1. ycrs % = {U, : a € I} — upou3BosbHOE MOKPLITHE TOIIOJIOMMYECKOr0 PO~
crpancra X (3nech I — soboe uniaekcHoe MHOKecTBO). CeMeiicTBO HelpepbIBHbIX
dbyukmuit gg: X — [0,1], § € J (rme J — HHIEKCHOE MHOMKECTBO, BO3MOXKHO,
orauyuHOe OT [) HA3BIBAETCH Pa3bueHuem eOUHUYLL, TOOUUHEHHBIM NOKPLMul0 U
ec/u

(a) y kaxa0# Todkm = € X ecThb OKPECTHOCTh, B KOTOPOil Bce (DYHKIMH g,
KPOMe KOHEYHOTO UX UHCJIA, TOKIAECTBEHHO PABHBI HYJTIO;

(6) B Kaxk 0}t TOUKe ¥ € X BBIIOIHEHO PABEHCTBO Y @g(x) = 1.
peJ
JokazaTh, 4To /jis BCAKOIO OTKPBITOrO MOKPBITUS IIPOCTPAHCTBA X C MEpBOi

AKCHOMOI CYETHOCTHU CYIIECTBYET MOIINHEHHOE eMy Pa30UeHve €uHUITh.

2. Ilycrs (X, p) — merpuueckoe npocrpancrso, A C X — ero 3aMKHyTOE HOJI-
mHOXKecTBO U f: A — [0,1] — menmpepbiBHas byukuus. IlocTponTs B SIBHOM BHIE
HEMPEPBIBHOE poaoKenne GyHkun f Ha X.

3. llycts X — BmostHE peryasgpHoe MpocTpaHcTBo, F' C X — ero KOMmaKTHOe
mommuO)KecTBO 1 P C X — 3aMKHYTOe MHO2KECTBO, He nepecekaomeecs ¢ F. Ilo-
Ka3aTh, YTO CYLIECTBYET HelpepbiBHas orpanudenHas pyakiusa f: X — R rakas,
aro f(F) = {0} n f(P) = {1}.

4. Besikoe jin caeTHOE XaycaopdOBO MPOCTPAHCTBO HOPMAJIBHO?

5. Jlokazkure, 94TO CAEIYIOIINE YTBEPKIAEHUS O MPOCTPAHCTBE X PABHOCUJIHHBI:

(a) KaxK10€ MOAMPOCTPAHCTBO MPOCTPAHCTBA X HOPMAJIBHO;

(6) KaxK10€ OTKPHITOE HOAIPOCTPAHCTBO IPOCTPAHCTBA X HOPMAJILHO.

6. lokaxkure, 9TO 3aMKHYTOE MMOJAMHOYXKECTBO F' HOPMAJILHOTO IPOCTPAHCTBA X
umeer T Gs (T.€. ABJISETCA NEPECEUCHNEM CIETHOTO YUC/Ia OTKPBITHIX MHOKECTB)
TOTA ¥ TOJBKO TOTIA, KOTIA CyIecTByeT HenpepbiBaad Gyaknus f: X — R rakas,
aro F = f~1({0}).

7. JokaxkuTe, 9T0 KOMIIAKTHOE MOIMHOXKECTBO K BIIOJIHE DEryJIsgpHOrO Mpo-
crpancrBa X umeer tun G5 (T.e. SBJISETCH NEPECEYEHUEM CUETHOIO YUCJIA OTKDbI-
THIX MHOKECTB) TOIJIA M TOJBKO TOI/A, KOIJA CyIIECTBYET HellpepbiBHAsA (DYHKIUs
f: X — R rakas, uro K = f~1({0}).

8. s Toro, 9robbl mpocTpaHcTBO X OBLIO KOMIIAKTHO, HEOOXOAWMO U JOCTA-
TOYHO, 9TOOBI U3 KAXKI0rO MOKPBITHS STOTO MPOCTPAHCTBA JIEMEHTAMU HEKOTOPOH
dukcupoBanHOit 6A3bI €10 TOMOIOMHU MOXKHO OBbLIO BBIIEIUTH KOHEYHOE TTO/ITOKPbI-
THE.

9. Jlokaxkwute, 9TO MPOCTPAHCTBO X KOMITAKTHO TOTL/A M TOJBKO TOT/A, KOTA
KaxK10e 6eCKOHEYHOEe MHOXKECTBO Y C X WMMeeT TOYKY MOJHOTO HAKOILIEHUS ; TPU
5TOM T € Y Ha3bIBAETCS TOYKOW IMMOJHOTO HAKOIJIEHWS I Y, eCJIi MOIIHOCTH
repecedenus 000 OTKPBITOH OKPECTHOCTH TOYKH i B X C MHOXKeCTBOM Y paBHA
MOIITHOCTH CaMOI'0 MHOXKECTBa, Y .

10. TokarkuTe, YTO MHOXKECTBO BCEX HeyObIBAOMUX orobpakenwii f: [0,1] —
[0, 1] ¢ Tomomormeit, nuyUpoBaHHOil 13 THxOHOBCKOrO npom3seenus [0, 1]1%1 ap-
JISIeTCsl HEMETPU3yEeMbIM CernapabesibHbIM KOMIIAKTOM € HePBOH aKCHOMOM CYeTHO-
CTH.

11. CymecrByer i HEKOMITAKTHOE HOPMAJIHLHOE TTPOCTPAHCTBO, BCAKAS HEITPE-
pbiBHAsS (DYHKIMS HA KOTOPOM OTpaHUYeHa”

12. CymecTByer i HEKOMITAKTHOE PEryIspHOE MPOCTPAHCTBO X TaKoe, 94To JIfo-
O6as mernpepbiBHag Omeknusa X — Y Ha jioboe xaycmopdoBO MpOCTPAaHCTBO Y —
romeomopduszm?



13. Tokaxkure, 9TO BCSIKOE KOMIIAKTHOE IMPOCTPAHCTBO UMeeT 0a3y, MOITHOCTD
KOTOPO#l HE MPEBOCXOJUT MOIHOCTH ITOTO MIPOCTPAHCTBA.

14. Mycrs f1: X1 — Y1 u fo: X1 — Y] — dakTopHbIe 0TOOPAKEHUS TOMOJIOT -
geckux mpoctpaHcTB. Obs3aH0 jin ux npomssenenue fi X fo: X1 X Xo = Y7 X Y5
OBITH (haKTOPHBIM?

15. Ilycrs f: X — Y — daxroproe orobpaxkenue u id: Z — Z — TOXKIECTBEH-
HOe orobpaxkenue. BepHo Jin, uro npoussenenue f X id: X x Z — Y X Z Bcerna
dakropHO?

16. BepHo jiu, 9T0 06pa3 JH000ro OTKPHITOro (3aMKHYTOr0O) MHOYKECTBA [IPU BCS-
KOM (DAKTOPHOM OTOOPAYKEHUM TOIOJOTMYECKUX MTPOCTPAHCTB OTKPBIT (3aMKHYT)?
Bepho su, 4ro ecsiu 06pa3 J1r060ro OTKphITOro (3aMKHYTOIO) MHOXKECTBA IPU HEKO-
TOPOM HEIPEPBIBHOM OTOOPAKEHUHU TOIOJIOMMYECKUX IPOCTPAHCTB OTKPBIT (3AMKHYT),
TO 3TO oTOOpazkeHue GakKToOpHO?

17. Ecim X — xaycaopdoBO TPOCTPAHCTBO U % — ceMelCcTBO ero MmoImpo-
crpaHcTB, To mpocrparcTBo Z = ({Y : Y € #} ¢ rononorneii, WHIyIMpOBAHHON
u3 X, roMeoMOp@HO 3aMKHYTOMY MOIIPOCTPAHCTBY TUXOHOBCKOI'O MPOU3BEICHUS
(Y : Y e #}.

18. BepHo /111, 9T0 MPOCTPAHCTBO KOMIIAKTHO TONA ¥ TOJIBKO TOT/Ia, KOIJIA JII0H0e
ero DECKOHEYHOE TIOAMHOYKECTBO UMEET B HEM TPEIe/IbHYI0 TOUKY?

19. Mokazxure, uro Tornosorunydeckoe npoussenenne X = [[{Dy : o € A}, rme D,
— KOHEYHOE UCKPETHOE MPOCTPAHCTBO, COCTOsIIIee DoJIee YeM U3 OTHON TOYKU, U A
— MPOU3BOJILHOE DECKOHEYHOE MHIEKCHOE MHOXKECTBO, TOMEOMOP(MHO THXOHOBCKOMY
npousseenmio {0, 1}4.

20. lokazkure, 910 JIIODOE CEMEHCTBO HEIYCTHIX MOMAPHO HEMEePEeCeKAIOMIXC s
OTKPBITHIX MHOXKECTB B TUXOHOBCKOM MPOU3BEIEHUH TPOM3BOJIHLHOTO CEMENCTBA Ce-
napabesbHBIX MPOCTPAHCTB HE 60jIee Y9eM CUETHO.

21. JJokaxkuTe OrPpaHUYEHHOCTH BCSIKON HEMPEepbIBHON (DYHKIMHM HA MPOCTPAH-
cree [0,1]4\ {z}, tme [0,1]4 — THXOHOBCKOE TIPOM3BEIEHIE OOBIMHBIX OTDE3KOB,
r € [0,1]4 — mobas Touka u A HecueTHo.

22. JTokazkuTe, 9TO BCsIKast HempepbiBHast ByHKIMs Ha orpeske [0, 1] ecTs mpezesn
PABHOMEDPHO CXOASIIENHCS MOCIEI0BATEIHHOCTH MHOTOYIEHOB.

23. Ilycts X — TOMOJIOrHYIECKOE MPOCTPAHCTBO. JI1000€ KOMIAKTHOE MPOCTPAH-
CTBO, comepxkaiiee X B KA4eCTBE €ro BCIOJY IIOTHOTO IMPOCTPAHCTBA, HA3BIBAETCS
rommakTudukanueit X. Jlokaxkure, 9T0 KOMIakTuguKams bX HOPMAILHOTO IPO-
crpaHcTBa X SIBJISETCS CTOYH-U€XOBCKOM KoMmakTudumkanueii §X 3Toro mpocrpaH-
CTBa TOTJA W TOJBKO TOT/A, KOT/Ia 3aMbIKaHus B b.X JIIOOBIX ABYX 3AMKHYTHIX B X
HEMEPECEKAIOINXCA MHOYKECTB He MMEePECeKAIOTCS.

24. TIIycts X — TUXOHOBCKOE IIPOCTPAHCTBO U Y — €ro 3aMKHYTOe MOIITPOCTPAH-
crBo. BepHo /1, uT0 3aMbIKaHue Y B CTOYH-YEXOBCKOM KOMIAKTU(GUKAIMH $X 1Ipo-
crpadcrBa X SABJSETCA CTOYyH-4eXOBCKOH KoMmnakrudukanueir SY mpocrpaHcTsa
Y?

25. Ilycts X — TOMOJIOrHYIECKOE MPOCTPAHCTBO. JI1000€ KOMIAKTHOE MPOCTPAH-
CTBO, cofepxkaiiee X B KA4eCTBE €ro BCIOJY I[JIOTHOTO IMPOCTPAHCTBA, HA3BIBAETCS
rommakTudukanueit X. JlokazkuTe, YTO €CJIU BIIOJTHE PEryasipHOE MPOCTPAHCTBO
X saBnsgerca MHOxKecTBOM Tuna Gy (T.€. epecevdeHneM CYETHOrO YUCJIa OTKPBITHIX
MHOKECTB) B HEKOTOPOI CBOE#l XaycanopdoBoit KOMIaKTH(hUKAIUY, TO OHO ABJISETCS
MHOXKecTBOM Tumna (G B 000 cBOEl XxaycaopdOBOil KOMITAKTH(MDUKAIIIH.



26. IIycre X — BooJsiHe peryiaspHoe npocrpacTBo u SX — ero croyH-4exoBCKast
komnakrudukanus. Jokaxure, yro npocrpanctso SX \ X He yjnoBierBopser mep-
BOM aKCHMOME CUHETHOCTH HU B OJIHOIN CBOE€II TOUYKE.

27. BepHO i1, 9TO BIIOJIHE PETYJISPHBIE MPOCTPAHCTBA rOMEOMODP(MHBI TOTIA U
TOJIBKO TOT/IA, KOT/Ia TOMEOMOP(MHBI UX CTOYH-YEXOBCKON KOMIAKTH(DUKAINAN T

28. JTokaxkuTe, 9TO BIIOJHE PEryIsSpPHbIE IPOCTPAHCTBA C TEPBO AKCUOMOI cuer-
HOCTH TOMEOMOP@HBI TOT/IA ¥ TOJBKO TOT/A, KOTJA NOMEOMOP(MHBI KX CTOYH-YEXOBCKUE
KOMTIAKTH(DUKAIINAN.

29. Ilycrs N — OeckoHEUHOE CYETHOE AUCKPETHOe MpoCTpaHcTtBo u BN — ero
CTOYH-I€XOBCKasd KOMMaKkTudukamys. JJokaxknTe, 970 HUKAKOE CIETHOE OECKOHEU-
HOe MHOXKeCTBO, jiexkatiee B SN \ N, e 3amruyro B SN.

30. IIycte N — GeckonedHoe cYeTHOE JUCKPETHOE MpPOCTpaHcTBo u SN — ero
croyH-4exoBcKasg Komnakrudukanus. JTokaxure, uro SN \ N e cenapabesbHo.

31. [Tycts N — GeckoHEYHOE CUYETHOE AMCKPETHOE MPOCTPAHCTBO u BN — ero
CTOyH-4exX0BCKaga KommakTudukamnus. Jlokaxure, uro B SN \ N maiinerca necuer-
HOE CeMEHCTBO MOMAPHO HEMEePECEeKAONMXC sl HEMYCThIX OTKPBITHIX MHOYKECTB.

32. Ilycte X — Tomosiorudeckoe mpocTpaHcTBO. JI1000e KOMIIAKTHOE IMPOCTPAH-
CTBO, cofep:xkaiiee X B KA4eCTBE €ro BCIOJY IJIOTHOTO IMIPOCTPAHCTBA, HA3BIBAETCS
kommakTudukanueit X. Jlokaxkure, 9T0 METPUIECKOE MPOCTPAHCTBO METPU3YEMO
TOJTHOW METPUWKOI TOT/a M TOJBKO TOT/IA, KO/ OHO SIBJISETCS MHOXKECTBOM THIIA,
G5 (T.e. mepecedyeHreM CYETHOTO YHUCJIA OTKPBITHIX MHOMKECTB) B HEKOTODPOIi CBOEH
KOMITaKTH(DUKAIAH.

33. BepHo s, 9410 13 11060r0 OTKPBITOrO MOKPBITHST HOPMATBLHOTO MPOCTPAHCTBA
MOKHO BBIJIEJIUTH CYETHOE MOAIOKPBITHE?

34. JlokaxKute, 9TO BCAKOE XayCA0PGOBO JOKAJIHHO KOMIIAKTHOE MTPOCTPAHCTBO
MOXKHO B3aUMHO OTHO3HAYHO U HEMTPEPHIBHO OTOOPA3UTH HA, HEKOTOPBIH XaycaopdoB
KOMITAKT.

35. OrobparkeHue TOMOJOIMYEeCKUX MPOCTPAHCTB HAZBIBACTCS OMKPbLMbLM, €CITH
00pa3 BCSIKOTO OTKPBITOIO MHOXKECTBA, IIPU ITOM OTOOpazkeHnn OTKPLIT. JlokarkuTe,
910 T1-TIPOCTPAHCTBO YIOBJIETBOPSIET TTEPBOil AKCHOME CUYETHOCTHA TOTIA W TOJIHKO
TOTIA, KOTJIA OHO SIBJISIETCST 0OPA30M HEKOTOPOrO METPUYECKOTO MPOCTPAHCTBA MPHU
HEMPEPHIBHOM OTKPBITOM OTOODAKEHIIH.

36. OTobparkeHue TOMOJOIMYECKUX MPOCTPAHCTB HAZBIBACTCS OMKPbLMbLM, €CITH
00pa3 BCAKOrO OTKPBITOTO MHOXKECTBA, IIPU ITOM OTOOParKEHWH OTKPBIT. Bepwo Jn,
910 JIF000# XaycaopdOB KOMIAKT, SBJISIOMUICT 00Pa30M METPUIECKOTO MPOCTPAH-
CTBA MPU HEMTPEPHIBHOM OTKPBITOM OTOOPAYKEHWH, METPU3YEM?

37. OTobparkeHune TOMOJOTMIECKUX MPOCTPAHCTB HA3BIBACTCH OTKDPbLITLbLM, €CITH
00pa3 BCSIKOTO OTKPBITOIO MHOXKECTBA, IIPU ITOM OTOOpazkeHnn OTKPLIT. JlokarkuTe,
910 TI000# Xaycaop@doB KOMITAKT, SBISIOMMIACT 0OPA30M IIOJTHOTO METPHUIECKOTO
MIPOCTPAHCTBA MPU HEIIPEPHIBHOM OTKPBHITOM OTOOPAYKEHUH, METPU3YEM.

38. OTobparkeHune TOMOJIOTMIECKUX MPOCTPAHCTB HA3BIBACTCS OTKDPbLITLbLM, €CITH
00pa3 BCAKOrO OTKPBITOrO MHOXKECTBA, IPU ITOM OTOOPAYKEHUU OTKPHIT. BepHo i,
gro eciu f: X — Y — HenpepbIBHOE OTKPLITOE 0TOOPazKeHue TaKoe, 4To Ipoodpas
KayKJI0H TOYKU KOMIAKTEH, U MPOCTPAHCTBO Y KOMITAKTHO, TO X TOXKE KOMIAKTHO?

39. Hempepsisroe orobpazkenue f: X — X HaspiBaercs pemparxyuets, eCu cyKe-
are f wa Y = f(X) — moxknecrBeHHoe orobpaxkenwe Y Ha cebs. Ilpu srom Y
Ha3bIBAETCA pemparmom npoctpancTBa X . Jlokaxkure, 910

(a) moboit perpakT xaycaopdoBa MPOCTPAHCTBA 3AMKHYT;



(6) f: X — X — perpakuus TOrza ¥ TOJBKO TOJA, KOrJA f HENpepbiBHO U
fof=1/.

40. IlpuBeanuTe mpuMep CIeTHOTO T1-TTPOCTPAHCTBA, HE COMEPKAIIETO HETPUBU-
AJIBHBIX CXOSIIUXCS TTOCIEI0BATETHHOCTEH.



