3aMKHYTO).

Teopema

Ecan G — tononorudeckasi rpynna, X, Y C G u X otkpsiTo, T0 MHoxecTBa X - Y un
Y - X Toxe oTKpbITbI.

OKa3aTesIbCTBO.
A x-y=JXxy
yeyYy




Teopema

Mycts G — Tononorndeckas rpynna u X,Y C G. Torga X-Y C X-Y u
XT=X"

Mokasatensctso. Mycte x € X my € Y, u nycts U — ntobasi OKpecTHOCTL 3n1eMeHTa
x-y B G. Bo3bmém okpectHocT V' u W anementoB x 1 y, ans kotopeix V - W C U.
Umeem VNX ASu WNY #@. Onax eVNXuy e WNY umeem
Xyle(V-W)n(X-Y)cun(X-Y). O

V.




Teopema

lycts G — Tononorundeckas rpynna, X C G 3amkHyTto u K C G komnakTHo. Torga
XK un K- X 3aMKHyTbI.

[Hokazatenscteo. MMycte x € G\ X - K. Torpa x - K~1N X = &. 3nauur,
x-K~1C G\ X. Npu stom G \ X oTkpbiTO.

Hns kaxporo y € K nyctb U, — oKkpecTHOCTb TOo4KM X 1 V), — OTKpbITas
OKPECTHOCTbL TOouKM y Takue, 4to U, - Vy_1 C G\ X.

Cewmeiicto { V), : y € K} — otkpbiToe nokpbiTue komnakta K. Mycte {V),,..., V), }
— ero KoHeuHoe nognokpbiTue. Torga U = (1) Uy, — oKpecTHOCTb TOYKM X W

i<n
v-ktcu- (Jw) —YuvitcJu,vtcex
i<n i<n i<n

Mokaxem, uto UN X - K = &. MNycTb 370 He Tak, 1 nycTb u = X' - y AN HEKOTOPbIX
velU xXeXnyecK. Torpax' =u-yteU-K1cG\X. MNpotusopeume.

Ntak, U — okpecTHOCTb X, He nepecekatowast X - K. Mol nokasanu, 4To HuUKakasi
Touka n3 G \ X - K He npegenvhas gns X - K. O




Teopema

Ecnn G — Tononorudeckasi rpynna u A, B — eé HenycTbie cBsS3HbIE MOAMHOXXECTBA, TO
MHOXxecTBo A - B Toxe cBs3Ho.

HokazaTenscteo. Ons nobbix a€ Au b € Bumeem a-b € a- BN A- b. 3navur,
MHOXeCTBO a- B U A - b cBazHo, byayun obbeanmHeHneM AByX NepeceKkatoLmxcs
CBA3HbIX MHOXeECTB a- B n A- b. Jliobbie gBe To4ku ai - by 1 as - by U3 MHOXecTBa

A - B cogepxaTcs B CBA3HOM NOAMHOXeCTBe a; - BM A - by 3Toro MHOXecTBa. 3HauuT,

MHoxecTBo A - B cBasHo. EIJ

Mpepnoxerne

Ecin G — otgenmmas Tononorudeckas rpynna, n € N, AC Gua"=1VvVac A, 7o
a"=1VaeA.

JokazaTensctso. [peanonoxum, 4to Haiiaétcs a € A, anst kotoporo a” # 1. Mycts U
— okpecTHOCTb a", He comepxawast 1, n nyctb V' — OKpecTHOCTb a, Assi KOTOPOii
V" C U. Bosbmém b € VN A. Nmeem b" € V7, Tak uto b" # 1. MNpoTtueopeune. O




Moarpynnbi

OTHbIHE CEMECTBO BCEX OTKPbLITLIX OKPECTHOCTEN 3/1eMEHTa g B TOMOAOrMHECKON
rpynne G byaem obosHauaThb Tg.

Ecan G — Tononornyeckas rpynna u H — noarpynna rpynnel G, 7o H ¢
WHAYLMPOBaHHOW TONOJOrMeli — TOMONOrMYeCKas rpynna.

[okazatenscteo. Ecnm x,y € H n U — okpecTHocTb X - y~1 B H, To no onpegenexuto

nHayunposarHoii Tononorun U = O N H ans HekoTopoii okpecTHocTn O Toukn x -yt
B G. CyuwecTsytoT okpectHocTu V n W Touek x u y 8 G, ans kotopbix V - W~1 C O.
Muoxectea VN H un UN H — okpectHoctu x m y B H, 1

(UNH)-(VAH)CONH=U. O

B masnbHeliwem noarpynnbl BCerga pacCMaTpUBAOTCA C MHAYLMPOBAHHOW TOMOJIOrMEN.



Cnepcteue (M3 TeopeMbl O 3aMblKaHIUN MPON3BEAEHMS)

Ecnn H — noarpynna Tononornyeckoii rpynnsi G, To H — Toxe nogrpynna G.

Mpepnoxerne

Ecnan G — Tononorndeckasi rpynna, H — eé nogrpynna v Int H # @, To H
OTKPBITO-3aMKHYTa.

Jokazatensctso. Mycte h€ Hu U C H — okpecthocTs h. Torga V = U-h™1 —
okpectHocts 1, n V C H. Odna nwoboro x € H umeem x -V C x-HC H-H C H.
3HaunT, H oTkpbITa.

Mycte x ¢ H. Torga x - HN H = @. 3Haunt, H 3amkHyTa. O

Teopema

B nroboii Tononornyeckosi rpynne G cBsi3Has KomnoHeHTa eaunHuubl Ci siBasieTcs
3aMKHYTOU HOPMaJIbHOU MOArpynmno.

Hokazatenscteo. Muoxectsa C - (q, Cfl ng 1. Ci- g cesasmbl n conepxat 1. EIJ




Jtoboe cemelicTBO HOpMasibHBIX nogrpynn rpynnbl G, 3aMKHYTOe OTHOCUTESILHO
KOHEYHbIX MepecedeHunii, siBnsieTcst 6a3oil OKPeCTHOCTER eanHNLbI HEKOTOPOI
rpynnoBoii Tononoruu Ha G.

Jioboe cemeiicTBO HOpPMabHbLIX MOAFPYNM C TPUBMUANLHLIM MEPECeHeHNEM,
3aMKHYTOE OTHOCMTENIbHO KOHEYHbIX MEPeceyeHnii, siBnsieTcs 6a3oil OKpecTHOCTE
ef4VNHNLbl HEKOTOPOW OTAENMMOlI rPyNnoBOA TOMOAOT UK.

Onpegenexue

'pynnoBasi Tonosnorns Ha3bIBAETCs JIMHENHON, eC/in OHA NOpOXAeHa basoii
OKPECTHOCTEN eMHULIbI, COCTOSILLEN 13 NOArpynn.



Teopema (van Dantzig)

Ecan Tononornyeckas rpynna G /10KasIbHO KOMIMAaKTHA U BrOJHE HeCBA3Ha, TO eé
TornoJsiornsa otgeanma v JINHENHA.

[okasatenscteo. G Bnonwe HecesisHa — {1} =G ={1} = Gc T, (=
G e T2).

Mycts U € 71, n nycTb V € 71 uMeeT koMnakTHoe 3aMmbikatue V C U. Torpa V —
BMOJIHE HECBA3HbIA KOMNAKT == V HynbMepHO = 3 OTKpbITO-3aMKHyTas (1
KOMMaKTHas) okpecTHocTb 1 W =W C V, W1 = W. [ns kaxpgoro g € W
Bbibepem Wy € 11 Tak, 4to W, - g C W, n Bo3emém O, € 71 CO CBOIACTBOM
Og - Og C Wy. Myctb {Og, - g1, .., Og, - 8n} — KOHEUHOE NOANOKPbITIE OTKPLITOrO
nokpeitus {Og - g : g € W} komnakta W. Monoxum O' =, Oy n
O =0'N0"L [na kaxporo g € W nmeem g € Og, - g AN HEKOTOPOro | < N 1

0-gC0O-0Of -8 CWg-giCW.

3nauut, O- W C W. Otctoga O-OC W, 0-0-0C W, .... NNycte H= |J O".
Torpa H — otkpbiTast nogrpynna G, u H C U. neN




Teopema

Ecin G — komnakTHasi Tonosorudeckasi rpynna, o YU € 7, AV € 11 Takoe, 4T0
g l-V.gcUgpgnascexgcG.

JokasaTtensctso. Bossmém W € 71 co ceoiicteamu W - W - W Cc Uun WL = W.
Cewmeiicteo {g - W : g € G} — oTkpbiToe nokpbitue G. Mycts {g1 - W,..., g - W} —
ero KoHe4Hoe nognokpsitue. Monoxum V = () gi- W - gfl. Nmeem gfl -V.gcW

i<n
onsa i < n.
Kaxablii anemeHT g € G copepxuTcs B HekoTopoM g - W. Vimeem
gt V.gcwl. gt vig-Wecw? - w-wcUu. O
v
Cnencteue

Ecan Tononornyeckasi rpynna G KOMNakTHa U BMOJIHE HECBSA3HA, TO €€ TOMOMAOrns
MOPOXKFAETCSI OTKPbITHIMU HOPMaJIbHbIMU Mogrpynnamu (kak b6asori okpecTHocTed 1).

V.




OTobpa>keHnsi TOMONOrMHECKMX TPy
N onepaunu Hag HUMY

Teopvm TONONONM4YeCKNX rpynn BO MHOromM napansesibHa Teopunn O6LIJ'I/IX
TOMNONOINrN4YeCKNX NPOCTPAHCTB!

HenpepblBHble 0TODPaXeHMst <— HenpepbIBHbIE FOMOMOMOPU3MbI
roMeoMopdun3Mbl <— TOMONOrMYECKUE U30MOPGUIMBI

noanpoCTpaHCTBa <—— TONOJIOrMYeCKne noarpynnebl

Onepauun

@ Tononornyeckne rpynnel, Kak n obuyme NPOCTPAHCTBA, MOXKHO MEPEMHOXATh, Ha
[LEKapTOBOM MPOU3BEAEHNN MPOU3BOJILHONO CEMECTBA Fpynn OnpegaesieHbl
MOKOOPAMHATHLIE ONepaLny YMHOXKEHUS 1 B3SITUSI ODPaTHOrO, OTHOCUTENILHO KOTOPbIX
npou3BeAeHne SIBASIETCS PYNMoii, a TUXOHOBCKas (U silnyHas) Tononorus
Npou3BeAeHNs SIBISIETCS TPYNMOBOIA.



Hokazatenscreo. Mycte X = (Xa), ¥ = (Vo) € [[pca Ga = G v O — nrobas
OKPECTHOCTb 3neMeHTa X - ¥+ = (x, - ¥ 1) B G c Tononorueii TUXOHOBCKOrO
npouseefeHus. [lo onpeneneHunto stoit Tononorum Haigytea n € N, a1,...,a, € An
OTKPbITbIE OKPECTHOCTU Ug, TOUEK Xq * Yot B rpynnax Gg, Takue, 4TO npowssefeHue
U=1T]l,caXa toe Xo = Uy ans o € {0, ..., an} n Xy = Gy ans a ¢ {aa,...,an},
copepxutcs 8 O. Bece G, — Tonosiormyeckne rpynmbl, No3TOMy Afst KAXKAOMO i < N
cyuwiecTBytoT okpecTHOCTH Vo, 1 W, 3N1EMEHTOB Xy, 1 Yo, Takue, 4To Vi, - Wit C U,
Mo onpefeneHnio TUXOHOBCKOI TOMOJOM AN NPOU3BEAEHNSI MHOXECTBA

V=] X

a€A

rae Xo = Vo ansa € {aq,...,ant n Xo = G, ans a ¢ {a1,...,ap}, n

w =[] X,

a€cA
rae Xo = Wy ans o € {ai,...,an} n Xy = Gy g a ¢ {a1,...,an}, sensorcs
OKpecTHoCTAMU Touek X ' y B G. TMpouseegenne V - W1 = [loca Za tae
Zo=Vo - Wlansac{ay,...,an} nZy = G, ans a ¢ {a1,...,a,}, copeprutcs

B UCO. m)




© AHanora cyMMbl TOMOJIOMMHYECKUX NMPOCTPAHCTB A TOMOJNOMMYECKUX TPynn HET, 3aTO
onpegeneHa npsimasi cymma € G, cemeiicta Tononoruyeckux rpynn G,, o € A, —

3TO noAarpynna AeKapToBa nggvﬁsep,eHma, COCTOAWaA N3 TOYEK, NMNLb KOHEYHOE YNCNIO0
KOOPANHAT KOTOPbIX OTJINHAETCA OT €4AMHUL, COOTBETCTBYHOLLNX COMHOXXUTENEN:

PG ={(x) € [] Ga:{ac A xa # 1} <No}.

acA acA
Kak npasuno, OHa CHa6>KaeTCF| TOHOHOFVIeVI, MHp,yLI,VIpOBaHHOVI TUXOHOBCKOWA
Tonosorneii JekapToBa NPON3BeAEHNS.



© B Teopun TOnonornvecknx rpynn CyLLeCTBYIOT U ONEPALAN, HE UMEIOLLME faXe
OTAANEHHBIX aHANOroB B TeOpuM obLynX TOMOAOrMYECKNX NPOCTPaHCTB. K HuM
OTHOCWTCSI, HanNpuUMep, onepaLus nepexoga oT TOMOJOrMYeckoi rpynnsl G K rpynne é
[BOICTBEHHOI el B cMbiciie [MoHTpsirHa. DnemMeHTaMu G sensioTcs HenpepbIBHbIE
xapakTepbl rpynnbl G, T.e. HenpepbiBHbIE TOMOMOPMU3MbI 13 G B OKPY>XHOCTb, U G
cHabXkaeTcst Tononorneli paBHOMEPHON CXOLUMOCTU Ha KOMMAKTHbLIX MOAMHOXECTBAX
G; rpynna G Bcerpa abenesa. Onepaymio nepexoaa K ABOWCTBEHHON rpynne obblYHO
PacCMaTPMBAOT TOILKO ANSl JIOKAJbHO KOMMAKTHbIX abeneBbIxX rpynm; 4jst Takux rpymnn
[JBONCTBEHHbIE FPYNMbl TOXE ABASIOTCA JIOKAJIbHO KOMMAKTHBIMU, 1 BCSIKast JIOKaIbHO

KOMMaKTHast abeneea rpynna G Tononoruyeckn usomopdHa rpynne G — B 3ToM
cocTonT Teopema [loHTpsirMHa O ABOWCTBEHHOCTMN.



OTobpaxeHus

Mockonbky BCsikasi TOMONOrMYecKast rpynna siBASETCs TONOAOMMYECKMM MPOCTPaHCTBOM,
MOXXHO FOBOPUTL 06 OTKPBLITOCTU, 3aMKHYTOCTU 1 (haKTOPHOCTU FOMOMOPIU3MOB
TOMOJIONNYECKUX TPYNN Kak oTobpaxkeHuii Tononornyecknx npoctpaHcts. OgHako u
3[€Cb HaJIMYMe TPYNMoBOl CTPYKTYPbl OKa3bIBAET 3aMeTHbIN 3hdeKT.

Teopema

Bcsiknii roMmoMopghu3m Tonosorndecknx rpynn, sBAstoWniicsl (hak TopHbIM
OTOOPaXXEeHUEM, SIBASIETCS U OTKPBLITIM OTOOPaXKEHNEM.

Hokaszatenscteo. [ycts G u H — Tononoruyeckne rpynnet u h: G = H —
roMomopdr3M, SBASIOWMIACA hakTOpHbIM 0TObpaxkeHnem. [ns noboro oTKpbITOro B
G mHoxectsa U umeem h=1(h(U)) = ker h- U (3pecb ker h — appo romomopdusma
h). 9To MHOXeCTBO OTKpbITO B G, MOCKOJIbKY OHO SIBNSIETCS OObEANHEHNEM OTKPbITbIX
MHoxecTB g - U no Bcem g € ker h. B cuny daktoproctu h muoxectso h(U) oTkpbiTo
B H. O




Tononoruyeckas rpynna H, seasitowasica obpasom Tononornyeckoi rpynnel G npu
(hakTOPHOM (= HENpPepbLIBHOM N OTKPLITOM) FOMOMOpPU3ME, Ha3bIBAETCS
Tononornyeckoii haktoprpynnoii rpynnel G.

Teopema

®aktoprpynna H otgenuma Torga v TosbKo Torga, Korja sifpo roMoMopgusma
h: G — H 3amkhyTo B G.

[okasatenscrso. Tononoruyeckas rpynna H otaenuma <= MHoxecTBo {1} B Hei
3amkHyTO (1 — egunnua rpynnsl H). o onpepenennto hakTopHOro otobpaxkeHus
mHoxecTso X C H 3amkHyTo 8 H <= h~1(X) 3amknyTo B G.

Octanock 3ameTutb, 4to h=1({1}) = Ker h.

Ons noboii Tononornyeckoii rpynnsl G nepecedenne H = (|71 siBAsieTcs cBA3HOM
3aMKHYTON HOPMabHON noarpynnoii, u caktoprpynna G/H sensercs otaenumoii
TOMOJIOrMYECKOW Fpynno.



Teopema

®aktoprpynna G/ Cy nroboii Tononornyeckoii rpynnsl G Mo KOMMIOHEHTE CBSA3HOCTU
E€ANHNLbI SIBJIIETCS] BIOJIHE HECBA3HOM OTAE/VNMO TOMOJIOrNY€ECKOM rpynmnou.

HokazaTenscteo. MNockonbky C; — 3aMKHyTasi HOpMasbHas NoArpynna, dhakToprpynna
G/ C; onpepeneHa n otaenuma.

Mycte h: G — G/C; — ecTecTBeHHbIA romomopduam, u nycte C; — KOMMOHEHTa
ceazHocTu eguinubl 8 G/ Cp. Monoxum H = h=1(C]). Torga H — 3amknyTas
HopMasibHas nogrpynna rpynnel G, n H O (3.

Mycte V — ntobas oTKpbITO-3aMKHYyTast okpecTHocTb 1 B rpynne H. Toraa
v-C CV gns Bcex v € V, nockonbky ntoboe MHOXecTBO Buga g - C; CBsA3HO.
3naunT, V = V- G = h| ;' (h|u(V)). Tomomopduam h|y sensetca dakTopHbiM
oTobpaxernem. CnepoatensHo, MmHoxecTso h|y( V) oTkpbiTo 1 3amkhyTo B Cf, a
3Ha4YUT, COBMAJAET C C{, otkyaa V = H. Takum obpasom, nogrpynna H ceasHa un
conagaet ¢ Cy, Tak yto (] = {1} B rpynne G/G;. O

v




KomnakTHble BMOJIHE HECBA3HbIE TOMOJIOrMYECKMNE rpynnbl Ha3bIBAOTCA NMPOKOHEYHbLIMMW.

[MpokoHeuHasi Tonosorusi Ha tobol rpynne NopoxaeHa Bcemu (HOPManbHbIMM)
NOArpynnamMm KOHEYHOrO MHAekca (Kak okpecTHocTsimu 1).

Ipynna G cuHuTHO annpokcumupyema, ecnm ans noboro g € G \ {1} Haiigércs
romomopdusm h: G — F B koHeuHyto rpynny F, yaoBneTBOpsOWNA YCIOBUIO
h(g) # 1. NHbimn cnoBamu, G pUHUTHO annpoKCUMUPYEMa, eCN g SABNSIETCS
MOrpynmnoii NPON3BeAEHUsI KOHEYHbIX TPymn.

Teopema

Tononornyeckasi rpynna ouHUTHO annpoKCUMUPYEMAa TOrAa U TOJIbKO Torga, Korga eé
[POKOHEYHAs TOMOJIOrNs OTAEANMA.




CBO60,£I,HbIe TOMOJIOTNHECKME rpyrnbl -

CeobogHble rpynnbl — 3TO rpynrbl, S/EMEHTbI KOTOPbIX HE CBA3aHbI HUKAKMMU
COOTHOLWUEHNAMN, KPOME TEX, KOTOPbIE BbITEKAOT N3 ONpeaeneHnsa rpynnbl. BCﬂKaﬂ
cBobogHas rpynna G cBobogHO MOpoOXAeHa HEKOTOPbIM CBOMM MOAMHOXECTBOM X 3TO
03Ha4aeT, 4To oboii aneMeHT g € G MOXKHO 3anucaThb B BUAe NPon3BeseHust
sneMeHToB X € X 1 UX 0bpaTHbIX, NPUYEM Takasi 3anucCb efUHCTBEHHA C TOYHOCTLIO A0
BCTaBKM U BbIYEPKMBAHUS KOMOUHaUW BUAa X - xTux1. x Ons ceobopaHoii
rpynmbl, NOPOXAEHHON MHOXeCTBOM X, ncnonb3ytoT obosHauverue F(X).

CeobogHble rpynnbl 0671a8aloT Tak Ha3bIBAaEMbIM YHUBEPCAJbHBIM CBOWCTBOM: Jitoboe
otobpaxeHune f: X — G nwboro mHoxecTBa X B /itobyto rpynny G npogosixaercs, u
NPUTOM EAMHCTBEHHBIM 06pa3oM, 4o romomopdusma f : F(X) — G. lMpn 31om
nonsiTHo, uto F(F(X)) C (X)¢ (3meck n Hnxe (X)g o6osHauaeT rpynnosyto 06onouKy
MHoxecTBa X B G).



[lns kakporo TUXOHOBCKOrO npocTpaHcTea X onpegenexa ero ceobogHas
Tonosnorndeckas rpynna F(X). Kak rpynna ato cBobogHas rpynna, nopoxgéHHas
MHOXeCTBOM X, 1 OHa cHab)xeHa rpynnoBoli Tonoaorueli, OTHOCUTENbHO KOoTopoi X
SIBJISIETCS MOAMNPOCTPAHCTBOM Tonosoruyeckoit rpynnel F(X) n ans kotopoii
BbINOJIHEHO aHAJIOFMYHOE YHIMBEPCalbHOe CBOWCTBO!

noboe HenpepbisHoe oTobpaxenne f: X — G npoctpaHcTea X B /itobyro
Tononorndeckyto rpynny G e4uHCTBEHHbIM 0bPa30M MPOJOJIKAETCS JO HEMPEPLIBHOIO
romomopcpusma f: F(X) — G.

Takum obpasom, Tononorusi ceobogHoii Tonosoruyeckoii rpynnel F(X) — cunbHeiiwas
N3 BCex rpynnoBbix Tononoruit Ha F(X), nagyunpyowmx Ha mHoxecTse X TOMONOrMIO
npocTpaHcTBa X. MoxHO nokasaTb TakxKe, 4TO 3TO cnabeiiluast n3 BCex TONONOrMii C
YHNBEPCabHbIM CBONCTBOM.



CyuiecTBoBaHMe CBOHOLHON TOMONOrNYECKON Fpynmbi

PaccmoTpum cemelicTBo # BCex HenpepbiBHbIX oTobpaxeHunii f: X — Gf, rae Gf —
OTAENMMbIE TOMOJOTMHECKUE FPynnbl, siBAstowmecs (Kak NpoCTpaHCTBa)
NOANPOCTPAHCTBAMU TUXOHOBCKON CTeneHn R2” (3TO orpaHuYeHne HyXXHO Afsi TOTO,
4TODbI paccMaTpuBaeMble rpynnbl 1 OTOOPaXkeHMsi 0DPa30BLIBANN MHOXECTBA).

C TouHoCTbO 00 romeoMopdusMa 1 B3sATUA HagoTobpaxeHuii oTobpaxeHus f € &
peasn3ytoT BCe HenpepbiBHble 0TobpaxeHus nz X B ntobble TONOAOrMYECKNE rpynnb.
$IcHO, 4TO ecnm HaMm yAacTCst onpeaennThb rpynnosyto Tononoruto Ha F(X) Tak, 4to
noboe HenpepblBHOEe oTobpaxkeHue : X — G u3 cemelicTBa % NpoAoIKaAETCA A0
HenpepbIBHOrO roMomMopduama f : F(X) — G, To cBobopHas rpynna c 3Toii
Tononorveii byaet obnagate yHUBEPCANbHLIM CBONCTEOM.



pynnosas obonouka (A % (X)) B rpynne || Gr obpasa npoctpanctea X npw
feF

AnaroHansHom npoussegerunn A % : X — []| Gf ssnsetcs ceobogHoi
feF

Tonosormyeckoli rpynnoii npoctpaHcTea X.

To, yto (A . (X)) obnapaeT yHuBepcasbHbIM CBONCTBOM, BbITEKAET U3 TOrO, YTO
BCe HerpepbiBHble oTobpaxeHust X — G 13 cemeiicTBa .%# peanmnsytoTcs Kak
npoekTuposatusi X Ha comHoXuTenn G, a 3Ha4YMT, NPOJOKAOTCS A0 rOMOMOPGU3MA
— MPOeKTUpoBaHus BCero nponssefernsi Ha G. CyxxeHue npoekTUPOBaHNS Ha
(X) = F(X) — Tpebyemoe npogomkeHne. Kak yxe 0TMe4anoch, U3 CyLeCTBOBaHUS
NPOAC/KEHUNIA ans BCcex f € & cnefyeT yHUBEPCANbHOE CBOMCTEO.

To, uto X romeomopdHo Bknagsisaercs B (A .Z (X)), cnepyer ns Toro, 4To faxe
y>Ke HernpepbiBHble oTobpaxkeHnsi X — R paspensitoT TOUYKM 1 3aMKHYTble MHOXECTBA
(nockonbky X BMOJIHE perysisipHo).

To, uto rpynna (A % (X)) ceobogHa, MOXKHO NOKa3aTb, SIBHO NPeLbsSBUB HEKOTOPYHO
OTAENMMYIO TpynnoByto Tonosornto Ha F(X), oTHOCUTENBbHO KOTOPOI TOXAECTBEHHOE
snoxerune X — F(X) HenpepbiBHO.



["paeBckoe MpoposKEHNE NMCEBAOMETPUK Ha CBODOAHYIO rpymny

Myctb d < 1 — ncegomeTpuka Ha X u X=XU {eyu XL Ona x,y € X nonoxmm
d(x¢,y%), ecnm x,y € X pnsa Hekotoporo € = +1,

c7(x ) = 1, ecmx=enyFewmx#eny=e,
Y 0, ecim x =y = e,
1, ecnm x € X® ny € X°° pnst HekoToporo € = =£1.

Ons g € F(X) nonoxum
n __ ~
lglla = min{inf{z d(gi,ui): neN, gLuieX, g1...8n =8, U1...Up = e}, 1}.
i=1

IT0 MHBapuaHTHast (OTHOCMTENBHO COMPSKEHMI) NOSYHOPMA:
o |lglld =0 Vg € F(X) (ouesnano); o llg7 s = llglla Yg € F(X) (oueBugHo);
o |lg-hllg <llglld + ||h||d Vg, he F(X) (pns niobbix 3anuceii g = gi . . . gn,
h=hy...hg,e=up...upnme=vi...vx &1. g,,hl . hy — 3anuce cnosa gh n
Ul...UpV]...Vk — 3aMUCb €, TaK 4TO Hg||d < Z d(gi, ui) + Z d(h; Vi)

I<I‘l J\
o |hlghlly = ||g||d Vg, h € F(X) (ecm g = g1. Gni €= UL Up h=hy...hg,
Tog thg=h"1.. hilgl...gh1.. by me= h‘ hl_lul cotphy .. by,
npu4ém d(hj, hj) =0, Tak u4To ||h™ 1gh||d > d(g,,u,) = \|h*1thd < ||ng).

i<n



Mpepnoxenue (Ipaes)

inf gocturaercs, npuyém g5 HECOKPATUMOIT 3aMNCKU CI0Ba g U 3aMUCU €, COCTOSILYEN
13 byKB HECOKPATUMOW 3anucy C/10Ba g v nx obpaTHeix, a Takxe (BO3MOXHO) bykBbl €.

[okazaTenscteo. 3aMeTuM, 4TO
lglla =

n
:min{inf{zg(g,-,u,-): neN, ghui €X, gi...80 =g, u1...u,,:e},1}:
i=1

n
:inf{min{zg(g,-,u,-): neN, ghui €X, g1...8 =g u1...u,,:e},1}. (*)
i=1

MNyctb g =g1...8n €= U1... Uy
3adhukcupyem Kakoli-Hubyab NOpPAAOK COKPALLEHUIA B 3TUX 3aNUCsAX CIOB g 1 €.
Eciv gj = uj = e, To cooTeeTCTBYyIOWEe cnaraemoe d(g;, u;) B Cymme u3 (%) paBHO
Hyt0, 1 0be 3Tu ByKBbl MOXHO BbIKUHYTb. Ecin g = en uj e wnn g # e n u; = e,
TO COOTBETCTBYIOLLEE CNaraemMoe paBHO 1, Tak 4TO, 3aMeHUB g1 ... g, Ha
HECOKPaTUMYHO 3anunCb CAOBA g a Uy ... U, — Ha C/IOBO TaKOli & AJINHbI, B KOTOPOM
BCe DyKBbl — €, Mbl He yBenn4uM min B (*).




Mpepnonoxum, 4to g; # e n u; # e ansa i < n. lycTb byksa gj He cokpaujaeTcs B
CnoBe gi ... &n (NP1 3abUKCUPOBAHHPOM MOPsiAKe COKpaLLEHNii). 3aMeHnM uj Ha gj,
OykBy U, C KOTOPOIA COKpallaeTcs uj, — Ha gjfl; €CNN g; He COKPALLLaeTCsl B C/IOBe
g1 -..&n, TO OCTAHOBUMMCS, €C/IN COKPALLLAETCS — 3aMEHNM e€ Ha gj_l, bykBy gs, C
KOTOPOIi OHa COKpALLAEeTCs, — Ha gj U T.M., MOKa He Aoiiém fo byksbl gy, KOTOpasi He
COKpaLLaeTcsi B g1 ...8&n (B U1 ... u, = e Bce BykBbl cokpawatotcs). B pesynbrate
MPON3BEAEHHbIX 3aMeH C/laraemble

d(gj, uj) = d(gj_l, uj_l) d(gt, Uy = u ) d(gs = g{l, us) = d(ge, us),...,d(gr, uy)
3aMeHATCS Ha

d(gj,g;) =0, d(gjfl,gjfl) =0,d(gj,g)=0,... d(g,,gjfl).

B cnny HepaBeHCTBa TpeyrofibHUKA UX CyMMa MOXET TOJIbKO YMEHbLINTLCA. BbiknHem
N3 CNOB g1 ...8n W U] ... U, BCE 3aMEHEHHbIE Ha gj NAN gjfl byksbl. B pesynstaTe Mbi
NONYYMM PaBHbLIE UM CJIOBA, OAHAKO YUCIO COKPaTUMbIX DyKB B 3ammcu c/ioBa g 1
4ncno Byks B 3anucK e, KOTOpbIE He BXOAAT B HECOKPATUMYIO 3anuch g unum g *,
yMeHbwuTest. [Nepeiigém K HecokpaTuMoli DykBe B MOJlyYeHHOI 3anucu g, KoTopasi ewé
He BCTpeyanack B npouecce obpabotku (T.e. He gj n He g;). Mo okoH4aHUM 0bpaboTku
MOMYYUM HY)KHbIE 3aMUCK, KOTOPbIE Y>KE HE MONYYUTCS YMEHbLLNTD. O




MNyctb X — Tononoruyeckoe NpocTpaHCTBO U d — HenpepbiBHast nceBgomeTpuka Ha X.
Toraa d — HenpepbiBHas NceBpoMeTpuKa Ha X & {e} @ XL,

MNcespomeTpuka d nopoxaaeT Ha X Tonosoruto ﬂdx (6asa — BCe OTKpbITbIE WapBbI).
MonyHopma ||+||4 nopoxaaeTt Ha F(X) rpynnosyto Tononoruio J4, NOTOMy 4TO OHa
nuBapuaHTHa (Dasa OKpPecTHOCTEl e — BCe OTKPbLITbIE LUAPBbI).

Talx = ,Z,X. HeiicteutensHo, ana x € X 6a3sa okpecTHoOCTeR x B TOononorun Jy
obpasoBaHa MHOxXecTBamu Buga {xg : ||glld < a} Ans a > 0. 3ameTum:

xg € X <= g=x"tyanaye X. Ognako ||xy g = d(x,y) = d(x,y), Tak 4To
OKPecTHOCTU X B Tononorun Jy|x = wapsbl C UeHTpamMn B X B NCEBAOMETPUKe d.

Ecnm g = X7t ... x5" # e v min{d(xi,x;) : i,j < n,i #j} >0, 70 |gllg >0
(3To nerko cnepyeT N3 TOro e NPeanoXeHns).

3HaunT, ecnm X — BNOJSIHE perynspHoe NpoCTPaHCTBO € Tonosorueid Jx, To

T =sup{TJy : d — HenpepblBHasi nceBgomMeTprKka Ha X}
— oTgenumas rpynnosas Tononorus Ha F(X), n J|x C Jx, T.e. TOK[ECTBEHHOE
snoxerue id: (X, Ix) — (F(X),.7") nenpepbiBHO.



Tononorus nHAaykTUBHOrO Npegena Ha F(X)

Ons n e NU {0} nonoxum
Fo(X) = {x{'x5%...x* 1k < n,xj€ X,e; € —1,1}.
Nmeem F(X) = | Fa(X).
neN
EcTecTeeHHble oTobpaxeHns ymHoxeHus j,: (X U {e} U X™1)" — F,(X)

HEeNpepbIBHbI.

Mycte X = |J X,. MpoctpaHctBo X sinsieTcst nHAykTMBHBIM (MAM NpsiMbim)
neN
npegenom nognpoctpaHcte X, ecam U C X otkpbito B8 X < UN X, otkpbiTo B X,

ans kaxgoro n € N,

Teopema (M.U. ['paes)

Lnsi noboro komnakta X csobogHasi Tononornyeckas rpynna F(X) sensercs
VHAYKTUBHBIM npegesnom ee nognpoctpancts Fn(X).




[okasaTesnbctBo. X KOMNakTHO == Tomosorust Ha kKaxkaom F,(X) ogHosHauHO
onpegensietca otobpaxenuamn j,: (X U {e} U X 1" — F (X).
PaccmoTtpum cemeiicteo % Bcex muoxects U C F(X), ans koTopbix BCe
nepecevernsi U N Fp(X) otkpbiThl. MMokaxkem, 4To % — rpynnoBasi TOMosorusi.
Mycte U € %, v nycTtb a, b € F(X) Takosbl, 4To a- b~! € U. HyxHo HaiiTu
U(a), U(b) € %, pns kotopbix a € U(a), b€ U(b) n U(a)- U(b)~t C U.
[ns poctatouHo bonbworo k nmeem a, b € Fi(X). Moctpoum no nHaykumn
nocneposatensHoctn muoxects Uj(a) n Ui(b), i = k, k +1,... Takne, 4T0
Q ac U;(a), be U;(b);
@ Ui(a) n Ui(b) otkpeitel B F;(X);
© U(a) € Ui(a), Uy(b)  Ui(b) anj < i
Q Ui(a)- Ui(b)~t c Un Fu(X).




MuoxectBo U N Far(X) oTkpbito B For(X) = IV C F(X): V oTkpbiTO 1

V N Far(X) = UN Far(X).

Mockonbky a- b~ € V N Fak(X), cywecTeytoT okpectHocT V, n V), Todek a u b B
F(X), ans kotopbix V, - Vgl c V.

Fonoxum Ur(a) = Vo N Fi(X),  Uk(b) = Vb N Fi(X).
Muoxecta Ux(a) u Ux(b) yBoBNeTBOPSIOT HY>KHBIM YCIOBUSIM.
Myctb onpegenenst Uj(a) n Ui(b) pns i = k,k+1,...,n. PaccmoTpum komnakt
® = Up(a) ™" (Fans2(X) \ U) - Un(b) Z .

Cywectsyet U, € Te, ans kotoporo Ue - U7 C F(X) \ @.
Monoxum

Unt1(a) = (Un(a) - Ue) N Fria(X),  Unya(b) = (Un(b) - Ue) N Fapa(X).
Mpoeeprum @.
Un(a) C Fa(X), Fa(X) — komnakt = U,(a) — komnakt = Up(a) - U 3amkHyTO
= Ups1(a) C Up(a) - Ue. Ananoruuno Upy1(b) C Uy(b) - Ue.
Nmeem
Unt1(a) - Uns1(B) ' C Un(a) - Ue - Ut - Un(b) ™ C Up(a) - (F(X)\ @) - Up(b)
n U,,H(a) . Un+1(b)_1 - F2n+2(X).




(F(X)\¢)ﬂU(a (R +2(X)\U)-Un(b)
= (

(%)
\ @) - Un(b) ™ N (Fans2(X)\ U) =2
\

— |

F(X
— U() (F(X

) Un(B)~1 1 Famsa(X) C U,
E’;T:::""“O' Uni1(3) - Unia(B) ™ € U Fansa(X).

U(a) = [ Ui(a), u(b) = | J Ui(b)
Umeem U(a) € %, U(b) € % n U(a)- U(b) L C U. u
Teopema

Lns Bcsikoro snonne perynsproro X u noboro n € N X" 3amkryto Broxero B F(X).
v

[Hokazatenscteo. [ns komnaktHoro X j,: X" — Fp(X) — romeomopdHoe BnoxeHue.
Ons HekomnakTHoro X Bo3bMéM ntoboii komnakT K D X, paccmotpum F(X) ¢
Tonosoruneid, nHayunposanHoii us F(K) O F(X), n 3ametum, 4To

Jn((K)") NF(X) = jn(X™) = jn(X") 3amKHyTO B MHAYLMPOBaHHOI Tononorum (oHa
rpynnosasi u X enoxero B F(X) c sToit Tononorneii) = Tem bonee B bonee
CWJILHOA TOMOAOrNM CBOBOAHON rpynmbi. O

v




CeobogHble TOMoNOrnYeckne rpynmbl HaXoAAT MHOXECTBO npuMeHeHuii. Hanpumep, ¢
NX MOMOLLbIO MOXHO [10Ka3aTb, YTO BCsiKasi 0-KOMMaKTHasl rpynna obnagaer
ceolicteom Cycnuna, T.e. ntoboe CeMelicTBO MOMapHO HEMePECEKAOLUXCS HEMYCThIX
OTKPbITbIX MHOXECTB B TaKoii rpynne He bonee 4yem CHETHO.

CHavana [0Ka3aTeNbCTBO CBOAUTCS K CyYalo KOMMAKTHO MOPOXAEHHONW rpynnbl, T.€.
rpynnbl, NOpoXaéHHol (anrebpanyeckin) HEKOTOPLIM CBOMM KOMMAKTHBIM

MoANPOCTPAHCTBOM:
ecim G = |J K, rae K, — KOMNakTbl, 1 %/ — HECHETHOE CEMENCTBO HEMYCTbIX
neN

OTKPbITbIX MHOXECTB B G, TO CyLiecTByeT Takoii Homep n, 4To komnakT K, (a 3HauuT,
n ero rpynnosasi obonouka B G, KOTOpasi SIBASIETCS1 KOMMNAKTHO MOPOXAEHHO rpynmnoii)
NepecekaeT HECHETHOE YNC/IO DIEMEHTOB 7/ .

CnepoBaTesibHO, eCAK CyLECTBYET o-KOMNakTHas rpynna 6es ceoilictea CycauHa, 1o
CYLLLECTBYET N KOMMAKTHO MOpOXA&HHasi rpynna 6es sToro ceoiicTaa.



Tononoruyeckas rpynna G, nopoxaéHHasi CBOMM KOMMaKTHbIM nognpocTpaHcTeom K,
SIBNSIETCS HENPEPbIBHLIM (11 [AXXE HEMPEPbLIBHBIM FOMOMOPMHLIM) 0b6pasom cBODOAHOI
Tonosornyeckoii rpynnbl F(K) — Hago paccMOTpeTb TOXAECTBEHHOE BIOXKEHNE
K — G wn ero npogoskeHne Ao HempepbiBHoro romomopdusma F(K) — G.

3HaunT, JOCTATOYHO [OKa3aTb TEOPeEMyY ANsi CBODOAHbLIX TOMONOrMHECKMX rpynn
KOMMaKTOB.

HakoHeu, Bcsiknii komnakT K siBAsieTCst HenpepbiBHBIM 0DPa30M CTOYH-HEXOBCKOIA
komnakTudukaunu SD guckpetHoro npoctpaHctea D mowroctu |K| (buekyus
D — K umeet HenpepbiBHOE NpogosikeHne Ha 3D), no3ToMy [LOCTaTOMHO fOKa3aTb,
4To nnotHas nogrpynna (D) rpynnei F(3D) obnapaer ceoiicteom Cycnuna,
a TOMOJIOrUs 3TOW rPYMMbl YCTPOEHA MOHSATHbLIM 0Dpa3oM — eé HETPYLHO onucaTh B
TEPMUHAX KOHEYHbIX pa3bueHmnii MHOXecTBa D, Tak 4TO MO CyTM [OKA3aTENbCTBO
CBOAUTCS K PaMCEEBCKON KOMbBUHATOpUKE.



Ham Hago mokasatb, 4TO B 1t0BOM HECHETHOM CEMECTBE HEMYCThIX OTKPbITHIX
nogmHoxects F(3D) naiigytcs aBa nepecekatowmxcsi. CemeiicTBO HeCcHETHO —> fJist
HEKOTOPOrO N HECHETHOE HNC/IO €0 SIEMEHTOB COAEPXKMUT CIIOBA X1 ' ... X5" AJINHbI
POBHO n, Npu4ém Habopbl cTeneHeii £; y BYKB B 3Tnx CAOBax oAnHakoBbl. D Bcrogy
nnotHo B fD = Ecan O otkpbimo n x;* ... x5" € O, To HaiigyTcs okpectHocTn V;
Touek x; Takme, yto Vit ... Vi C O. D scrogy nnotHo B D = Jy; € ViNnD =
yit...y5" € O. 3Ha4uT, HECHETHOE YUCIIO NEMEHTOB AAHHOTO CEMENCTBA COAEPXKNT
cnoBa AnuHbl N ¢ bykBamu us D n oguHakoBbiMu Habopamu cteneHeii byks. Mbl
npoBeféM [OKa3aTeNbCTBO B NMpocTeiiem ciydae n = 1, B obwiem cnydae uges ta xe.
Mycts {Oy @ v < w1} — CeMEICTBO HEMYCTbIX OTKPLITbIX MHOXeCTB B F (D), n
nycTb Xo € Op N D anst & < wi. MockonbKy Xo - X1 - x = x4 € On 415 KAXKAOrO
X € BD n yMHOXeHMNE HENPEPLIBHO, Y KaXKAoW To4kn x € D ecTb OTKpbITas
okpectHocTb Uy B F(BD) Takas, 4To x, - U7t - Uy C O,. OkpectHoctn Uy, N X,
x € 8D, obpasytoT OTKpLITOE NOKPLITUE (i, KOMNAKTa BD. AHanornyHo, y Kaxkgoii
Toukn x € D ecTb oTkpbITas okpectHocTb Vi B F(SD) Takasi, 4To
Vi- Vi1 x4 € O,. OxpectHoct Vi N X, x € BD, 0bpasytoT oTKpbITOE NOKPLITUE g
komnakTa D.
MycTb 4, — KOHEYHOE AN3BIOHKTHOE MOKPLITUE KOMNakTa (3D, BnucaHHOE B fi, U B
Ve, M NyCTb Yo = {AND : A € ,}. IT0 KOHeYHOe pa3buerne mHoxecTBa D.



Nmeem:
@ Habop Touek {x, :a € w} C D;
@ Habop KoHeuHbIX pasbueHnii v,, a < wi, MHOXecTBa D;
@ ans nobbix o < wy n We*yaxa'W_1~WCOa nW-W-1.x, c O,.

Jlemma
Ecn o, f < w1 u St(xa,v8) N St(xs,7a) # @, T0 O N O # .

[okasatenscteo. Mycte xo € U €98, xg € V €74, z€ UN V. Torpa
Xa-Z_l-Xlg Exy V1 VCO,,
Xa-Z_l-Xg e VU- U_l'Xﬁ C Oﬁ.




[Mycts D — ntoboe mHoxecTso, {x, : L € |} — ero beckoHe4yHoe MOAMHOXECTBO, 7,
L € |, — koHe4Hble pasbuenns mHoxectBa D, N € N n |y,| = N gns Bcex v € I. Torga
cywecTeytoT pasandneie i, j € |, ans kotopeix St(x;,v;) N St(xj, i) # 2.

[okazatensctso. Myctb v; = {Ajx : k < N}, i € [. 3acpnkcupyem ntoboii nuHeiiHbIi
nopsaok < Ha I. ns kaxpoii napsl {i,j} € [/]?, rae i < j, nonoxum
c({i,j}) = (k,1), ecnn x; € Aj k n x; € A; ;. NMonyunnn packpacky

c:[I]2 — N2
Teopema Pamces == 3 (k, /) € [/]> n 6eckoneuroe J C | Takue, 4To
c({i,j}) = (k,1) pna mobbix i,j € J. Nycte i,j,p€ J, i < p < . Torpa
® X; € Apk n Xp € Ajy, Tak kak c({/, p}) = (k,1);
o x; € Ajxunx €A Tak kak c({/,j}) = (k,1);
° x, € Aj kv x; € Ay, Tak kak c({p,j}) = (k,I).
WNmeem x, € St(x;, ;) N St(x;j, 7i).




YHuBepcanibHoe CBONCTBO CBODOAHOI Tononornyeckoii rpynns F(X) moxHo
ChOpMYNMPOBaTL HEMHOIO MHAYeE:

ans moboro HenpepbiBHOro otobpaxkenust f: X — G B Nobyto TONOAOrMYECKYHO
rpynny G Cyl|ecTBYeT euHCTBEHHbIN HenpepbIBHbIZ romomopdusm f: F(X) — G, ans

KOTOpPOro amarpamMmma X

TG

FIX) —— 6

KOMMYyTaTuBHa (3peck Yepes id = j; obosHayveHo ToxaecTBeHHoe Bnoxenne X B F(X)).
OrpaHn4mBasicb rpynnamm 3 onpeaesi€HHbIX KNaccos (MHOroobpasuii Tonosormyeckmnx
rpynmn), MOXHO OMpPeAeNsiTb CBODOAHbBIE TOMONIOrMYECKIE TPYNMbl B 3TUX KJlaccax
(cBObOAHBIE abeneBbl ToMonOrNYeECKNe rPynbl, CBODOAHbBIE MPEfKOMMNAKTHbIE FPYMMbl 1
np.), @ 3aMeHsisi TOKAECTBEHHOE BJIOXKeHME id Ha (PUKCMPOBAHHOE HEMpepbIBHOE
OTODpaXkeHNe, MOXHO ONPeAenTb CBODOAHYIO TOMOOrNYECKYIO YNy U AN1st K1acca,
CKaXKeM, XaycaopdoBbIX MPOCTPAHCTB.

Kpome Toro, He 0bsizaTenbHO COCPefOTa4YnBaTLC UMEHHO HA TPYMMax, MOXHO
paccmaTpuBaTb U Apyrue TOMOIOro-anrebpanyeckme CUCTemsi.



KoHcTpykuusi cBobogHolt Tonosormyeckoli rpynnel faét otobpaxerne X — F(X)
K/lacca TUXOHOBCKMX MPOCTPAHCTB B KAcC Tonojoruyeckux rpynn. Ha camom pene F
ABISIETCS AaXke PyHKTOpPOM (T.e. OTODpaXKeHNEM KaTeropuii, KOTOPOe NepeBoOAUT
0bBbeKTbI B 06bEKTBI, @ MOPU3MbI B MOPOU3MbI COrIacoBaHHbIM 0bpa3om)

N3 KaTEropuy TUXOHOBCKMX MPOCTPAHCTB U HEMPEPbLIBHbIX OTODPaXKEHNA B KaTEroputo
TOMOJIONMYECKMX TPYMMN 1 HEMPEPbIBHBIX TOMOMOPU3MOB.

Kaxxgomy TuxoHoBckoMy npocTpaHcTBy X byHKTOp F CTaBUT B COOTBETCTBUE €rO
CBODOAHYIO TOMONOrNYECKYIO TPYMMy, @ KaXKAOMY HEMpepbIBHOMY OTODpaXKeHto

f: X — Y TUXOHOBCKMX MPOCTPAHCTB — HEMPEPbIBHbIA rOMOMOP(U3M

f: F(X) = F(Y) (xoTopelii BO3HWKAET Npu WHTEpRpeTauun f Kak oToBpaeHWs:

X —=F(Y)DY).



ObobLLEHNST TOMOAOrNYECKNX TPy -

Onpegenexune

Monyrpynna S ¢ Tonosorueii, OTHOCUTENLHO KOTOPOIA NOMYrpynnoBast onepayus

S x § — S HenpepbiBHa No nepeoMy (BTOPOMY) apryMeHTy, Ha3biBaeTcs
npago(/1eBO)TOMONOTMHECKON MOYTPYMMOiA.

Monyrpynna ¢ Tononorueii, OTHOCUTENILHO KOTOPOIA MOMYrpynnoBasi OnepaLus
Pa3fesibHO HenpepbiBHA, Ha3bIBAETCS MOJYTONONOMMYECKONA NOYrpynnoii.
Monyrpynna ¢ Tononorneii, OTHOCUTENILHO KOTOPOIA MOMYrpynnoBasi OnepaLus
HEeNpepbIBHA, Ha3bIBAETCSl TOMOJIOrMYECKOI MOAYrpPyNMoii.

[pynna c Tononorumeii, OTHOCUTENBHO KOTOPOU YMHOXEHWE HEMPEPLIBHO MO NEPBOMY
(BTOPOMY) aprymeHTy, Ha3bIBaeTCst NPaBo(JIEBO)TOMONOrNYECKON PYMMOii.

Ipynna c Tononorumeli, OTHOCUTENLHO KOTOPOU YMHOXEHWNE PA3fe/IbHO HEMNPEPLIBHO,
Ha3bIBAETCS MOJIYTOMOJIOFNYECKOW FPynmnoii.

pynna c Tononormeli, OTHOCUTENLHO KOTOPOU YMHOXEHWE HEMPEPBLIBHO, HAa3bIBAETCS
NMapaTonOJIOrM4eCKOW FPynmnoii.

[pynna ¢ Tononormeli, OTHOCUTENLHO KOTOPOU YMHOXEHUE PA3LE/IbHO HEMPEPLIBHO 1
onepauusi B3saTusi 0OpaTHOro HEMpepbIBHA, HA3bIBAETCS KBA3UTOMOIOMHECKONA rPynnoi.




Teopema (Innuca—Hymakypbi)

Bo Bcsikoii (HemycToii) xaycaopghoBoii KOMNAaKTHOM MPaBOTONONOrMHECKO (1an
JIEBOTOMOIOMMYECKON) nosyrpynne S CyljecTByeT UAeMNOTEHT, T.e. 2/IEMEHT € € S co
CBOVICTBOM € - € = €.

[okazaTenscTBo. PaccMOTpUM MHOXECTBO BCEX HEMYCTHIX 3aMKHYTbIX MOANONYrpynn
nonyrpynnsl S, ynopsinodeHHoe obpaTHo BKoYeHunto. B cuny komnakTHOCTM 3TO
MHOXXECTBO yAOBIETBOpPsieT ycnosusim nemmsbl LlopHa. 3Hauut, S cogepxut
MaKCUMabHYIO OTHOCUTENBHO MOPSifiKa D, T.€. MUHUMAJIBHYIO MO BKJKOHEHNIO,
HenycTyto 3aMKHyTyto nognonyrpynny H. Bo3bmém ntoboii anemenT e € H.
MHoxectBo H-e ={h-e: h € H} Toxe siBnsieTcsa noanonyrpynnoii, npu4ém sta
nognoslyrpynna 3aMkHyTa (N3 HeNpepbIBHOCTA YMHOXEHNSI MO NMEPBOMY apryMeHTy
BbITEKAET KOMMNAKTHOCTL nonyrpynnel H - e, a us xaycgopdosoctun S — eé
3aMkHyTOCTb) U H - e C H, Tak 4To U3 MuHumansHoctn H cnepyet, yto H-e = H, a
3HauuT, e € H-e. = X ={h€ H:h-e=e} # 2. X — nognonyrpynna, n nputom
3amkHyTasi: X — nepecedeHne H ¢ npoobpa3om 3amMKHyTOro MHoXecTBa {e} npu
HenpepbIBHOM oTObpaxeHun s — s - e, s € S). CneposatensHo, X = H, Tak 4T0

ee X. O




Teopema (9nnuc)

Bcsikasi nokasibHO KOMNAKTHAs XayCAopGhoBa MOYTONONOMMYECKAS TPYNna sSIBJASIETCS
TOMOJIOrNY4ECKOM rPYynoi.




Onpegenetue

OTtobpaxeHune f: X x Y — Z cunbHo KBasnHenpepbiBHO B Touke (X, y), ecnm ans
ntoboii okpectHoctn W touku f(x,y) B Z n noboii okpectHoctn U Toukm x B X
CyLLecTBYIOT HenycToe oTKpbiToe Uy C X n oTkpeitoe V C Y Takume, yto U C U,
yeVuf(UpxV)cW.

lycte X n'Y — komnaktoi, Z perynapHo n f: X X Y — Z pasgenbHo HenpepbiBHO.

Torga f cnabHO KBa3UHENPEPBLIBHO B KaXKAOM TOYKE.
v

[okazatenscreo. Mycte xg € X, yo € Y, 29 = f(x0, ¥0), Up — okpecTHocTb o u W —
OKPECTHOCTb Zg. Z peryaspHo = cyuwiecTBytoT okpectHoctn Wy n Wi Toukm zy
Takune, yto Wo C W4 c Wy C W.

MonblTaemcsi NOCTPONTL MO UHAYKLUMM NOCNe[OBATENBHOCTU (Xp)nen M (Vn)neN
Touek X n Y u ybwiBatowme nocnegosatensHoctu (Up) >0 OTKPbITbIX nogmHoxecTs X
n (Vp)nen OTKPBITbIX nogMHOXecTB Y co cBoiicTBaMun x, € Uy, yo,¥n € Vi, 1
f(Xn,yn) S Z\ Wi.




Monoxum Uy = {x € Uy : f(x,y0) € Wo}. f paspensHo HenpepsisHo —> U
oTKpbITO, 1 Xg € U;. Monoxum Vi =Y. Ecan f(Uy x Vi) ¢ W, To Bbibepem x; € Uy
ny € Vi Tak, uto f(x1,y1) € Z\ Wh.

LWar n+ 1: NMonoxum U, 1 = {x € U, : f(x,yn) € Z\ W1}. Muoxectso U, ,
OTKPBLITO, U X, € U,’7+1. Myctb Unpy1 — OKpeCTHOCTb Xp, U,,H C U,. Monoxum
Vioi={y € Va:f(xn,y) € Wo}. ITO MHOXECTBO OTKPBLITO 1 COAEPXUT ¥, 1 Yp.
MycTe V11 — OKpecTHOCTb MHOXeCTBa {yo, ¥p} Takas, 4to Vo1 C V) i u
Vi1 C Vi Ecm f(Uny1 X Vipg1) & W, 10 Bbibepem Xpi1 € Upi1 1 Ypi1 € Vit
TaK, 4o f(Xpi1, Yni1) € Z\ W.

Mpesnonoxum, 4To yaanock NocTpouts beckoHeuHble nocnegosaTensHocTh. [ycTb
x* n y* — npepenbHble ToYKM nocnegosaTensHocTel (x,) n (y,). Vmeem
x* €N Un=NU, (tak kak Up11 C Up) = f(x*,yn) €Z\WVneN =
f(x*,y*) € Z\ W (notomy 4to f pasfenbHO HenpepbiBHA).

C ppyroii cTopoHbl, Ans n > k no noctpoenuto f(xx,yn) € Wo = f(xx,y*) € Wy
VkeN. = f(x*,y*) € WoC W, O




Mycte G — 710KaNILHO KOMNAKTHAs! XaycaopgpoBa nosyTonoaorndeckas rpynna. lorga y
J0bbIx ToYek Xy, Yo € G umerotcss oTkpbiTbie okpecTHocTn U n V| ans koTopbix
3ambikaHne U - V' komnakTHo.

HokazaTtenscteo. [lyctb Uy n Vp — OTKpbITbIE OKPECTHOCTU TOYEK Xg U Vg C
KOMNaKTHbIM 3ambikaHneM. Cy>keHue ymHoxeHust Ha Up x Vo pa3aenbHO HenpepbiBHO.
Caenrn Ha (PUKCMPOBaHHLIE 3/IEMEHTLI B MapaTOMNOJIOrMYECKO rpynne —
romeoMopusmesl, nostomy npousseaerune U - Vo = Uvevo Uy - v — oTkpbiTast
OKPeCTHOCTb To4YKM Zg. [lycte Wy — oTKpbITasi OKPeCTHOCTb Zy C KOMMAKTHbBIM
3ambikannem Wy C Up - V.

Mo npeablagyLleli n1eMMe CyLLECTBYIOT HeMycToe OTKpbiToe MHoxecTBo U C Uy n
OTKpbITast okpecTHocTb V' C Vp Toukm y Takue, 4yto Uy - V C Wh. NMyctb v € Us.
Monoxum U =xp-u"1-U;. Umeem xg € Un U-V C xp-u"t - Wy. YMHOXeHME
Pa3feNbHO HEMpPEPLIBHO ==> JIEBbIA CABNT Ha X - U~ " — romeomopcusm =—>
xo-u - Wo=xp-ul-Wy— komnakt = U -V — komnakr.




Jlrobasi 10kanbHO KOMMAKTHAas Xaycaopghosa nosytononornyeckas rpynna G sasercs
MapaTonoa0rn4eCcKoi rpynmnoui.

Hokazatenscreo. llyctb xg, yo € G, z9 = Xxo - Yo, W — okpectHocTb 29, Wi —
OKPECTHOCTL Zg Takast, uto W1 C W. Ons U,V C G nonoxum
Fuv =(G\W)Nn(U-V). Nycts F = {Fy.v : U,V — okpecTHocTn xo 1 yo}.

HocTtaTouHo nokasaTe: 3 oTkpeiTele U 3 xg u V' 3 yp, ansa kotopbix Fy vy = .

MNpeanonoxum, 4To BCe 3neMeHTbI % HenycThl. 1o npeabiaywiein nemme 3
okpectHocTn Ug n Vg Touek xg 1 yo, ans kotopbix Uy - Vo komnaktHo. CemeiicTBo
F'={Fyv e.F:UC U,V C W} ueHTpUpoBaHO 1 COCTOMT 13 3aMKHYTbIX
nogmHoxects komnakta Up - Vo, npuuém (F' = NF = (F # .

Bosbmém z € (.# C G\ W1 n U € 11, ansa kotoporo U - zN W1 = &. MHoxecTso
U - xg oTKpbITO, X9 € U - xg. YMHOXEHNE CUSIbHO KBa3WHENPEPLIBHO —> I OTKPbLITbIE
Ui vV takne, uto @£ U1 C U -xp, yo € Vi U -V C Wi Jue U, gns xotoporo
u-xg € U, n 3 otkpeitoe Uy C X, pnst kotoporo xg € U n u- Uy C U;. Nimeem
u-Ub-Vcl-VcW = u'U2'VCW1.

MNockoneky z € Us -V, umeem u-z € u-Us- VC Winu-z € U-z. 3naunT,
WiNnU-z+# @. Mpotueopeune. O




Jlemma

Jlrobasi komnakTHasi xaycaopghosa napatononornyeckasi rpynna G spasercs
TOMOJIOrNY4E€CKON rPYno.

[lokasaTenscreo. G xaycgopposa —> X = {(x,y) € G X G : x - y = 1} 3amkHyTO B
G x G.

Mycts F C G 3amkhyTO. Monoxum P = (G x F) N X. 370 komnakT. Vmeem
(x,y)€P <= yc€ Fux=y ! = obpas P npu npoekuun G x G Ha nepsbilii
comHoxuTens — 310 F~1. Tlockonbky F KOMMAKTHO 1 MPOEKTUPOBaHNE HENPEPLIBHO,
F~1 — komnakT = 3amkHyT B G. O

V

Cnepctene

Jlrobasi KomnakTHasi xaycaopghoBa MosyTONONOrM4ecKasl rpynna siBaseTcs
TOMOJIOrN4ECKON rPYno.

V13 pokasaTtenbcrea semmbl BUAHO, 4TO ecsim G — xaycaopghoBa napaTononornyeckas
rpynna u F C G — komnakt, To F~1 — komnakr.




lyctb G — nonytononoruyeckas rpynna, Uy, Ui, ... — nocnegosatensHocTs
OTKPbITbIX OKPECTHOCTEN 1 1 (Xp)n>0 — NMocnesoBaTensHOCTL Toqek G, npuyem
Xn € Upgnan>0un

(4] U§+1 Cc U, mn Un+1 C U, ana kaxgoro n € N;

@ nocneqoBatensHOCTh (8K )keN, A€ 8k = X1« - - - + Xk, UMEET NPEAENbHYIO TOHYKY g.

Torga cywectsyet k € N, gns kotoporo x,_ jl e Uy.

[okazatenscreo. 3ametum: Ugiq - ... Ukpm C Ux (vHaykums no m: gns m =1
acHo, gnss m > 1 Upyo ... Ukym C Uky1 NO MHBYKTUBHOMY MPEANONIOXKEHNIO,
Q@ = Uki1- Ukpm C Ukyr - Upyr C Uk).

g - Uy — okpectHoctb ¢ = Jk € N: g € g - Ur. Vimeem
-1 _ -1 -1
X1 = 8kq1 " 8k € 81 & U,
" g,;Ll1 - g — npefenbHast ToYKa NoCnefoBaTeNbHOCTM (gkj:1 - 8m)meN-
3amMevaHune B Hayase AoKas3aTenbCcTBa —> Ans Bcex Vm > k + 2 nmeem
-1
81 8m=Xk+2 - Xm € Ukg2 ... - Un C Ugq1.
-1 i -1 -1
3HaunT, g, 71 - & € Ukt1 C Uk, otkysa x, ., € g, 1, -8 U1 C Ux - Ui C Up.




[okazatenbctBo Teopembl dnnnca. JocTaTouHO NpoBEpUTL HEMPEepPbLIBHOCTL Onepauun
B3ATUs1 obpaTHoro B Touke 1. Ecnu oHa He HenpepbiHa B 1, To U € 71 Takas, 4To
VYV € 7 umeem V7L Z U.
G perynsipHa, YMHOXeHUe HenpepbliBHO —> 3 oTkpbiTele Uy, Uy, .. .,
YLOBJ/IETBOPSIOLLME YCAOBUIO @ NEMMBI.
G nokanbHO KOMMAKTHa ==> MOXHO c4uTaTh, 410 Uy KomnakTHo n Uy C U.

Ons kaxpgoro n >0 3x, € Uy, x;1 ¢ U.

3ameyaHne B Havasle AOKA3aTENbCTBA MPeAbIAYLLER NeMMbl —>
gk=x1"...-xx € Up.

Up koMnakTHO == (gn)neN UMEET NpefenbHyto TOUKY g.

Jlemma = Jk > 0: Xk__,’}l € Up C U. Tlpotneopeune. O




Teopema

Perynspras nonytononorndeckas rpynna G co cuérHoii 6aszoii 9, koTopasi sIBASIETCS
MPOCTPAHCTBOM BTOPOl KaTeropumn bapa, sBAS€TCS napaTononorndeckoii rpynmoii.

panuya Fr F noboro 3amkHyTOro nogmHoxectsa F noboro tononornqeckoro
npocTpaHcTBa X HUr4e He NA0THa.

[okazatenscreo. Hapo nokasatb, 4To ntobasi okpectHocTb Oy toboii Toukm x € X
cogepXuT Henyctoe oTkpbiToe MHoxectso W C X \ Fr F. Fr F 3amkHyto = ecn
x ¢ Fr F, 1o 370 Tak.

Mycts x € Fr F. Muoxectso F 3amkHyto =—> FrF = F \ Int F = ntobas
okpecTtHocTb Oy, koTopas He nepecekaeT X \ Fr F, gomxHa cogepxaTbcs B
Int(Fr F) C Int F. MNpoTtusopeune = ntobas okpectHocTb Oy NepecekaeT OTKPbITOE

mHoxxectBo X \ Fr F == copepxunT HenycToe oTkpbiToe MHoxecteo W C X \ Fr F. [
v

[okazaTenbCcTBO TEOpPEMBI

Ons A, B C G nonoxum (A, B) = {xeX: A-xCB} = Na 1B
acA




Monoxum .F = {Fr(U, V) : U,V € B}, X =G\ |J.Z. Mokaxem, 4to Vx € X,
Vg € G yMHOXeHNe COBMECTHO HEMpPEPLIBHO B Touke (g, X).

Myctb g € G, x € X, y =g -x un U — nobast okpectHocTb y. G perynspHa —>
IWe B ye W C W C U. YMHOXeHNEe pa3gentcHo HenpepbliBHO —> 3V € %:
geVnV-xCW. Nmeem x € (V, W). Mockonbky x ¢ | J.Z, umeem x ¢ Fr(V, W).
= x € Int{V, W) = O. Mo noctpoernto Yw € O umeem V-w C W C U. =
V-0 C U (npnuém V n O otkpbitel, g € V n x € 0).

CemelicTBO . CYETHO M COCTOWUT U3 3aMKHYTbIX HUTLE HE MIOTHLIX MHOXeCTB, G
BTOpoOli KaTeropun — X # J.

3adukenpyem Touky x € G Takyto, 4To V g € G yMHOXKeHMe HenpepbiBHO B (g, X).

Myctb a,be G, c=a-b, g =x-b~t, W — niobas okpectHocTb c. Vimeem
b=g ' -x MNonoxumy =a-g~ ! Tormay -x=a-gl-g-b=a-b=c.
YMHOXeHME COBMECTHO HenpepbiBHO B (y,x) = 3 otkpbitbie U n V Takue, 4yto
yeUxeV,U-VCW. Monoxum Uy = U-gu Vy =g~ - V. Muoxectsa Uy u
V1 OTKpbITbI B CMJTY pa3geNbHOA HenpepbIBHOCTM yMHOXeHus, a =y -g € U - g = Uy,
b=gtlxcgtVv=ViulU-Vy=U-g-gt-V=U-VcCWw.

3HaunT, yMHOXKEHME HempepbiBHO B ntoboii Touke (a,b) € G x G. O




PaBHOMepHOCTVI Ha TOMNOJIOTNHECKNX rpynnax _

PaBHomepHble npocTpaHcTBa

Mycte X — mHoxectBo n A, B C X x X. ObpaTtHoe k A oTHoweHne 0bo3HavaeTcs

yepe3 —A, a komnosuuust oTHoweHnn A n B — vepes A+ B:

—A={(x,y): (y,x) € A}, A+B ={(x,z): 3y € X Takoii, uto (x,y) € A, (v, z) € B}.
Komnosnuymnsa accouymatueHa, HO He kommyTaTueHa. [dns n € N nA onpegensietcs no
VHAYKLMN,

Onpegenerue

Kaxpgoe mHoxectBo V' C X x X Takoe, uto A C V n V = —V, Ha3sbiBaeTcs
OKpy>XeHuem gunaroHanu. MHOXeCTBO OKpy>xeHuii gnaroHanm obosHaqaetcs Px. Ecnn
(x,y) € V, TO roBopsT, 4TO pacCTosiHNE MEXAY X U ¥ MeHbwe V' n nuwyT
|x — y| < V; B npotusHom cnyyae nuwyt [x —y| > V. Ecm AC X n |x —y| < V
Vx,y € A, To roeopsaT, 4to guametp A medbwe V n nuwyt §(A) < V. LLapom
paguyca V' ¢ LeHTPOM Xy HA3bIBAETCA MHOXXECTBO

B(xo,V)={x€ X :|xo— x| < V}.




CeoiicTBa Tak ONpeaes€éHHOro PacCcTOsHNS:
° |[x—x| <V,
o [x—yl<V <= |y—x|<V;
eeam|x—y|l<Vinly—z|< Vo, 1o |x—2z] < Vi+ Vo

Onpegenerue

PaBHOMepHOCTL Ha MHOXXecTBe X — ceMeiicTBo % C Px, YAOBNETBOpsAIOLLEE
YC/IOBUSAM:

QeemVenVWeDx toWeXU:;

Qecm U Ve ToUNV e,

© VU € % 3V € % Takoe, uto 2V C U,

QO "% = A.

CemeiictBo # C % HasbiBaeTcs basoli pasHomepHocTn %, ecnn YU € % AV € A
Takoe, 4to V C U.




Onpegenetue

PaBHomepHOe npocTpaHcTBo — 370 napa (X, %), coctosiwas n3 MHoxectea X n
PaBHOMEPHOCTYN HA HEM.

Ons nroboli paBHOMepHOCTU % Ha MHOxecTBe X CEMERCTBO
T ={UC X:V¥xe U3V e takoe, uto B(x, V) C U}
asnsietcss Ti-tononorueii Ha X. Tononorusi .7 HasbIBaeTCs TOMOMOrMEN, NOPOXKAEHHOI
paBHOMepHOCTbIO % . W3 cnepytoweii Teopembl BbiTekaeT, 4To (X, .7 ) — TUXOHOBCKOE
NPOCTPaHCTBO.

Teopema

Lns kaxgoii nocnegosatensHocty Uy, Uy, ... anemeHToB pasHomepHocTn %/ Ha
MHoxecTee X, rae
Uh=XxX un 3U1CU; anai=1,2,...,
CyLUeCTBYeT Takasi nceBgoMeTpuka p Ha X, 4to Vi > 1
Ui c {(x,y): p(x,y) <1/2'} € Ui_y.




Hokasatenscteo. Onpegenum otobpaxerune f: X x X — R npasmnom
0, ecnm (x,y) € ﬂ Ui,
1/2") ecnm (x,y) € U \ Uiy,

K
p(x,y) = inf{z f(xk—1,x) - k € N;xo = x, xx = y}.

f(x,y)=
N NMNONOXKNM

JTO nceBfOMETpUKA.
[ns pokasaTesbCTBa TEOPEMbl JOCTaTOYHO nposepvm: 410 1f(x,y) < p(x,y) < f(x,y), a ans
3TOro AOCTaTOHHO MOKa3aTb, HTO

3f(x,y) < Zl f(xi-1, xi)- (%)
Whgykuns no k. Ons k =1 (x) ovesngHo. Mycte m>1uansa k < m (%) BepHo. Bosbmém
X =X0,...,Xm =Yy nnonoxum a =y o f(xi—1,x). Ecin a > 1/2, 1o (x) Beinonnero. Byaem

cynTaTth, 4To a < 1/2.

Mpegnonoxum, 4to a > 0. Vimeem f(xo,x1) < a/2 vam f(xm—1,%m) < a/2. Byaem cuntats, 4TO
f(x0,x1) < a/2. MycTb j — HanbonbLwmnii MHAEKC TaKOM, HTO Z{:Zl f(xi—1,x) < a/2. Torpa
SV F(xie1, xi) > a/2, oTkypa ST o f(xi-1,x) < a/2.

Mo ungykTUBHOMY NpeanonoxeHunto f(xo,x;) < a un f(xjt1,xm) < a. o onpegenexnto a umeem
f(x;,x11) < a. Myctb | — HaumeHbLuee yenoe, ans kotoporo 1/2' < a; us a < 1/2 cnepyet, yTo
I > 2. Nmeem (xo,x;) € Ui, (Xj,xj41) € Ui n (Xj11, Xm) € U;. Mo ycnosuto (xo, xm) € Uj—1. 3Hauur,

f(x,y) <1/2'7* < 2a, a 310 v Hago.

Mycts a = 0. Torpa f(xi—1,x;) =0 gna 1 < i < m, Tak 4to (xj, xi—1) € Uj pnsi j =0,1,. e

(x,y) € mUj pnsa j=0,1,..., n f(x,y) =0. O




Onpegenexue

Mycts (X, %) — paBHoMepHOe npocTpaHcTBo. CemeiicTBO % nogmHoxecTs X
COAEPXKUT NPOU3BOBLHO Masble MHOXeCTBa, ecam VU € % IF € F Takoe, 4T0
d(F) < U.

MpocTpancTteo (X, %) nonHo, ecinm KaXKAoe LeHTPUPOBAaHHOE CEMENCTBO Z
COCTOSILLEE U3 3aMKHYTbIX MOAMHOXECTE X 1 COAepXKaLLee NPOM3BOALHO MaJlble
MHOXKECTBA, UMEET HEMyCTOe MepeceyeHue.

Teopema

Mycte (X, %) — nonxoe pasHomepHoe npocTpaHcTBo; Torga ans M C X pasHomepHoe
npoctparcteo (M, % N (M x M)) nonHo <= M 3amkHyTO B X OTHOCUTE/ILHO
Tonosnorun Jy,, NOPOXKAEHHON PaABHOMEPHOCTLIO U .

Nycts (M, % N (M x M)) nonto n x € M, n nycTb .F — ceMeiicTBO BCEX MHOXECTB
Buga B(x,U)NM, rae U € % . Torpa % LeHTpUpoOBaHO, COCTOUT M3 3aMKHYTbIX B M
MHOXECTB 1 COLEPXKMT MPON3BOSILHO Masible MHOXecTBa. [|.F# C {x} = x & M.

ObpaTHoe yTBEPXAEHME OHEBUAHO. O




DunbTpsl

Onpegenerue
PunbTpom Ha MHOXecTBe X Ha3blBAeTCst HemycToe cemeiictBo .# C (X)),
YOOB/IETBOPSAIOLLEE TPEM YCIIOBUSIM:

Q@ o¢.7,

@ ecm A, B € #, 1o AN B € .7 (a 3HaunT, n noboe KoHeHHOe nepeceyeHume

3/1EMEHTOB % MpPUHAANEXUT F );

Q@ eccomAc FnuACBCX,10B€eZ. BuactHoctu, X € 7.
CewmelictBo # C ¥ sBnsietcs basoii dunbtpa %, ecnu noboe MHoxecTso F € &
COAEPXKUT MHOXeECTBO B € 4.

Kaxablii punbtp & nopoxpaertcs ntoboii ceoeli bazoli % B TOM CMbICAE, YTO
F={ACX:3Be %, BCA}

Onpegenerue

DunbTp, cogepKalyuii NPON3BOJILHO MaJible MHOXECTBA, Ha3biBaeTcs unsTpom Kowin.




Teopema

Jlroboe LeHTprpoBaHHOE CEMENiCTBO 6 Ha NMPON3BOJILHOM MHOXECTBE X COAEPKUTCS B
HekoTopom ¢husbTpe . Ha X.

Hokasatenbctso. Ynopsagounm mHoxecTso & BCEX LEHTPUPOBAHHLIX CEMENRCTB Ha X,
copepxalmx ¢, oTHoweHneM BkatodeHust C. Ecnn £ — noboe nuHeiiHo
YNopsifoYeHHOE MOAMHOXECTBO cemelicTea &, TO US — LEHTPUPOBAHHOE CEMENCTBO:

ans nobeix n € Nwm Fq, ..., F, € |J £ navigytea F1,...,. %, € £ Takue, yto F; € .%;
ans i < n, n NOCKOJIbKY £ JINHENHO YNOpPsSIfOYEHO, 6e3 OrpaHNyYeHnst OBLLHOCTN MOXKHO
cumTaTh, 4to F1 C -+ C %, (mHaye nepeHymepyem Fi, ..., F,). 3HaunrT,

Fi,...,Fn € %, Tak uto (| F; # &.
Mo nemme LlopHa CyLLl,eCTByeT MaKCUMaJIbHOE LIEHTPNPOBAHHOE CEMENCTBO &,
copepxallee €. YcHo, uto .F — bunbTp. O




Cnepncteune

PaBHomepHOe NPOCTPaHCTBO MOMHO <> nepecedeHne 3aMbIKaHui 31eMEHTOB 1toboro
punbTpa Kown Henycro.

Onpegenetxne

DunbTp F Ha TONOAOrMHYECKOM NMPOCTpaHCTBe X CXOAUTCS K HEKOTOPOIA Touke x € X,
ecnmn ntobast OKPECTHOCTL 3TON TOYKM MpUHAANexuT % . Ons cxogumoctn & K x
ncnosib3yetcst obosHaveHune F — x. OuUabTP CXOLUTCS, UK SBASETCA CXOLAALLMMCS,
€C/IN OH CXOANTCA K HEKOTOPOU TOYKE.

Cnepctene

PagHomepHoe npocTpaHCTBO MNoIHO <> stoboli hunbTp Kown Ha HEM cxognTcs.




HanpaeneHHocTn

Onpegenetue

MHoxecTBo X BMeCTe C OTHOWEHNEM < Ha HEM, YAOBIETBOPSIOLMM YCAOBUAM
Q x < x gns Beex x € X (pedpnekcuBHOCTB),
@ ecmx <yumy<z 10x < z (TPaH3NTUBHOCTB) W
© ans mobbix x, y € X cywecteyeT Takoit z € X, utox < zun y < z,

Ha3bIBA€TCA HAMpPaBJIEHHbIM (BBer) MHOXXECTBOM.

Onpegenetue

Hanpaenennocte B MHOXecTBe X — 370 ntoboe oTobparkenue f: A — X, roe A —
MHOXXECTBO, HanpassieHHoe BBepx oTHoweHnem <. OBbIYHO HanpaBAEHHOCTU
3anncbIBatoTCs B BUAE (Xo)aca WM npocto (x,) (nogpasymesaercs, 4to x, = f(a)).
HanpaenenHocTb g = (y3)geB, FA€ B — MHOXeCTBO, HanpaBneHHOe BBEPX
OTHOLLUEHMEM <, HA3bIBAETCS MOAHAMPABIEHHOCTHIO HAaNPaBAeHHOCTN f = (Xu)acA,
ec/n cyuwiecteyeT oTobpaxerue ¢: B — A Takoe, 4TO y5 = X,(3) ANns Beex 3 € B (Te.
g=ywof)nVag € A 3By € B c tem coiicTBoM, 4To g < () npm Beex [ = So.




Onpegenetue

HanpaBnenHocTb (X, )aca B TOMONOrMHECKOM NpocTpaHcTBe X CXOANTCS K TOYKE
x € X, ecnn gns noboii okpectHocTn U ToUkM x cyuwlecTByeT g € A Takoe, 4TO
Xq € U pna Bcex a > . B aToM cny4dae roBopsiT, 4TO TOUYKa X ABASIETCS MpeaesoM

HaNPaBAEHHOCTU (Xu )acA W NUWYT X € Iierrl\xa U Xo 7 x. B Tex cnyvasx, koraa
(0%

HaNPaBAEHHOCTb (Xu)acA 33BEAOMO HE MOXET UMETL Dosiee 0fHOTO Npeaena, BMeCTO

X € Iinl\xa nAWYT X = Iinl‘ Xo. HanpaBneHHOCTb cxoanTcs, nan sIBASIETCA CXOAsLLelics,
(1S ac

€C/IN OHa CXOAMNTCS K HEKOTOPOU TOYKE.

Bcsikas nogHanpaBneHHOCTb 11060l CxOAsILLECsl HanpaBAEHHOCTN CXOAUTCS.




Teopema

TO'-IKa X B TOMOJIOTMHE€CKOM IMPOCTPAHCTBE X SABJ/IAETCSA TOYKOM NPUKOCHOBEHUA
mHoxecTBa Y C X Torga To/IbKO TOr4a, KOorga HEKOTOpasi HanpaBAeHHOCTb B Y
CXoANTCS K X.

L[okasaTenbcTBo

Heobxognmocts. Tyctb x — Touka npukocHoBeHnsi Y. OueBugHo, MHOXeCTBO % (X)
BCEX OKPECTHOCTEl X HanpaB/eHO OTHOLWEHNEM <, OBpaTHBIM BKJIOHYEHUIO (U <V,
ecim U D V). Monb3ysicb TeM, 4TO X — TO4Ka NPUKOCHOBEHUSI MHOXeCTBa Y, B

kaxxgoii okpectHoctn U € % (x) Bbibepem Touky yy € Y. o noctpoeHuto yyy ﬁ y.
U (x

Locratourocts. TlycTb (Vo )aca — CXOAALWIAACH K X HAaNPaBIEHHOCTb, NPUYEM Yo € Y
onsa scex a € A, n nycte < — HanpasneHue Ha A. [lo onpegenenunto npegena
HanpaBAeHHOCTW Ans ntoboi okpecTHocTn U ToukM x cyllecTeyeT agp € A Takoe, 4TO
Ya € U pns Bcex a > ag; 3Ha4uT, N10b6asi OKPECTHOCTb TOUKU X COAEPXKUT HEKOTOPYIO
TOYKy 13 Y, a 3TO M eCTb OnpefesieHne TOYKN NPUKOCHOBEHUSI. O




Onpegenexue

Myctb (A, <) — HanpaBneHHoe MHOXeCTBO. Ha30BEM HanpaeneHHOCTb (Xu)acA B
paBHOMepHOM npocTpaHcTee (X, %) nanpasnenHocTbio Kowwm, ecnm gns ntoboro
okpy>xeHusi anarotanu U € % cywecTsyeT ag € A Takoe, 4To (xq, X3) € U ans Bcex
«, B Z og.

Teopema

PagHomepHoe npocTpaHCTBO MoIHO <—> tobasi HanpasieHHOCTb Kol cxognTcs.

[NokazaTenscteo. @ [ns noboii HanpasnenHocTn Kown (x4 )aeca MHOXECTBa

{xg: B = a}, a € A nopoxpatoT unetp Kown % (kak 6asa). X nonHo =

dxp € lim Z. Jliobasi OKPECTHOCTL TOYKM Xg NPUHAANEXUT bunetpy F —
COLEPXKUT BCE YJIEHbI HAMPABJIEHHOCTUN, HAYMHAsi C HEKOTOPOrO.

@ MNycte F — dbunbtp Kown. Ero snemeHTsl 0bpasytoT HanpaeieHHOE MHOXECTBO
OTHOCUTENLHO nopsigka < = D (obpaTHoe BkAtoyeHune). B kaxgom F € % Bbibepem
Touky xg. [lonyuum HanpaenenHocTb Kowm (Xg)fpe.sz, NPUYEM Kaxkaplii SneMeHT

F € & conepXuT BCe YneHbl HaMpaBAEHHOCTU, HaYMHasa ¢ HekoToporo. [lycTb
(xF)Fes — xo. Torpa xo € {x} : F' C F} C F ans Bcsakoro F € F.




PaBHOMepHOCTI/I Ha TOMOJIOrNMHECKNX rpynnax

Mycte G — Tononorudeckas rpynna. Kaxkgas cuMMeTpu4Hasi OTKpbITasi OKPeCTHOCTb
eantuubl U (U € 77) ecTecTBeHHO onpefensieT Tpu OKPY>XXEHNs1 ANAroHasu:
O, ={(g,h)eGxG:gt-he U},
O, ={(g,h)eGxG:g-htecU},
Oy = O}, N O},
DTV OKPY>XEHUS COCTABASIOT H6a3bl Tpéx paBHOMepHOCTel Ha G, neBoii, Npagoii u
OBYCTOPOHHEI:
By={0y:Uer}, By={0,:Uer}, By={0y:Ucr}.
Camu 311 paBHOMEpPHOCTU:
V¢ ={D € 9¢ : O}, C D ans wekotoporo U € 75},
Ve ={D € D¢ : Oy C D pns nekotoporo U € 17},
Ve ={D € Y¢ : Oy C D pns nekotoporo U € 17}.
Ecau H — nogrpynna G, To ¥, = ¥ N (H x H), V5 =¥YEN(H x H) n
Yy =70 (HxH).



Onpepenexne

Tononoruyeckas rpynna G ypaBHOBeLLEHa, eCu CyllecTByeT basa okpecTHoCTEN 1,
COCTOSILLAsH N3 MHBAPUAHTHBIX (OTHOCMTENBHO COMPSKEHNIA) MHOXECTB.

Jlemma

Tononoruyeckas rpynna G ypasHoseweHa <= YU € m AV € 1 takas, y4to
x 1. V.xCUgpgnaseexx€G.

[okazatenscreo. Mycte V Kak Bbiwe. Torga W = x7 1. V.x e m. fcHo, uTo
xeG
W C U. MNpoeepum nHBapuaHTHoCcTb: ans g € G

g_l.W.g: Ug_l.x_l.\/.x.g: Uy_l\/y:W
xeG yeG

Cneacrtaue

Jliobasi KoMNakTHas TOMONOrnyYecKas rpyrnna ypaBHOBELLEHA.




Teopema

PasHomepHocTn V., V¢ u VG Ha Tononornyeckori rpynne G cosnagaor <= G
YPAaBHOBELLIEHA.

Hokazatensctso. [Nycts G ypaBHOBelEHa, 1 NYCTb T;" — CEMENCTBO BCEX OTKPbITbIX
CUMMETPUYHBIX NHBAPUAHTHbLIX OKpecTHoCTel 1. JTo 6asa okpecTHocTeli 1. —
1 _ 1. s, T T, S,1
@—{OUUETI} n %—{OUUGTl}
— 6a3bl paBHOMepHOCTell ¥E n ¥ S cootBeTcTBEHHO. ViMeem
(x,y)€O, <= xlyelU < y-xltexl U x=U <

— x-ylteUl=U < (xy) €0 = Vi =VE="5.

ObpaTHas umnavkauyus cnepyet us Toro, 4to VU, V € 13 O{/ C O <=
x-V CU-xVx € G n Haobopor. O
Teopema

Jliobori HenpepebiBHbIi romomopehnsm G — H paBHOMEPHO HenpepbiBeH OTHOCUTELHO
Bcex Tpéx pasHomepHocTeii Ha G u H.




[MononHenune no Paiikosy

Mycte G — Tononoruyeckas rpynna c eguHuuein 1. Ons g € G nycTb T — CeMeACTBO
BCEX OTKPbITbIX OKPECTHOCTEN g.

o Punbtp Z sAensercs dunstpom Kowm OTHOCI/ITeﬂbHO neBoii paBHomepHocTn ¥,
ecm VU € 1 cywecteytor g € G n F € .% takne, yto FC g- U <— VYU e n
cywecteyet F € % Takoii, uto F~1. F C U.

o Dunbtp F sAensercs punsTpom Kowm 0THOCUTENBHO NPaBOii PaBHOMEPHOCTU
Y, ecnn YU € 11 cywecteytor g € G u F € F Takne, w10 F C U - g <—

YU € 71 cywectsyet F € .F Takoit, uto F- F~1 C U.

o PunbTp ¥ siBnsieTcst punbTpom Kowm oTHOCUTENBHO ABYCTOPOHHER
paBHomepHocTu ¥, ecnu YU € 1 cywectsytoT g, h 6 G n F € Z Takue, 4TO
FCcg-UnU-h < VU € 1 cywectsyer F € % Takoii, 4T0O
F-FlurFl.Fcu.

B panbHeiiwem bygem paccMaTpueaTh 4BYCTOPOHHIO PaBHOMEPHOCTb ¥,
Tononornyeckas rpynna, nofiHasi OTHOCUTENIbHO 3TOW PaBHOMEPHOCTU, Ha3bIBAETCS
nosnHoi no PalikoBy MamM NpoCTo MOJIHOIA.

e HanpaeneHHOCTb (g4 )acA ABASIETCS HanpaBAeHHOCTbIO Kowwm oTHOCUTENBbHO
[BYCTOpOHHel paBHoMepHocTu ¥, ecnn YU € 7y cyuwiecTeyeT ag € A Takoe, 4TO
gojl'gg el |/|goé-gﬁ_1 € U pns Bcex a, B > qp.



Mycte G — Tononoruyeckasi rpynna n 9% — 6a3a OKPeCTHOCTEN efuHMLbI, COCTOsILLAs
N3 cuMMeTpuHHbIX MHoxecTs (U = U™1). Ons y,u,o6c-rBa BOCNPUSATUA Kak-HUbyAb eé
sannpekcupyem: B = {Ug 1 £ € =}. Onsa p,v € = nonoxum p < v, ecm Uy, D U,
(=, <) — HanpaBnenHoe MHOXecTBO. HasoBém A-nanpasneHHocTbio Kowwn mo6yro
HanpaeneHHocTe Kown Buga (g¢)ee=.

Mpepnoxerne

Ecan nobas B-nanpasnentocts Kowun cxoantes, To rpynna G noswa.

,£|,0Ka3aTeanTBo Mycts & cbvmpr Koww. [na kaxpgoro { € = Haiigém Fe € F co
CBOWCTBOM F5 - Fe UFe - F e Ug v Bbibepem niobyto Touky g¢ € Fe. Jlerko supets,
4To (8¢ )ee= — Hal'lpaB.HEHHOCTb Kowmn. Mycte (g¢)ec= — g, v nycTb V — nrobas

OKPEeCTHOCTb ToukM g. Beibepem Uy, € % co ceoiicteom g - Uy, - Ugy, C V. TycTs
Mo = o TaKoBO, YTO gy, € & - Ug,. Bosbmém nrobyto Touky x € F,y. Mockonbky
8o € Fug m F/jol  Fuo C Uppy, neem

g;ol X € Uy C U, oTkyma x € gy Uy C g Ugy- Uy C V.
3 nponssonbHocTh BbIGOpPa X BbITEKAET, 4To F g C V 1, 3HauuT, V € F, a u3
NPON3BOJILHOCTM Bblibopa V — uTo &% — g.

O




Mycte & = (g¢)ee= 1 h= (he)ec= — nBe HB-nanpasnennocTn Kown. lMonoxum
-h= (g he)ee= w 871 = (g ")ee=. Monyumam rpynny
G = {& : & — P-nanpasnenroctb Kown B G}

>

c eanhnyeir 1 = (1¢)ee=, rae 1¢ =1 pnsi Beex € € =

Ans g € G v €= nonoxum g¢ =g ug° = (gg)geg. MuoxecTBo

X G° = {8°: g€ G}

— noarpynna rpynnsl G, nsomopdHas rpynne G.

Tononorus Ha G: ans U € 11 nonoxum
U= {8 = (g¢)ce= : I& € = Takoe, 410 g¢ € U V& > &}

#={0:UecBy={U:¢cc=}

aBnseTcs 6a3oi okpecTHOCTER is HEKOTOPOIA rpynnosoii Tononaoruu 7 Ha G.

CewmelicTso

A

0g°cl — geU.

e Mogrpynna G° C G Tononornuecku nsomopdra rpynne G.




Mpepnoxerne

lpynna G nonma.

[okazatensctso. MycTb (8¢)ee= — @—HanpasneHHOCTb Kown B G. Kaxgpiii €& 1nen
8¢ — 370 HanpasneHHocTb Kowm Bupa (g¢,v)ve= B G. V& € = Bolbepem vg > £ Takoe,
4To ggﬁ - 8ew € Ug ans Beex p,v > ve. TNonoxum ge = gy 1 & = (8¢)ce=-

Mokaxkem, 4To § = (g¢)ecc= — H-HanpasnenHocTb Kown. YU € 7 3V € & co
ceoiicteom V2 = V. V vV.-v.vcu : AOCTaTO4HO MokasaThb, 4To VU, € #
J& € = Takoe, 4TO gu -8\ € UC n gy - g/\ € UC p.nﬂ BCeX fi, A = &¢.

Beibepem 0 > ( Takoe, 4To ge -8, € UC n gy - gg = UC ans scex 0 > 0.
Haiigém & > 0 Takoe, 4To ge 80w € Ug m geg u g9< , € Uc pna scex p,v > &¢.
Ons kaxporo & > &¢ 3acbv|Kcv|pyeM ne = max{ve, &} Takoe, 4ToO g@’77 8o.m € Uc m
8o .ge_;}n € U; pna scex n = ne. Ona p, A > §¢ vmeem

g,fl “8\ = g;i# By =

-1 -1 -1 -1 -1 5
=8, Bunp  8um, " B0 'geg,nu " 80, 'geom IR-2 N/ NS W - W7 S UC‘
BkntoueHue g;l -8\ € Ug [OKa3bIBae€TCsA aHaJIOTM4YHO.




N

Mokaxxem, 4To (8¢ )ece= — &. MycTe W — niobasi okpecTHoCTb Toukn & B G.
CywectsyeT Kk € =, ans kotoporo g - U, C W, n cywecteyeT ( € =, ana KOTOpOro
Ug C Ux. Mo pokasanHoMy Haiip€Tca & > ( Takoe, 4TO g,;l -8\ € U<5 4N BCex

A= & Ona &> & v A > max{rg, &} nmeem

8 BeA=8, 8 & GrE€UZ U C U2 C Uy

1

Mo onpeaenexuto onepauunii n Tononorun Ha G 3To o3HaqaeT, 4To &~ - gt € Uy, Te.

gt €g- U, pns Bcex £ =&

Nonoxum H = ﬂ{U Ue A} 1o 3aMKHyTasi HOpMaJibHasi MoArpynna e G. Myctb
G/H — Tonosoruyeckas dakToprpynna u h: G — G/H — eCTeCTBEHHbIl
romomopu3m (oH oTKpbIT). Jlerko BuaeTs, 4to ecnm rpynna G otaenuma, To

G° N H = {1}. CneposatensHo, cyxenne h| go — nsomopcusm. O OTKpLIT: AN

0 S :@ nmeem
hle(UNG°) = h(UNG°) = h(H-0n
20 (G°) =
TOMONOrMYECKN U30MOopdHa nogrpynne h(

N6°) = h(h™*(h(0))N &) = h(0) N h(G),
h(G°), notomy 4to h oTkpbIT. 3HaunT, G
G°) rpynner G/H.




Monoxum G = G/H. 1o otaennmas rpynna, u oHa copepxut rpynny G B KadecTse
noarpynnei. Jlerko ybeautecs, 4to G nonwa: ecin .# — cpunstp Kowm 8 G, 10
{h~Y(F): F € #} — 6a3a cdunstpa Kowwu .% 8 G (notomy uto ans noboro U € 74
umeem U = h~1(h(U))). 3ambikanus snemenToB punbTpa .% UMEIOT HemycToe
nepeceyenme, Npu HenpepbIBHOM oTobpaxeHny obpasbl 3aMbikaHuii coaepxaTcs B

3aMblKaHUsAX 0Opa3soB ==> 3aMblKaHUs 371EMEHTOB (PUALTPA F TOXKE UMEKOT HEMYCTOe
nepeceyveHme.
HeTtpyaHo ybeanTbcs B Tom, 4yto noarpynna G° nnotHa B G un, cieaoBaTenbHo,

h(G®) nnotHa B h(G) = G, HO MO>XXHO BMECTO 3TOrO BOCMOJIb30BATLCS MPEASIOKEHNEM:

[Mpennoxerne

Jlobas 3aMKHYyTasA rnogrpynra MoIHOM rpynnbl NnoJiHa.

[okazaTenscreo. Jlioboit dunstp Kown B nogrpynne sBASeTCs Takxe GUILTPOM
Kowwn n B obbemntoweli rpynne, n 3aMblkaHUsi €r0 3JIEMEHTOB B MOATPYynne COBNaAatoT
C 3aMblKaHUAMU B Fpynne. O

v




Onpegenexue

Tononoruyeckasi rpynna G Ha3blBaeTCs MOMosHeEHWEM Mo PaiikoBy TOMOMOrMYeckoi
rpynnel G, ecnn oHa cofepuT rpynny G B Ka4yecTBe BCIOAY MJIOTHOW NOArpynnbl U
nosHa.

Teopema

Jliobasi oTaenumas TonosoruyYeckasl rpynna UMEET eZUHCTBEHHOE OTAENMOE
nonosiHeHne no Paiikosy.

CyuiecTBoBaHue yxxe foka3sanu (Npr4ém He TONbKO AJist OTAENMMbIX TPymnn).
EpnncTeentocts: Mycts G — otpenumas rpynna n Gy n Gy — eé nononHeHns no
Paiikosy, u nyctb h: G — Gy — ToxpgecTBeHHbI MoHoMmopdbuam. Byaem npogosmkaTs
ero 4o n3omMopgusma @: Gy — Go.

Mycts x € Gy \ G. Torga x € G = K X CXOAWTCS HEKOTOPAs HAMPABNEHHOCTb B
G. OueBungHO, BCSIKash CXOAALLASICS HAMPABNEHHOCTb SABJISIETCS HANpPaBAEHHOCTLIO
Kowwu. Owa umeet npepen 8 Gy. Monoxum hy(x) pasHbim sTomy npegeny u he(g) = g
ans g € G. Otobpaxenue hy: G U {x} — G, HenpepbisHo (06pasbl 3ambikaHuii
COAEP>XaTCs B 3aMblKaHNsiX 0bpa3oB).




Monoxum p(x) = x ans x € G n (x) = he(x) ana x € G1. Mokaxkem, 4o
HENPEPbLIBHO B KaXAO TO4Ke Xg € Gy. Mycts U — niobasi oKpecTHOCTb TOUKM ©(x0) B
Go, n nycTb V — OKPEeCTHOCTb TOii e TO4KM, yAoBneTBopsitoas yciosuo V C U.
Mockonbky QD‘GU{XO} HEMpepbIBHO, CYLLECTBYET okpecTHocTb W Toukm xp B Gy, anst
koTopoit (W N G) C V. Ons noboit Toukn x € W nmeem
xe WeUH = wn G ™ (notomy uto G nnotro 8 G U {x}). W3 HenpepbigHocTy
cyxeHuns |Gy BbiTekaet, 4To ¢(x) € (W N G) C VcUu.

MokaxeM, 4To  — romomopcusm. Ecnu Het, 1o Ja, b € @1 Takue, 4YTo
w(a- b) # ¢(a) - p(b). Mycte O 1 W — Henepecekatowmecsi OKPECTHOCTN 3TUX TOYEK,
nyctb U n V' — okpectHocTn Touek p(a) n ¢(b) takue, yto U -V C W, u nyctb U; u
V4 — okpecTHoCTM Touek a u b B Gi Takme, 4To e(Uh) c U, o(Vi) C Vi
©(Up- V1) C 0. Gnnotho 8 G = Ja; € Ut NG, by e ViNG. h—
roMmomopcusm n plg = h =

w(a1 - b1) = h(a1 - b1) = h(a1) - h(b1) = p(a1) - @(b1) e U-V C W.
C apyroit ctopoHbl, ¢(ay - b1) € (U - Vi) C O. MpoTusopene.




Tem e cnocobom npogomxum h™1 go HenpepbiBHOro romomopdusma 1: Gr — Gy.
Komnosnums i o ¢: @1 — él — HenpepblBHOE 0TobpaXkeHue, coBnagatolee C
TOXAECTBEHHLIM Ha MAOTHOM MHOXeCTBe G =—> 1) 0 (0 — TOXKAECTBEHHOE
oTobpaxeHne = p — HenpepbiBHbIl n3oMophusm. OH OTKPLIT, TaK KakK Ans
ntoboro otkpsitoro U C Gy umeem o(U) = 11 (U) n ¢ HenpepsigHo. O

Teopema

llyctb G — Tononorndeckas rpynna n H — e€ nogrpynna. Ecan nogrpynna H nonata,
TO OHa 3amkHyTa B G.

Hokazatenscteo. [Mycts G — nononHenme rpynnel G. Toraa H siensietca norpynnoii
rpynnel G. Bblwe oTMevanock, 4TO BCAKOE MNOJIHOE PABHOMEPHOE MPOCTPAHCTBO
3aMKHYTO B J1Il0boM obbemtoweM nosHOM npocTpaHcTee. 3HaunT, H 3amkHyTa B G.

Tem bonee, oHa 3amkHyTa B G. O

v




PyHKUMOHaNbHbIE MPOCTPAHCTBA

Onpegenetue

MHoxecTBo BCex HernpepbiBHbIX oTobpaxkenuii X — Y obosHavaetca C(X, Y). Ons
ACXuBCY (AB)={feC(X,Y):f(A)CB}.

MycTb . 5 & — HEKOTOpOe CEMENCTBO MHOXeCTB B npocTpaHcTtee X. Torga
cemeiicTBo A BCex mHoxecTB Buga (A, U), rae A€ . n U — otkpbiToe B Y
MHOXECTBO, CoCTaBisieT npefbasy Hekotopoit Tononorun Ha C(X, Y), koTtopast
Ha3bIBAETCA TOMOJIOrMEA PAaBHOMEPHO CXOAMMOCTMN Ha dJIEMEHTax CemelicTea .7 .

Ecnu % — cemeiicTBO BCex OAHOTOYEYHbIX (MM, HTO PABHOCMIIBHO, KOHEYHbIX)
NOAMHOXECTB npocTpaHcTBa X, TO 3Ta TOMNOJOIMsS Ha3bIBAETCA TOMOJIOr e
notoyeyHoii cxogumoctu, n C(X, Y) c aToii Tononorueit obosHaqaetcs Co(X, Y).

Ecnn .F# — cemeiicTBO BCEX KOMMAKTHBLIX NOAMHOXECTB npocTpaHcTea X, TOo OHa
Ha3bIBAETCA KOMMAKTHO OTKPbITOW TOMOJIOrMER, 1 C(X, Y), HaJeneéHHoe 3TOol
Tononorueii, obosnavaerca C(X, Y) unun G (X, Y).

Ecnu .# — cemeiicTBo Beex orpaHnyentbix B X mHoxecTs, 1o C(X,Y) ¢
COOTBETCTBYIOLLEA Tononorueii obosnavaercs Co(X, Y).




Onpegenexne
CranpaptHas 6asa npoctpancta Cp(X, Y) cocTonT ns mHoxecTs Buga
Wi(xi,...,xk, Ur,...,U) ={f € C(X,Y): f(x;) € Up,i <k},
rae k€N, x3,...,xx € X n Uy,..., Uy — oTKpbITble MHOXeCTBa B Y.
Cranpapthas okpectHocTb Toukn f € Cp(X) = Cp(X,R) — 370 okpecTHOCTL BUAA
W(F,x1,...,xk,€) = W(x1,...,xk (F(x1) — &, f(x1) +€),...,(F(xa) — &, F(xn) + €)),
roe € > 0.

Cp(X) MOXHO paccmaTpmBaTb KaK TOMOJOrMHECKOE MPOCTPAHCTBO, Kak
TOMOJIOrMYECKOe KOJIbLIO, Kak TOMOJIOMMYECKYIO Fpynny UM Kak JnHeiHoe
TOMOJIOrM4ECKOE MPOCTPAHCTBO.

Yem cnabee Tononorns Ha npocTpaHcTBe OYHKLMIA, TEM LUMPe 3anac KOMNAKTOB B
sTom npocTtpaHcTee. OAHO 13 CaMbiX BaXKHbIX AOCTOMHCTB TOMOJIOTAN MOTOHEHHOMR
CXOAMMOCTU COCTONT B TOM, 4TO OHAa HAWMEHbLUASI CPEAN MPAKTUHECKM BCEX
€CTECTBEHHbIX TOMOJIOTMIA, @ 3HAYNT, NOPOXAAET HanbonbLMii 3anac komnakTos. Ho
r71aBHOE MPENMYLLECTBO TOMONOMMN MOTOYEHHONR CXOAUMOCTN — TO, HTO TUXOHOBCKMNE
npocTpaHcTea X u Y romeomopdHbl B TOM (M TOSLKO TOM) Clydae, ecan
Tononoruyeckue konbua Cp(X) u Cp(Y) Tononornyeckn n3oMopcbHei.



KatoHuyeckoe otobparkerue Bbidncnerusi B npoctpaHcteo Cp(Cp(X))

Mycte X — npoctpancTeo. Jns kaxgoro x € X paccmoTpuM oTobparkeHue
ex: C(X) — R, onpepenénroe npasunom e, (f) = f(x), f € C(X). Onsa x € X
nonoxum E(x) = ex. Ml nonyunnm otobpaxenne nz X s RE(X).

N3 onpenenenns Tononorun Ha Cp(X) BbiTekaet

Mpepnoxerne J

Ans noboro x € X orobpaxenne e.: Cp(X) — R HenpepsisHo.

Cneposatensto, E otobpaxaer X B Cp(Cp(X)) = CpCp(X). OTobpaxenune E

Ha3bIBA€TCA KAHOHNYECKNM OTO6pa)KeHVIeM BbIHNCJIEHNA.

[Mpepnoxerne

Orobpaxenne E: X — C,Cp(X) — romeomopcpHoe BroxeHue.

[okazatenscteo. imeem E = A £, npnuém cemeiicteo C(X) pasgensieT Toukm un
feC(X)

3aMKHYTble MHOXecTBa. [1o Teopeme 0 gmaroHanbHOM oTobpaxkeHun E —
rOMeoMOpPHOE BNOXKEHNUE. O




Cnencteue

Bcsikoe npoctparctso X romeomopgpHo nognpoctpancty E(X) npoctpaHctsa
Co Co(X).

PaccmoTtpum nognpocTtpaHcTBO

Lp(X) ={Aixi+ -+ Anxn € G, Co(X) : n € N, x; € X, \j € R},
anrebpanyecku nopoxaeHHoe MHoxecTsom X B nuHeiiHom npoctpatctee C,Cph(X).
Mpoctpatcto Ly(X) — HaumeHblUee AnHeliHOE NOANPOCTPAHCTBO JIMHERHOTO
Tononoruyeckoro npoctpanctea C,Cp(X), conepxalyee konuto E(X) npoctpanctea X.

MNpepnoxerune

Lp(X) — nokanbHO BbifykI0€ IMHENHOE TOMONOrU4ECKOE MPOCTPAHCTBO Hayg nosiem R,
npudem X roMeomMopehHO €ro TOMONOrMHECKOMY MOAMNPOCTPAHCTBY.




Onpegenexune

JInHeiiHoe TOMNONOIrMYECKOE MPOCTPAHCTBO, COMPSXKEHHOE K BELLECTBEHHOMY JIMHEAHOMY
npocTpaHcTBy L, — 3TO AnHeiiHoe npocTpaHcTBO L' BCex HenpepblBHBIX DYHKLMOHAIOB
(BeLecTBEHHbIX NMHENHbIX pyHKUKMiA) Ha L. Mbl bygem HapensTb ero Tononorueii
NOTOYEYHOWN CXOANMOCTH.

[NpennoxxeHune
Lp(X) = (Go(X))"

[okasaTtensctso. [Mpu KaHoHuyeckom otoxaectenenun X ¢ E(X) C C,Cp(X)
NPOM3BOJIbHas TOUKa X € X CTaHOBNTCS NnHeliHbIM dyHKumMoHanom Ha Cp(X), a
nmenHo, x(f) = f(x) ans Bcex f € Cp(X). OueBnaHo, dyHKLMOHAN X HENPepbIBEH Ha
Cp(X). MoaTomy u \jx; — HenpepbiBHbIN JnHEliHbIA yHKumnonan Ha Cp(X), a oTcioga
cnepyer, 4Tto n Bce g € L,(X) — HenpepbiBHble nnHeliHble dyHKumoHanbl Ha Cp(X).
Ocraércs gokasathb, 4To itoboii nuHelinblii dyHkumornan Cp(X) — R npeacrasum B
BULE Y AiX;.




Ecnn ¢ € CoCp(X) — nuneiinas ¢pyHkyms, To HalZyTCs X1, ..., Xnp € X u
A, .-y An € R Takue, 4to o = A1x1 + + -+ + AnXn.

[okazatenscreo. Bosbmem f =0 € Cp(X). Vimeem o(f) = 0, n HenpepbiBHOCTL
= 3x1,...,% € X ne >0 rakue, yto p(W(f,x1,...,xn,€)) C (—1,1). MoxHo
cumTaTh, 4To X; # Xj npn | # j. Mycte g € Cp(X) n g(x;) =0 ans i < n. Torpa
©(g) = 0. Oeiicteutensho, Vk € N umeem k- g € W(f,x1,...,Xp, ) =
lo(k - g)| < 1. ¢ nuneitna = k- |p(g)| < 1, 1e. |p(g)| <1/kVke N =
¢(g) = 0.
Boibepem gj € Cp(X) Tak, uto gi(xi) = 1 v gi(x;) = 0 npun j # i. Monoxum
i = ¢(gi). HPOBepI/IM, uTo Vg € CP(X) nveem p(g) = A1 - g(x1) + -+ Ap - g(xn)-
MNonoxum g’ =g — g(x1) - g1 — -+ — g(xn) - gn. Vimeem g’ € Cp(X) g'(xi)=0
ans i < n. 3naunT, o(g’') = 0. PyHkuus @ nuHeiina —>

0= (g = v(g) ~¢(Xeti) &) n
o(g) = (L etx) &) = Lelx) - wlg) = LA - glx).
Beison: ¢(g) =D Ai-g(xn) = (Ar-x1 + -+ An - xa)(8). -




Teopema (Harara)

Ecan tononorunyeckue konvya Cp(X) un Cp(Y') TOnonoruqecku nsomopghHsi, to
npoctparnctea X u Y roMeomMopeHbl.

[okasatensctso. Ckaxem, 4To dyHkunoHan g: Cp(X) — R mMynbTunInkatusHbiii,
ecnn g(f - h) = g(f) - g(h) ans secex f,h € Cp(X).

O603HauMM uepe3 X NoANpOCTPaHCTBO NPOCTPAHCTBA Co(Cp(X)), obpazosattoe
BCEMU HEHYNEBLIMU HEMNPEPLIBHLIMU JINHERHBIMU MY/IbTUMINKATUBHLIMM
dyHkumonanamu Ha Cp(X). Acko, uto X C X C Ly(X).

Tononoruyeckuii nsomopcbusm mexay konsuamu Cp(X) n Cp(Y) oveBnaHbIM
obpasom NopoxpaeT romeomMopdusm Mex gy NpoCTpaHCTBaMm XunY. [Mostomy
Teopema HaraTbl Bynet gokasaHa, ecau Mbl YCTaHOBUM, YTO X=XnY=Y (TouHee,
X = E(X)wn Y = E(Y)). Oocrato4Ho nokasats, 4to X C X.




Mycts g € X. Mo ycnosuo g 0. Us g € Lp(X)\ {0} cnepyet, uTo HaiigyTcs
Xiy.o oy Xn €EX M AL, ..., Ay € R\ {0}, ans kotopbix g = A1 -x1 4+ -+ Ap Xy 1

Xi # Xj npu i # j.

Cnyyaii 1: n > 1. Bosbmém f1, fo € Cp(X) Takue, 4to fi(x1) = )\il f(x2) = )\iz "
fi(x)=0pnai=1,2uj<n i#j Nveem g(fh) =X A1)+ -+ - filxn) =1
w g(h) = M- H(x1) + -+ An- fo(xn) = L, o g(fi - f2) = 0, Tak Kkak (fi - £)(x;) = 0
st 1< n. 3HauuT, ciyyaii 1 HeBO3MOXKeEH.

Cnyqaii 2: n=1, 1e. g = A1 - x1. [ockonbky g Z 0, umeem Ay # 0. Ona fhb =1
umeem fy = fZ n g(fo) = g(f@) = g(fh) - g(f). C Apyroii cTopoHsl,

g(fo) = M- x1(fo) = A1 - fo(x0) = A1. 3Haumt, Ay =1u g =x € X. O




OTobparkeHne Cy>XeHUsi U 4BOWCTBEHHOE OTObparkeHue

Mycte Y C X. Yepes my = m obosHauaeTcs oTobparkeHne cyxeHus dyHKUuli ns
Co(X) Ha Y: m(f) = f|y pnsi Beex f € Cp(X). Mognpoctpancteo m(Cp(X)) C Cp(Y)
obosHauaetcst Cp(Y|X).

o 7 nenpepbieHo u m(Cp(X)) = Cp(Y);
e ecan X HopmanbHo u Y 3amkHyTo B X, TOo m(Cph(X)) = Cp(Y);
e ecan Y komnaktHo, To T(Cp(X)) = Cp(Y);

e ecnn Y Barogy nnotHo B X, To m: Cp(X) — Cp(Y|X) — ynnothenne (B3aumuo
Of\HO3HAYHOE HEMpepbIBHOE OTODpaXkeHme).



Mycte f: X — Y — oTtobpaxeHune mHoxecte. [BoiicTeeHHoe K [ oTobpaxkeHue

f#:RY — RX onpenenserca npasunom f7(¢)(x) = p(f(x)) ansa p € RY, x € X, Te.
f# =ypof.

Teopema

@ Ortobpaxenne {7 HenpepbisHO.
@ Ecmn f(X) =Y, 10 f#* — snoxenue u f#(RY) samknyto 8 RX.

@ Nycts 7 (p) =1 u W(,x1, ..., Xk, ) — CTaHAAPTHAS OKPECTHOCTb TOUKM 1) B
npoctpatctee RX. [ns y; = f(x;), i < k, umeem

FEW(o, 1, YKk €) C Wb, X1, ..., Xk, €). 3HauuT, f# HenpepbiBHO.

@ NMyctb F(X) =Y u 1,02 €RY, 1 # ¢r. Bosbmém y € Y Takoe, 4TO

p1(y) # 2(y)- Mpu x € F1(y) umeem 7 (p1)(x) = p1(y) # 2(y) = 7 (p2)(x).
3uaunT, 7 (p1) # 7 (p2), T.e. f# unbekTusHo. ObpaTHoe oTobpaxeHue

(F#)71: @ o f s @ HenpepbiBHO: ecnn b = f7(y), T.e. Y = po f, To ans
npou3BobHOIi cTaHgapTHoii okpectHoctn U = W (p, y1, ..., Yk, &) To4kM @ B RY
umeem 7 (W (), x1,...,xk,€)) C U Vx; € F71(y;). Ouerugro,

FARY) = {p € RX :ecnm f(x1) = f(x2), To p(x1) = p(x2)} 3amkHyTO. O




Teopema
Mycts f: X — Y — otobpaxenne n f(X) =Y. Torga
@ f wenpepbisHo <= 7 (C(Y)) C C(X);
@ ecrm f — ¢pakTopHoe oTobpaxenue, To 7 (C(Y)) 3amkHyTo B Cp(X);

© f — ynnotHenne (HenpepbisHas buekuyns) <= #(C(Y)) scrogy naotHo B
Co(X) (u Torga f: Cp(Y) — Cp(X) — romeomopgpHoe Broxerue B cuny
npesbIZyLYeli TEOpeMb!);

Q f — romeomopcpuzm <= #(C(Y)) = C(X).

[okasatenscteo. @ f HenpepbisHo <= ecam x € A, 1o f(x) € f(A). Ecam

f(x) ¢ f(A), To 3 g € C(Y) Takas, uto g(f(x)) =0, g(f(A)) = {1}. PyHkums
f#(g) = g o f He HenpepbIBHa.

@ Mycre £ dakropHo, 1 € F#(C(Y)) X)Wy € Y Bce ¢ € F#(C(Y)) noctosHHbl
Ha f~1(y) = % noctosHa Ha f1(y) = 3Jg: Y — R 1akas, uto ¢y = gof, Te.
Y = f7(g). f bakTopHO, 1) HenpepbiBHa =—> g HenpepbiBHa.




@ Mycts f — ynnothenne, ¢ € C(X) n U= W(p, x1,..., Xk, ) — CTaHfapTHas
okpecTHoCTb . Monoxum y; = f(x;), i < k. f — buekuns = I ¢p € C,(X) Takas,
qto Y(y;) = w(x;) mana i < k. ScHo, uto F7 () € U.

ObpaTHo, ecn x1 # xa, Ho f(x1) = f(x2) = y, To Vo € F7#(C(Y)) ¢(x1) = p(x).
Ecrm ¢ € C(X), 1(x1) =0, 1(x2) = 1, To W (¢, x1, %2, 3) N F#(C(Y)) = 2.
© 3Haem, uto ecnm F#(C(Y)) = C(X), To f — ynnotHenme. MycTs f He sBAseTCA
romeomopduamom. Torga 3 3amkuytoe F C X Takoe, 4to f(F) He 3amkHyTO B Y.
Bosbmém y € f(F)\ f(F) n ¢ € C(X) Takyto, uto p(F) = {0} n ¢(x) = {1}, rae
x = f7l(y). Ecm ¢ € RY un F#(¢)) = ¢, To Y(y) = 1 w (f(F)) = {0} = 2 ne
HenpepbiBHa. = ¢ ¢ f7(C(Y)). Mpotusopeune.




KapaunHanbHbie niBapmantsl npoctpancts Cp(X)

w(X) = min{|%| : Z — 6a3a Tononorun X};

X(x, X) = min{| %8| : Z — 6a3a okpecTHOCTe Touku x B X};
x(X) = sup{x(x, X) : x € X}.

Teopema

Ans moboro npoctpanctea X | X| = x(Cp(X)) = w(Cp(X)).

[okazatenscteo. Umeem x(Cp(X)) < w(Cp(X)) < w(RX) < |X|.

Hokaxem, 4to | X| < x(Cp(X)). Mpeanonoxum npotusHoe u 3adukcupyem basy A
npoctpaHctBa Cp(X) B Touke f = 0 Takyto, 4to |#| < |X|. MoxHo cuutaTb, 4TO
3/1eMeHTbl A — cTaHfapTHble oTkpbiTble B Cp(X) MHOXecTBa. [nst kaxporo
W(f,x1,...,%n,€) € B nonoxum K(W) ={x,....,xa} n Y = {K(W): W e £}.
Mockonbky | Y| < |X|, Haiigéres Touka x* € X\ Y. Monoxum U = W(f,x*,1) n
paccmotpum atoboe V = W(F, x1,...,xk, &) € B. Umeem x1,...,xx € Y —

x* # x; pns | < k. Haiigércs dyrkuyus g € Cp(X), ans kotopoit g(x;) =0, i < k, un
g(x*) = 1. Nonyvaem g € V\ U, 1e. V\ U # @ pns scex V € A. Npotnsopeune ¢
Tem, 4To A — 6aza C,(X) B Touke f € U. O




Onpegenexune
Cetblo Tononoruyeckoro npoctpanctea X HasbiBaeTcs cemeiictBo A4 C P (X) ¢ Tem
CBOWCTBOM, 4TO J1t0DB0OE OTKPLITOE MHOXECTBO B X SIBASIETCA OOBEAMHEHNEM HEKOTOPbLIX
on1eMeHTOB cemeiictBa A4 . MHbimMu cioBamm, gns noboii okpectHoctn U nroboli Touku
x € X cywectsyet N € A4 Takoe, uto x € N C U.

MuHMManbHas MOLHOCTY ceTu NpocTpaHcTBa X Ha3blBaeTCsl ceTeBbiM BeCoM X 1
obosHauvaercs nw(X):

nw(X) = min{|.4| : A — ceTb npocTpancTea X}.

v

Acho, yto nw(X) < w(X) (rae w(X) — MuHumanbHas mowHocTb 6asbl Tononoruu X)
n nw(X) < |X].



Teopema

Jlroboe xaycnopghoBo npocTpaHcTBo X MOXHO YNJIOTHUTL Ha XaycqopgoBo
npoctparcteo Y ¢ w(Y) < nw(X).

HokasatensbctBo. [Mockonbky X xaycaopdhoBo, ANst KaXKAOWA napbl pasHbIX TOYEK

X,y € X HaiipgyTca oTAenéHHble okpecTHoCTAMY aneMenTbl Ny, S x u My, S y cetn

. 3acbukcmpyem 3T 3IEMEHTLI, @ TaKXXe Kakue-HMbyab nx HemepecekatoLuecs

oTkpbITble okpecTHocTn Uy, D Ny, u Vi, D M, ,, 3aBucawme tonsko ot Ny, 1

M, ,, Ho He oT napsl (X, y). Monoxum
B={Uxy:x,y e X, x#ytU{Vy, x,y € X,x#y}.

Cemeiicteo Z nokpeiaeT X = 370 npeabasa HekoTopoii Tonosorun 7' C 7 na X.

Monoxum Y = (X, 7). Umeem w(Y) < |B| < | A x AN]| = || = nw(X). No

NOCTPOEHUIO Jtobble ABe pasHble TOYKM NpocTpaHcTBa X cofepXaTcs B

HenepecekatoLnxcst anemenTax %A, noatomy Y = (X, .7') xaycpopdoso.

ToxpecTseHHoe oTobpaxerue npoctpaHcTea X Ha Y = (X, .7') HenpepblBHO, Tak Kak
T CcT. O




Teopema
nw(X) = nw(Cp(X)).

Nokazatensctso. Mokaxem: nw(Cp(X)) < nw(X). Mycte A — cetb B X 1 A —
cyétHas baza B R. Jns kaxgoii napsel Habopoe Ny,..., Ny € A, Uy,..., U € B
3acpukcnpyem
W(Ny,...,Ng,Us,...,Ux) ={f € C(X): f(N;) C U;, i < k}.

Cewmeiicteo # = {W(Ny,..., Nk, Ur,...,Ux) -k e NN; € A, U; € B} — cetb B
Co(X) (mpnsdaa [#] < | N]).

Mycts f € Co(X) n W(f,x1,...,Xk,€) — CTaHAAPTHASA OKPECTHOCTb f, X; 7 Xj ANS
i #j. Nycts U; € B, f(x;) € U; C (f(x;)) — e, f(x;) +¢€). f HenpepbiBHa — 3
N; € A Takue, uto x; € N; n f(N;) C U;. Vimeem
fe W(Nl,...,Nk, Ul,...,Uk) C W(f,Xl,...,Xk,€).

ObpatHoe HepageHcteo: X C CpCp(X) =

mw(X) < nw(CyCo(X)) < mu(Gol(X).




iw(X) =min{w(Y):Y € T3%, 3 HenpepbiBHast buekunst £: X — Y},

W(x, X) = min{|% | : % — cemeicTBO OTKpbITbIX MHOXECTB, [ | % = {x}};
P(X) = sup{y(x, X) : x € X};
d(X) = min{]Y|: Y — Bcrogy nnotHoe nognpoctpaHcTeo X }.

Teopema
d(X) = iw(Cp(X)) = P(Cp(X))

Jokazatensctso. [loctatouHo nokasatsb, 4To iw(Cp(X)) < d(X) < (Cp(X)). Mycts
dX)=kuY =X, |Y| =k Uveem w(C,(Y)) < w(RY) < k. OTobpaxeHue
cyxerust m: Cp(X) = Cp(Y) — ynnotHenue Cp(X) Ha Z = 7(Cp(X)) C Cp(Y).
Nmeem w(Z) < w(Cp(Y)) <k = iw(Cp(X)) < w(Z) < k =d(X).

Mokaxem, 4to d(X) < ¢(Cp(X)). Bosbmém f € Cp(X), f =0, n 3acbukcnpyem
cemeiicTBO % cTanpapTHbix okpectHocTel f B Cp(X) Takoe, yto (% = {f}. Ons
kaxgoro W(f,x1,...,xk,€) € Z nonoxum K(W) = {x1,...,xk} n paccmoTpum
nognpoctpancteo Y = | J{K(W) : W € % } npoctpanctea X. fcHo, yto |Y| < |%].
Ecm x € X\ Y u g € Cp(X) Takosa, uto g(x) =1n g(Y)={0}, Tog e N% n
g # f — npoTneopeyne. O




Teopema
iw(X) = d(Co(X)).

Nokazatenscteo. X C CpCp(X) = iw(X) < iw(CpCp(X)). Mpenpiaywas Teopema
= w(CpCp(X)) = d(Cp(X)). Mokaxem, uto d(Cp(X)) < iw(X). Mycte f: X = Y
— ynnotHenne n w(Y') < iw(X). Mockoneky nw(Cp(Y)) < nw(Y), nmeem
nw(F#(Cp(Y)) < w(Y), Tak kak f# — romeomopcbHoe Bnoxenne. MMockonbky
f#(Cp(Y)) = Cp(X), umeem

d(Co(X)) < d(FF(C(Y)) < mw(FE(Col(¥)) < w(Y) < iw(X).

Cnencteue

Jlroboe TuxoHoBckoe NpocTpaHcTBo X MOXKHO ynaOTHUTL HA TUXOHOBCKOE
npoctparcteo Y ¢ w(Y) < nw(X), Te. iw(X) < nw(X).




Onpegenexue

Tononoruyeckoe npoctpatcteo X 7-moHonutHo, ecam nw(A) < 7 anst noboro A C X
clAl <.

Tononoruyeckoe npoctpaHcTeo X 7-yCTOi4MBO, €Can Anst NtoDOro ero HempepbIBHOrO
obpasa Y w(Y) <7 < nw(Y) <.

Teopema
o X 7-moHomuTHo <= C,(X) T-ycTosi4uso.

o C,(X) T-moHonutHo <= X T-ycToli4uBo.

Teopema
o t(X") < I(Cp(X)).
o /(X" <7 = t(Cp(X)) <.




[lpocTpaHcTBa roMeoMopdU3MOB U N3OMETPUA -

OTtobpaxkernsi X — X Heb3si NOTOYEYHO CKAAALIBATH WK NEPEMHOXATHL (€c/nn
TONIbKO CaMO MpPOCTPaHCTBO X He CHAabXKEeHO COOTBETCTBYIOLMMUI ONEPALNSIMU), HO
3aTO MOXHO paccMaTpuBaThb UX kommnosnuyun. B yacTHocTn, mHoxecTso Homeo(X)
Bcex romeomopduamos X — X ¢ onepauueli KOMNO3NLUN SBASIETCA FPYNMOMA, 1 Ha
HEM BO3HWKAIOT Te >Ke €CTEeCTBEHHbIe TOMOJIOTN, HTO W B Clydae (hyHKLMOHAIbHbBIX
MPOCTPAHCTB, @ UMEHHO, TOMOJIOTMM, MOPOXKAEHHbIE CTAHAAPTHBIMU Npeabasamu
{(F,U):Ae .7, Uec %}, rae F — HEKOTOPOE CEMENCTBO MOAMHOXECTB
npocTpaHcTBa X, %/ — ceMelicTBO BCeX OTKPbITbIX NOAMHOXECTB X 1

(F,U) = {h € Homeo(X) : h(F) C U}.

Tononorus, koTopasi Noay4aeTcsi, Koraa . — CeMeiiCTBO BCEX 3aMKHYTbIX
(KOMMaKTHbIX) MHOXECTB, Ha3bIBAETCS1 3aMKHYTO-OTKPBITON (KOMMAKTHO-OTKPLITON), a
Korfa % COCTONT W3 BCeX KOHEYHbIX MHOXXECTB, MOJTy4aeTCst TOMOJOrns NOTOHEHHON
cxopmmocTu. B cnydae, korga X — meTpuyeckoe npoctpaHcTso, rpynna Homeo(X)
copepxut nogrpynny Iso(X) Bcex nsomeTpuueckux npeobpasosanuii npoctparcTea X.



Teopema

Ecan X — HopmanbHoe npoctparcteo, To rpynna G = Homeo(X) ¢

3aMKHYTO-OTKPbITON TOMOJ0rneli s1BJIIETCA TOMOJIOrNYECKO rpynmnon.
o

[Nokazatenscteo. [ycte & — cranpgapTHas npenbasa 3aMKHYTO-OTKPbLITON TOMOAOMUAN.
Nmeem (K, W)~ = (X \ W, X\ K) gna nobeix K, W € X. = Ecnu

(K,W) € B, 1o (K,W)~! € . = Onepauus nepexoaa kK 06paTHOMy HenpepbIBHa.
HenpepbIBHOCTL YMHOXEHUS: BO3bMEM npoussosibHble f, g € G. [lyctb

h=f-ge U, rae U= (K, W) e . Torpa f(g(K)) C W, Te. g(K)C f"Y{(W). U3

Toro, 4to g u f — romeomopusmsl X — X, cnegyert, 4yto g(K) 3amkHyto B X 1

f~1(W) — oTkpbiTas okpecTHocTb MHoxecTea g(K). X HopmansHo == 3 oTkpbITOe

MHOxecTBo V Takoe, uto g(K) C V C V C FYW). = (K,V)u (V,W) —

OTKpbIThIE OkpecTHoCTM Touek g u f, u (V, W) - (K, V) C (K, W). O

Cnepncteune

Lns noboro komnakta X KOMMNaKTHO-OTKpbITasi Tornosorusi Ha rpynne Homeo(X)
ABAAETCS rPyrnnoBOM.




Teopema

Lnsi noboro metpuyeckoro npoctparctea (M, d) rpynna Iso(M) c Tononorueri
MOTOYEYHOU CXOBZUMOCTYU SIBJISIETCS TOMOJOrNYECKONM rPYynoii.

[Nokazatensctso. Myctb h=g-f, e >0, x € M n U= W(x,h,2¢). Nonoxum
y="1f(x), V=W(x,f,e)n W= W(y,g,¢c). Mokaxem, yto W -V C U. Bosbmém
eV ng €W npacecmotpum hy = gy - f1. Hago nokasate, uto d(hi(x), h(x)) < 2e:
d(fi(x), f(x)) <e, d(gi(y),8(y)) <& y =f(x) v g1 — nsomerpns —
d(g1(fi(x)), g1(y)) < e. Mockonbky g1 - fi(x) = hi(x) u g(y) = h(x), nveem
d(hi(x), h(x)) < d(h1(x),g1(y)) + d(g1(y), h(x)) =
= f(g1- fi(x), &1(y)) + d(g1(y). &(y)) < 2¢.
Y10bbl fOKa3aTb HEMPEPLIBHOCTL 0BPATHOrO, AOCTaTOYHO MPOBEPUTL, YTO
g€ W(x,fe) < gleW(y=Ff(x),f1e) Ecm d(g(x),f(x)) <e, T0
d(g1(g(x)), g 1(y)) < &, Tak kak g~! — nsometpus. Mockonbky
g (g(x)) =x=1f"Yy) nmeem g~* € W(y,f,¢). O




Mycte G — Tononoruyeckasi rpynna, n nycte Mg — MeTpuMyeckoe NpoCTPaHCTBO BCEX
OrpaHMYeHHbIX PABHOMEPHO HEMPEPbIBHbIX (OTHOCUTEILHO NIEBOI PABHOMEPHOCTM)
dyHkumnii G — R ¢ meTprkoii paBHOMEPHOW CXOAUMOCTM, ONpeaenéHHOl dopmMysoii
d(f, g) = sup{[f(x) —g(x)| : x € G}.

Ipynna Iso(Mg) c Tononorueii NOTOYEHHOW CXOANMOCTU — TOMOJIOrMYECKasi Fpymnna.

Ecnn f € Mg v a € G, nonoxum fo(x) = f(a-x) ans x € G n hy(f) = f,. SAcHo,
yto f, € Mg. Otobpaxerne h,: Mg — Mg — n3ometpus. Ons kaxgoro a € G
nonoxum (a) = h,.

@ Y — romomopdu3m;

@ Y — unsomopguswm;

@ 1) HENPEPLIBHO;

@ 1) — romeomopdcuam rpynnbl G Ha nognpoctpanctso ¢(G) rpynnbl Iso(Mg).

Teopema (B.B. Ycnenckuit)

Bcsikasi Tononornyeckasi rpynna G Tonosorn4eckyn n3oMopgHa noarpynne rpynmb
Iso(M) ¢ Tononorueii noTo4e4HON CXOZUMOCTY AJis HEKOTOPOrO METPUHECKOTO
npoctpaHcTea M.




Cnepctene

Jlobasi Tononorndeckasi rpynna G TOnonornyeckn n3oMopgpHa HEKOTOPOIT MoArpynne
H (He obsizaTensHo Tononoru4eckoii) rpynnsi Homeo(G) ¢ Tononorneri noro4eyHori
CXOBUMOCTH.

Taknm 0bpa3om, Cy)KeHne TOnoNOrny NOTOHEHHO CXOAMMOCTM MPOCTPAHCTBA
Homeo(G) Ha noanpocTpaHCTBO-NOArpynny H okasbiBaeTcsi rpynnoBoil TOMOOr e,
X0Tsi Ha BCEM npocTpaHcTee Homeo(G) 3Ta TONONOMMsi MOXET He ObITb rpynmnoBoii
(Hanpumep, TononorMsi MoTo4e4HoOl CxoaMMOCTY Ha rpynne Homeo(R?), rae R? —
€BKJINA0BA NJIOCKOCTbL C OBbIYHOV Tononoruel, He rpynnosas).

®akTopnpoctpaHcTBo G/H neBbix CMEXHbIX K1accoB toboii OTAENMMOI Tononoru-
yeckoii rpynnbl G no 3aMKHyTOI (He 0bsizaTesnbHO HOpManbHOIA) noarpynne H ogHo-
POLHO, OAHAKO HE BCE OAHOPOAHbBIE MPOCTPAHCTBA MOXXHO MPEACTABUTL B TaKOM BUAE.

Teopema (N. Bourbaki)

Bcsiknii HynbMepHbIi 04HOPOAHbIA KOMNakT X SIBASETCS (haKTOprNpOCTPaHCTBOM
Tonosnorndeckoii rpynnsi Homeo(X) ¢ KOMMaKTHO-OTKPLITON TOMONOIMEN MO 3aMKHYTO
nogrpynre.




OpHa HepelwéHHast 3ajada -

Teopema HunbceHa—LLlpaiiepa gna Tononornyeckux rpynmn

Obo3HauveHus:

X — TUXOHOBCKOE MPOCTPAHCTBO

F(X) — cBobogHas Tonosoruyeckas rpynna npoctpaHctea X

A(X) — cBobogHas abenesa Tonosornyeckasi rpynna X

B(X) — cBobogtas bynesa Tononorndyeckas rpynna X

L(X) — cBobogHoe JIBI (nokanbHO BbIMyK/I0€ NPOCTPAHCTBO) NpocTpaHcTea X

Bce 3Tn 0bbeKTHI ONpesensitoTCsi COOTBETCTBYIOLMM YHUBEPCAIbHBIM CBOCTBOM:
F(X) (A(X), B(X), L(X)) — aTo Tononoruyeckas rpynna (abenesa Tononoruyeckas
rpynna, bynesa Tononornyeckas rpynna, JIBI1), kotopasi cogepxut X B Kadectse
NOAMNPOCTPAHCTBA, NOPOXKAEHa MHOXeCTBOM X 1 obnajaer Tem CBOMCTBOM, 4TO Ntoboe
HenpepbIBHOe oTobpaxkeHune npoctpaHcTea X B Tononoruyeckyto rpynny (abenesy
Tonosiornyeckyto rpynny, bynesy Tononorudeckyto rpynny, JIBM) Y npogomxaercs po
HenpepbIBHOrO romomopdu3ma (romomopdusma, romomMopdusma, JMHERHOro
OTObpaXkeHNs1).



MpocTtpaHcTo Ly(X) Toxe onpefensieTcst yHuBepcaibHbIM CBOWCTBOM:

[NpennoxeHue 1

Tononorus npoctparctea Ly(X) — camasi cnabasi ns Bcex Tononorunii, KOTopbie
npespawatot Ly(X) B Tononorndeckoe BeKTopHOE NPOCTPAaHCTBO, MHAYLMPYIOT Ha X
ero cobcTeeHHyto Tonosoruto n 0baafaroT TEM CBOVCTBOM, HTO /1t0basi HENPEPbIBHAS
¢pyrkyms X — R npogomxaetcs go HenpepbisHoi nuHelinon yrkymn Ly(X) — R.

Jokazatensctso. Ly(X) — nuneiinas obonoyka B C,Cp(X) npoctpanctsa X, koTopoe
romeomopcpHo BiioxkeHo B C, Cp(X) oTobparxeHnem Bbiducnenns. lNpegbasa Tononorun
Cp Cp(X) coctout ns muoxects Buga {p € C,Cp(X) : o(f) € U}, rpe f € C(X) mn
U C R otkpbiTo. U3 Toro, uto Ly(X) = {A1eq + ...+ Apeg, :n €N N € R, x; € X}
ne(f)="Ff(x) pnsa x € X nfeX(C), npuiém Mbl OTOKAECTBASIEM X U €y, CIEAYET,
4To npepbasa L,(X) cocTonT n3 mMHoXecTs

{dxi+ ...+ AxnneN N R x € X, Aif(x1) + ...+ Aaf(xn) € U},
rae € C(X) m U C R otkpbiTo. JlnHeiiHoe npogomxenune f nponssonbHoii pyHKUMN
f: X — R na Ly(X) onpeaenero npasuiom I?()\lxl + oo+ Anxn) = Mif(a) + ...
..+ Anf(xn), Tak 4TO BCe 3neMeHTbI Npenbasbl JOMKHBI NPUHAANEXKATL NtOOOT
TOMOJIOMMN, OTHOCUTENBHO KOTOPOI BCE TaKme Mpogo/keHus HenpepbiBHbl. C gpyroii
CTOPOHbI, X OTKPLITOCTL B L,y(X) obecneynBaeT HenpepbiBHOCTL NPOAOKEHNIA. O




Mpeanoxerve 2
Kaxgoe HenpepeisHoe oTobpaxenne ¢: X — Y npogosxaercs 4O HenpepbiBHOro
suHeiiHoro otobpaxenusi $: Ly(X) — Lp(Y).

[Nokazatensctso. Monoxum G(A1xi + ...+ Apxn) = A1p(x1) + ... + An(Xn).
OTtobpaxeHue @ nuHeliHo. Nposepum HenpepbiHOCTb. [lycTb
V={y+...+ yn:neNXNeRy; € Y, \if(y1) + ...+ Mnf(yn) € U}, roe
f e C(Y)n UCR otkpbiTo, — 3nemeHT npeabassl Ly(Y). Jlunelinocte —>
nognpocTtpaHcTeo P(Ly(X)) npoctpanctea Ly(Y) nopoxaeHo mHoxectsom ¢(X) =
VN a(Ly(X)) =
= {Mp(x1)+ ... FAnp(xn) 1 nEN, NER, x;€X, M1f(o(x1))+ - .. +Anf (0(xn))EU} =
= {P(A1x1+ ... +Anxn) : neN, N;ieR, x;€X, Mf(p(x1))+ ... +Anf (0(xn))€U}.
Ons g =1fop: X = R nmeem
P HV) = ¢ (VN R(Lp(X)) =
={\x1+ ...+ Apxn:n €N XN €R x; € X, A1g(x1) + ... + Ang(xn) € U}.
370 3nemeHT npenbassl npoctpaHcTea Ly(X). Utak, npoobpas npu ¢ Bcsikoro
sf1eMeHTa npeabasbl NpocTpaHcTea Ly(Y) OTKPBIT, @ 3HA4UT, ¢ HEMpepbIBHO. O
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Teopema (Nielsen+Schreier)
Jlrobasi noarpynna ceobogHoii rpynnel cBobogHa.

[nsi cBODOAHBIX TOMOMOrNYECKUX FPYNM 3TO He Tak. [lpumep — cBobogHas
Tonosnorudeckas rpynna F(X) npoctpatctea X = [0, 1] n eé nogrpynna (Y),
nopoxxaénHasi MHoxxectsom Y = (0,1): He cyLiecTByeT TOMNOJIOrMHECKOro
npocTpaHcTea Z, Ans Kotoporo ceobogHas Tononornyeckas rpynna F(Z)
Tononoruyeckn usomopdHa rpynne (Y).

Mpobnema

Onucatb napsl npoctpancte X u Y ¢ tem ceoiicteom, 4to F(Y) (A(Y), B(Y))
Bknagpieaetcs B F(X) (A(X), B(X)) B ka4ecTBe TOMONOTMHECKOR NOATPY b

Teopema (Nickolas)

Ecnn X — WHBYKTUBHBIN NPEAEN BIOXKEHHON MOCIEL0BATENLHOCTA KOMMNAKTOB (T.€.
X =K, rge K, — komnakt n K, C Kpy1 gnssn € N u U C X oTkpbiTo <=

UnN K, otkpeito B K, gnisi Bcex n € N), 1o F(X") sknageisaetcsi B F(X) B kadectse
3aMKHyTOU nogrpynnel 4aa aoboro n. B yactHocTu, cBobogHas Tonoaorn4eckas
rpynna KOHeYHOMEPHOro Kyba BKIaAblBAE€TCA B CBODOAHYIO TOMOOMNYECKYIO rpyrny
oTpe3Ka.



Eli Katz+Morris+Nickolas: A((0,1)) sknageisaetcsi 8 A([0,1]) B kauyecTBe 3amkHyTOl
noArpynnbi.

MmnoTesa (Katz+Morris+Nickolas) (onposepruyTa)

Ecnn ceobopHas abenesa Tononoruyeckas rpynna A(Y) BkiaAblBaeTcs B KadyecTse
TOMONOMMYECKON MOArpynMbl B cBoboaHyto abenesy Tononoruyeckyto rpynny A(X), To
pa3MepHOCTb MPOCTPaHCTBa Y He npeBocxoauT pasmepHoctu X.

Teopema (Jlefigepmat+Morris+lectos)

L([0,1]™) BrknagbiBaercs B L([0, 1]) B kayecTBe 3amMKHYyTOro0 TOMONOrMHECKOrO
BEKTOPHOIO MOAMPOCTPAHCTBA.

Cnepcreue (Jleiigepman+Morris+TlecTos)

A([0,1]") Brnageisaetcsa B A([0, 1]) B kayecTBe 3amkHyTOM NOZrpynnbl 4si 0boro
neN.




DOAKTbI

1. X eknagbisaetcs B Cp(Cp(X)) ¢ nomoLbto 0TOBpaxeHUst BbIYUCAEHNSI 3HAUEHUS]
cbyHkuum B Touke. MopoxpaénHoe um nognpoctpaHcteo Ly(X) — 1o L(X) co
cnaboii Tonosormei.

2. (Flood, B.B. Ycnenckuit) Ecan X — komnakr, 1o L(X) — BekTopHoe
nognpoctpaHcTeo npoctpaHcTea Cy( Cy(X)).

3. (Apxanrensckuit) Ecim X u Y — komnaktel n f: Cp(X) = Cp(Y) —
HeMpepbIBHOE IMHEHOE OTODpaXkeHne, TO f HEMPEPLIBHO 1 OTHOCUTENBHO
KOMMNaKTHO-OTKpbITbIX Tononorunii Ha Cx(X) n Ci(Y).

4. (Neiipepman+Morris+TMectoB) Ecnn X n Y — komnaktel u h: Ly(X) — Lp(Y) —
N30MOPHOE BNIOXKEHNE, TO h OCTAETCSH N3OMOPMHBIM BIOKEHNEM 1 OTHOCUTESBHO
Tonosiorunii cobogrbix KDG L(X) n L(Y).

5. (Tkauenko — B.B. Ycnenckuit) A(X) siBnsieTcss 3aMKHYTOl NOArpynnoi
aAAnTNBHOI rpynnbl ceobogHoro JIBI L(X).



Onpegenetxne

Habop HenpepbiBHbIX DYHKUMIA U1, . .., ¢m 3 X B [0, 1] Ha3biBaeTCs basucHbim, ecnn
ntobyto HenpepbiBHYO dyHKumio f: X — ]1n§ MOXHO MpefCTaBuTb Kak

f=> goti,
i=1

rae gi € C[0,1] gns i < m.

Teopema Kosnmoropoga o cynepnosuuumn (ApHonsa+Konmoropos)

Lns noboro konedHomeproro kyba [0,1]" cywectByeT koHeuHbii b6asncHbili Habop
yHKLNIA.
Bosnee Toro, kaxayto hyHKUMIO 1); MOXHO NPEeACTaBUTL B BUAE
Yilx,. ... xn) = ZWU(XJL
J<n
rae Bce pjj — HenpepbisHble (yHkuyun [0,1] — [0, 1].




Jokazatensctso, 4o A([0,1]") C A([0, 1])

Myctb 91, ..., ¥m — 6a3ucHblil Habop ans [0,1]", n nycts I; — konum oTpeska [0, 1].
CunTaem, 4TO Kaxgas PyHKUNS ; NTPUHUMAET 3HadeHust B cBoelt konuu ;. Monoxum
X=hL®@ @ ly v bysem TpakTOBaTh 1; Kak (HenpepbiBHble) dyHkumn [0, 1]" — X.
B cuny npeanoxerns 2 kaxgas dyHKUMA 1); NPOAOIKAETCA A0 HEMPEPLIBHON
nuneiinoi dyrkumn 9 Ly([0,1]") = Ly(X). Monokum W = 31 (cnoxenve
noTo4eyHoe). DTO HenpepbiBHOE AnHeliHoe oTobpaxeHue Ly([0,1]7) — Ly(X).

Lns noboii HenpepeisHoii ¢pyHkymu f:[0,1]" — R cywecTByeT HenpepbiBHbIii
nuneiirsiii yrrymnonan f: W(L,([0,1]") — R rakoi, yto f o V(g 10 = f.

[okazatenscreo. Vimeem f(x) =Y gi o ¢; ans nekotopsix gi € C([0,1]). Ona y € [;
nonoxum G(y) = gi(y). Monyunnmn nenpepbiBHyto dyrkumo G: X — R (Bce /;
OTKpbITO-3aMKHyTbl B X = (D /). Mpopomxum G fo HenpepbiBHOrO NuHeliHOro
dyrkumorana G: Ly(X) — R. Monoxum f = G|\U(L,,(01] ny)- Ana x € [0,1]" umeem

(FoW)(x) = 6(¥(x)) = G(Lvix)) = 3 G(¥i(x)) = g1 o vi(x) = f(x). O




Mokaxem, 4to W nsomopdHo otobpaxaet L,([0,1]") na W(Ly([0,1]")). Hapo
nposepuTb, 4To obpas W([0,1]") 6asnca — nuHeliHO He3aBNCMMOE MHOXeCTBO (1 Toraa
310 basuc B W(L,([0,1]"))). MycTb x1,...,xk € [0,1]” — nonapHo pasnuyHbie TO4KM 1
AL, .- )\k € R\ {0}. Bosbmém HenpepeisHyto chyrkuuio f: [0,1]7 — R Takyio, uTo
f(xi) = )\ ans i < k. Jlemma = 3 Hel'lpeprBHbIVI NVHeliHbIG dyHKUMOHan f Ha

W(Lp([0,1]")) Taroit, uto F(W(x))) = f(xi) = 5 Ann i < k. Wmeem
FOL(W(x)) + -+ M (W) = MF(Y(x1)) + ...+ M F(W(xk)) = k # 0. 3mauur,

HWKaKasli HETPUBMANBbHAS IMHEHAS KOM6VIH3LWI$I snemenToB Buaa V(x;) c pasHbiMm X;
He paBHa HyJIHO.

Nrak, W: L,([0,1]") — W(Lp([0,1]")) — nsomopcusm, n oH HenpepbiseH, T.€.
Tononorust npoctparctea W(L,([0,1]")) He cunbHee Tononormm nNpocTpaHCTea
L,(W([0,1]")) (koTopoe coBnafjaeT C HM Kak BEKTOPHOE MPOCTPAHCTBO be3 Tomnoso-
rum). Mo npegnoxernto 1 4TobbI NOKa3aTh, 4TO OHa M He ciabee, HAfO NPOBEPUTL, YTO
ntobasi HenpepoieHas dyHkuus ¢: V([0,1]") — R npogosxaeTcs fo HenpepbIBHOMO
nuneiivoro dyHkumnorana ¢: W(L,([0,1]")) — R. Monoxum f = ¢ o Vg 1n. HyxHblii
byHKLMOHAN } — 3TO HenpepbIBHbIA (yHKLMOHAN f : V(Ly([0,1]") — R, pns
koToporo f o Wlig,1]» = f 1 KOTOPBIl CywjecTByeT B CUy JEMMBbI.



Mei Tononorndeckn nsomopdHo snoxuaun Ly([0,1]7) B8 Ly(X). MpoctpancTso
X = @<, li romeomopdHo Brnagpisaetcs B [0, 1]. Mpepnoxenne 2 = BnoxeHne
X < [0,1] npogonkaeTcsi 40 HenpepbIBHOTO JinHeliHOro oTobpaxenust ¢ : Ly(X) —
— Lp([0,1]), npnyém ® — nsomopdunsm, Tak kak 6asnc nepexoanT B HacTb basuca.
Tobas HenpepbieHas dyrkums f: ®(X) — R npogomkaercs Ha [0, 1] (Tak kak P(X)
— KOMMAKT), 1 €& NPOLOJIKEHINE MPOAOISIKAETCS [O HEMPEPLIBHOTO JINHERHOTO
dyrkumonana Ly([0,1]) — R. Cyxenue storo cpyHkumonana Ha ®(Ly(X)) — Henpe-
PbIBHOE NIMHENHOE NPOAO/IKeHNE byHKUMN f. 3HAYMT, JIMHEHOE NOANPOCTPAHCTBO
®(Lp([0,1]) npoctpancTia L,y([0, 1]) Tononoruyeckn nsomopcbHo npoctpaHctsy Ly(X).
Ntak, L,([0,1]") nsomopdbHo Bknagbisaetcs B Ly([0,1]). Pakt 4 = L([0,1]")
nsomopdHo eknageisaercs B L([0,1]). Pakt 5 = A([0, 1]") nsomopdbHo
BkiagbiBaercs B A([0, 1]). O

Teopema (Jleiigepman+Morris+Iectos)
Lns Tuxonosckoro npoctpaHctea X caegytoumne ycaioBusi PaBHOCUIIbHBI:
@ A(X) BknageiBaetcs B A([0, 1]) kak Tononorndeckasi nogrpynna;
@ F(X) Bknageisaercsi 8 F([0, 1]) kak Tononoru4eckas nogrpynna;
© X = U, cn Kn, rge sce K, — koHe14HOMepHbIe MeTpusyemble komnaktel n U C X
oTkpbiTo <> U N K, otkpbiTo B K, 151 kaxxgoro n € N.




Bynesbl rpynnebi

Mycte % — pamceeBcknii ynbTpacuabTp Ha w (3TO DUALTP CneunansHoro BUAa,

KOTOPbI CyLLECTBYET B NPELNONOKEHNN CNPABESINBOCTA KOHTUHYYM-runoTedsl CH).

Monoxum X, = w U {p}, BCe TOUKN X € W N30MPOBAHbI, OKPECTHOCTN TOUKUN P —
MHoxecTea Buga U U {p}, rae U € % .

Teopema (Sirota+Thuemel)

CsobogHas bynesa Tononorudeckas rpynna B(X,.) npoctpaHcta X, akcTpemansbHo
HECBSI3HA, T.€. 3aMbIKaHNE BCSIKOrO OTKPbITOrO MHOXECTBA B HEN OTKPbITO.

[Mpeanoxxerune

MpoctpaHcTso X, X X, He Bknageisaetcs B B(X.).

[okasaTtenbctBo. Xy X X, CH4ETHO N HE SKCTPEMASIbLHO HECBSZHO:
h: X x X = Xi x Xi, (x,y) — (y,x), — aBToromeomopusm. MHoxecTeo ero
HenogBIKHbIX Todek — A = {(x, x) : x € X, }.

Frolik: 1. MnoxecTBo HenoaBuxHbIx TO4YEK 1H06Oro aBTOroMeomMophusma
3KCTPEMAsIbHO HECBSI3HOIO MPOCTPAHCTBA OTKPLITO.

2. IKCTpeMasibHasi HECBSA3HOCTb HaCAEAYETCsl CHETHLIMU NOANPOCTPAHCTBAMU.

O




[Mpennoxerne

Ecin cymma @ X, P-roxena B X, To o-npousseseHue g X Broxero B B(X).
a€cA ac
B yactHocTu, ecam cymma X @ ... & X P-snoxena B X, 1o nponssegeHune X"
—_——

n pas
sroxeHo B B(X).

[okazatensctso. B( @ X,) = @ B(X,) (HecnoxHoe ynpakHeHue).
a€A acA

Cneacrteue

[0,1]" Broxeno 8 B([0, 1]) g5 moboro n € N.

Teopema

CBobogHas bynesa tononornyeckas rpynna B((0,1)) sknagsizaercsa 8 B([0,1]) 8
Ka4yecTBe 3aMKHYTOM MOArpynmbl.




Mpobnema

Cyuwecteyet v 8 ZFC npumep npocTtpaHcTea X, KBafpaT KOTOPOro He BKAAblIBAETCA

(3amkHyTO) B B(X)? HekoTOpasi KOHeHYHasi CTEMeHb He BKAAAbIBAETCs (3aMKHYTO) B
B(X)?

Mpobnema

BepHo nn, uTo ceobogHas bynesa Tononormueckas rpynna B([0, 1]2) Tononoruueckn
nsomopdHa (3amkryTtoin) nogrpynne rpynnet B([0,1])?
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